SCHAUM’S OUTLINE OF 


THEORY AND PROBLEMS 


OF 


GENERAL 
TOPOLOGY 


BY 


SEYMOUR LIPSCHUTZ, Ph.D. 


Associate Professor of Mathematics 


Temple University 


SCHAUM?’S OUTLINE SERIES 
McGRAW-HILL BOOK COMPANY 
New York, St. Louis, San Francisco, Toronto, Sydney 


Copyright © 1965 by McGraw-Hill, Inc. All Rights Reserved. Printed in the 
United States of America. No part of this publication may be reproduced, 
stored in a retrieval system, or transmitted, in any form or by any means, 
electronic, mechanical, photocopying, recording, or otherwise, without the prior 
written permission of the publisher. 


37988 
23456789890 SHSH 7210698 


Preface 


General topology, also called point set topology, has recently become an essential 
part of the mathematical background of both graduate and undergraduate students. 
This book is designed to be used either as a textbook for a formal course in topology 
or as a supplement to all current standard texts. It should also be of considerable 
value as a source and reference book for those who require a comprehensive and 
rigorous introduction to the subject. 


Each chapter begins with clear statements of pertinent definitions, principles and 
theorems together with illustrative and other descriptive material. This is followed 
by graded sets of solved and supplementary problems. The solved problems serve to 
illustrate and amplify the theory, bring into sharp focus those fine points without 
which the student continually feels himself on unsafe ground, and provide the repetition 
of basic principles so vital to effective learning. Numerous proofs of theorems are 
included among the solved problems. The supplementary problems serve as a complete 
review of the material of each chapter. 


Topics covered include the basic properties of topological, metric and normed spaces, 
the separation axioms, compactness, the product topology, and connectedness. Theorems 
proven include Urysohn’s lemma and metrization theorem, Tychonoff’s product theorem 
and Baire’s category theorem. The last chapter, on function spaces, investigates the 
topologies of pointwise, uniform and compact convergence. In addition, the first three 
chapters present the required concepts of set theory, the fourth chapter treats of the 
topology of the line and plane, and the appendix gives the basic principles of the 
real numbers. 


More material is included here than can be covered in most first courses. This 
has been done to make the book more flexible, to provide a more useful book of 
reference, and to stimulate further interest in the subject. 


I wish to thank many of my friends and colleagues, especially Dr. Joan Landman, 
for invaluable suggestions and critical review of the manuscript. I also wish to 
express my gratitude to the staff of the Schaum Publishing Company, particularly 
to Jeffrey Albert and Alan Hopenwasser, for their helpful cooperation. 


SEYMOUR LIPSCHUTZ 


Temple University 
May, 1965 
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Chapter 1 


Sets and Relations 


SETS, ELEMENTS 


The concept set appears in all branches of mathematics. Intuitively, a set is any well- 
defined list or collection of objects, and will be denoted by capital letters A,B,X,Y,.... 
The objects comprising the set are called its elements or members and will be denoted by 
lower case letters a,b,z,y,.... The statement “p is an element of A” or, equivalently, 
“‘» belongs to A” is written 

pea 
The negation of p € A is written p ¢ A. 


There are essentially two ways to specify a particular set. One way, if it is possible, 
is by actually listing its members. For example, 


2A = {a,¢,i,0,u} 


denotes the set A whose elements are the letters a,e,i,0 and u. Note that the elements 
are separated by commas and enclosed in braces { }. The other way is by stating those 
properties which characterize the elements in the set. For example, 


1B = {xz: x is an integer, x > 0} 


which reads “B is the set of x such that x is an integer and x is greater than zero,” 
denotes the set B whose elements are the positive integers. A letter, usually x, is used 
to denote an arbitrary member of the set; the colon is read as ‘such that’ and the comma 
as ‘and’. 

x Example 1.1: The set B above can also be written as B = {1,2,3,...}. Note that -6¢B, 3EB 


and 7 €B. 
» Example 1.2: Intervals on the real line, defined below, appear very often in mathematics. Here 
a and b are real numbers with a < b. 
Open interval from a to b = (a,b) = {wt@:a<a<b} 
Closed interval from a to b = [a,b = {«:a=u= d} 
Open-closed interval from a to b = (a,b] = {~: a<u=b} 
Closed-open interval from atob = [a,b) = {«@:a=au< b} 


The open-closed and closed-open intervals are also called half-open intervals. 


Two sets A and B are equal, written A=B, if they consist of the same elements, i.e. 
if each member of A belongs to B and each member of B belongs to A. The negation of 
A=B is written A+B. 

Example 1.3: Let H = {x: x2—82+2=0}, F = {2,1} and G = {1,2,2,1}. Then E=F=G. 
Observe that a set does not depend on the way in which its elements are displayed. 
A set remains the same if its elements are repeated or rearranged. 


Sets can be finite or infinite. A set is finite if it consists of » different elements, 
where 7 is some positive integer; otherwise a set is infinite. In particular, a set which 
consists of exactly one element is called a singleton set. 
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SUBSETS, SUPERSETS 
A set A is a subset of a set B or, equivalently, B is a superset of A, written 


ACB or BDA 


iff each element in A also belongs to B; that is, if «€@ A implies x€B. We also say that 
A is contained in B or B contains A. The negation of ACB is written AGB or BDA 
and states that there is an x€ A such that x ZB. 


Example 2.1: | Consider the sets 
A = {1,8,5,7,...}, B = {5,10,15,20,...} 
C = {w: « is prime, x > 2} = {8,5,7,11,...} 


Then CCA since every prime number greater than 2 is odd. On the other hand, 
BG¢A since 10€B but 10¢ A. 


Example 2.2: We will let N denote the set of positive integers, Z denote the set of integers, Q de- 
note the set of rational numbers and R denote the set of real numbers. Accordingly, 


NcZcQcCR 
Observe that ACB does not exclude the possibility that A=B. In fact, we are able 
to restate the definition of equality of sets as follows: 
Definition: | Two sets A and B are equal if and only if ACB and BCA. 


In the case that ACB but A~B, we say that A is a proper subset of B or B contains 
A properly. The reader should be warned that some authors use the symbol C for a 
subset and the symbol C only for a proper subset. 


Our first theorem follows from the preceding definitions. 


Theorem 1.1: Let A, B and C be any sets. Then (i) ACA; (ii) if ACB and BCA then 
A=B; and (iii) if ACB and BCC then ACC. 


UNIVERSAL AND NULL SETS 


In any application of the theory of sets, all sets under investigation are subsets of a 
fixed set. We call this set the universal set or universe of discourse and denote it in this 
chapter by U. It is also convenient to introduce the concept of the empty or null set, 
that is, a set which contains no elements. This set, denoted by @, is considered finite and 
a subset of every other set. Thus, for any set A, OCACU. 


Example 3.1: In plane geometry, the universal set consists of all the points in the plane. 
Example 3.2: Let A = {w:2= 4, x is odd}. Then A is empty,ie. A =. 


Example 3.3: Let B= {@}. Then B+ for B contains one element. 


CLASSES, COLLECTIONS, FAMILIES AND SPACES 


Frequently, the members of a set are sets themselves. For example, each line in a set 
of lines is a set of points. To help clarify these situations, we use the words “class”, 
“collection” and “family”? synonymously with set. Usually we use class for a set of sets, 
and collection or family for a set of classes. The words subclass, subcollection and 
subfamily have meanings analogous to subset. 


Example 4.1: The members of the class {{2,3}, {2}, {5,6}} are the sets {2,3}, {2} and {5,6}. 
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Example 42: Consider any set A. The power set of A, denoted by P(A) or 24, is the class of all 
subsets of A. In particular, if A = {a,b,c}, then 


P(A) = {A, {a,b}, {a,c}, {b,c}, {a}, {b}, {ce}, OF ° 
In general, if A is finite, say A has n elements, then P(A) will have 2” elements. 


The word space shall mean a non-empty set which possesses some type of mathematical 


- gtructure, e.g. vector space, metric space or topological space. In such a situation, we. 


will call the elements in a space points. 


SET OPERATIONS 


The union of two sets A and B, denoted by AUB, is the set of all elements which 
belong to A or B, i.e., 
AUB = {x:x€A or cEB} 
Here “or” is used in the sense of ‘‘and/or”’. 


The intersection of two sets A and B, denoted by ANB, is the sat of elements which 
belong to both A and B, i.e., 


ANB = (w:2E€A and x & B} 
If ANB =Q, that is, if A and B do not have any elements in common, then A and B are 


said to be disjoint or non-intersecting. A class c4 of sets is called a disjoint class of sets 
if each pair of distinct sets in c4 is disjoint. , 


The relative complement of a set B with respect to a set A or, ‘analy the difference of 
A and B, denoted by A\B, is the set of elements which belong to A but which do not 
belong to. B. In other words, 
A\B = {a: xE€A, «€By 
Observe that A\B and B are disjoint, ie. (A\ B)NB = Q. 


The absolute complement or, simply, complement of a set A, denoted Px A‘, is the set 
of elements which do not belong to A, i.e., e 


Ao = {%: “EU, «€ A} 


In other words, A° is the difference of the universal set U and A. 


Example 5.1: The following diagrams, called Venn diagrams, illustrate the above set operations. 
Here sets are represented by simple plane areas and U, the universal set, by the 
area in the entire rectangle. 


ANB is shaded AUB is shaded 


ANB is shaded ; Ac ig shaded 
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Sets under the above operations satisfy various laws or identities which are listed 
in the table below (Table 1). In fact, we state 


Theorem 1.2: Sets satisfy the laws in Table 1. 


LAWS OF THE ALGEBRA OF SETS 


Idempotent Laws 
AUA 1b. ANA 


Associative Laws 
(AUB)UC = AU(BUC) 2b. (ANB)NC = AN(BNC) 


Commutative Laws 
AUB = BUA 8b. ANB = BNA 


Distributive Laws 


AU(BNC) = (AUB)N(AUC) 4b. AN(BUC) = (ANB)U(ANC) 


Identity Laws 
5b. 
6b. 


Complement Laws 
Tb. 
8b. 


De Morgan’s Laws 
9a. (AUB)SC = AtnBe 9b. (ANB)e = AcuBe 


Table 1 


Remark: Each of the above laws follows from an analogous logical law. For example, 
ANB = {*:xE€A and e€B) = {x:xE€B and exE€ A} = BNA 


Here we use the fact that the composite statement “p and q’’, written paq, is logically 
equivalent to the composite statement “q and p”, ie. Gap. 


The relationship between set inclusion and the above set operations follows. 
Theorem 1.3: Each of the following conditions is equivalent to ACB: 
(i) ANB=A (ili) Bec A‘ (v) BUA*° =U 
(ii) AUB=B (iv) ANBS=M 


PRODUCT SETS 
Let A and B be two sets. The product set of A and B, written A x B, consists of all 
ordered pairs (a,b) where a€ A and OCB, iee., 


AXB = {(a,b):a€A, bEB} 
The product of a set with itself, say A x A, will be denoted by A?. 


Example 6.1: The reader is familiar with the Cartesian plane R? = RXR (Fig. 1-1 below). 
Here each point P represents an ordered pair (a, b) of real numbers and vice versa. 


Example 6.2: Let A = {1,2,3} and B = {a,b}. Then 
AXB = {(1,a), (1,6), (2,4), (2,6), (8,4), (3, b)} 
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1 2 3 


Fig. 1-1 Fig. 1-2 


Since A and B do not contain many elements, it is possible to represent A X B by 
a coordinate diagram as shown in Fig, 1-2 above. Here the vertical lines through 
the points of A and the horizontal lines through the points of B meet in 6 points 
which represent A X B in the obvious way. The point P is the ordered pair (2, 6). 
In general, if a set A has s elements and a set B has t elements, then A X B has 
s times ¢ elements. 


Remark: The notion “ordered pair” (a,b) is defined rigorously by (a,b) = {{a}, {a,b}}. 
From this definition, the “order” property may be proven: 
(a,b) = (c,d) implies a=c and b=d 


The concept of product set can be extended to any finite number of sets in a natural 
way. The product set of the sets Ai,...,Am, denoted by 


A:X A2X-+++XAm or []j_, 4: 


consists of all m-tuples (a1, d2,...,@m) where a; € A; for each 7. 


RELATIONS 


A binary relation (or relation) R from a set A to a set B assigns to each pair (a, b) 
in A XB exactly one of the following statements: 


(i) “a is related to b”, written aR b 
(ii) “a is not related to b”, written a Rb 
A relation from a set A to the same set A is called a relation in A. 


Example 7.1: Set inclusion is a relation in any class of sets. For, given any pair of sets A and B, 
either ACB or AGB. 


Observe that any relation R from a set A to a set B uniquely defines a subset R* of 
AxXB as follows: R* = {(a,b): aR} 


On the other hand, any subset R* of A xB defines a relation R from A to B as follows: 
aRb iff (a,b) € R* 


In view of the correspondence between relations R from A to B and subsets of A x B, we 
redefine a relation by 


A relation R from A to B is a subset of A x B. 


The domain of a relation R from A to B is the set of first coordinates of the pairs in R 
and its range is the set of second coordinates, i.e., 


domainof Rk = {a:(a,b)ER}, rangeofR = {b: (a,b)ER} 
The inverse of R, denoted by R71, is the relation from B to A defined by 
Ro = {(b,a): (a,b)ER} 
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Note that R-! can be obtained by reversing the pairs in RF. 


Example 7.2: Consider the relation 


R = {(1,2), 1,3), 2,3) } 
in A = {1,2,3}. Then the domain of R = {1,2}, the range of R = {2,3}, and 
R-t = {(2,1), (8,1), 8, 2)} 


Observe that R and #~! are identical, respectively, to the relations < and > in 


rae 
ee @,b)ER iff a<b and (a,b)E€R-1 iff a>b 


The identity relation in any set A, denoted by A or A,, is the set of all pairs in AXA 


with equal coordinates, i.e., A, = (aa): a€A} 


The identity relation is also called the diagonal by virtue of its position in a coordinate 
diagram of AXA. 


EQUIVALENCE RELATIONS 


A relation R in a set A, ie. a subset R of AXA, is termed an equivalence relation iff 
it satisfies the following axioms: 


[Ei] For every aE A, (a,a)ER. 

[E2] If (a,b) ER, then (b,a) ER. 

[Es] If (@,b)E€R and (b,c)ER, then (a,c) ER. 

In general, a relation is said to be reflexive iff it satisfies [Ei], symmetric iff it satisfies [Ee] 


and transitive iff it satisfies [Es]. Accordingly, a relation R is an equivalence relation iff 
it is reflexive, symmetric and transitive. 


Example 8.1: Consider the relation C, ie. set inclusion. Recall, by Theorem 1.1, that ACA for 


every set A, and 
if ACB and BCC then ACC 


Hence C is both reflexive and transitive. On the other hand, 
ACB and A#B implies BCA 


Accordingly, C is not symmetric and hence is not an equivalence relation. 


Example 8.2: In Euclidian geometry, similarity of triangles is an equivalence relation. For if 
a, 8 and y are any triangles then: (i) @ is similar to itself; (ii) if a is similar to £, 
then @ is similar to a; and (iii) if @ is similar to 8 and @ is similar to y then a is 
similar to y. 


If FR is an equivalence relation in A, then the equivalence class of any element a € A, 
denoted by [a], is the set of elements to which a is related: 


[a] = {w: (a,x) eR} 
The collection of equivalence classes of A, denoted by A/R, is called the quotient of A by R: 
A/R = {[a]:a€A} 
The quotient set A/R possesses the following properties: 
Theorem 1.4: Let FR be an equivalence relation in A and let [a] be the equivalence class 
of a€A. Then: 
(i) For every a€A, aé& [a]. 
(ii) [a] =[b] if and only if (a,b) ER. 
(iii) If [a] # [6], then [a] and [0] are disjoint. 
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A class e4 of non-empty subsets of A is called a partition of A iff (1) each aE A 
belongs to some member of ¢c4 and (2) the members of c/ are pair-wise disjoint. Accord- 
ingly, the previous theorem implies the following fundamental theorem of equivalence 
relations: 


Theorem 1.5: Let R be an equivalence relation in A. Then the quotient set A/R is a 
partition of A. 
Example 8.3: Let R; be the relation in Z, the set of integers, defined by 
“2 = y (mod 5) 


which reads “x is congruent to y modulo 5” and which means “xz — y is divisible 
by 5”. Then #&s is an equivalence relation in Z. There are exactly five distinct 
equivalence classes in Z/R;: 


Ey = {...,—10, -5,0,5,10,...} = +++ = [-10] = [-5] = [0] = [5] = -:: 


Ey, = (...,-9,-4,1,6,11,...) = = [-9) = [-4] = 11] = (6) =: 
E, = {...,-8,-8,2,7,12,...} = + = (-8) = [-3] = 21 = [7] =- 
Ey = {...,—7,-2,3,8,13,...} = ++ = [-7] = [-2] = [3] = [B] =< 


BE, = {...,—6, —1, 4,9, 14, ...} a [—6] = [-1] = [4] = [9] = ve 


Observe that each integer x, which is uniquely expressible in the form «# = 5q+ 7 
where 0 = r < 5, is a member of the equivalence class #, where r is the 
remainder. Note that the equivalence classes are pairwise disjoint and that 
Z = E,\VE,VE,UE,UE4. 


COMPOSITION OF RELATIONS 


Let U be a relation from A to B and let V be a relation from B to C, ie. UCAXB 
and VCBXC. Then the relation from A to C which consists of all ordered pairs 
(a,c) € AXC such that, for some DEB, 


(a,b)EU and (b,c) EV 
is called the composition of U and V and is denoted by VoU. (The reader should be 
warned that some authors denote this relation by UcV.) 
It is convenient to introduce some more symbols: 
J, there exists s.t., such that V, for all >, implies 
We may then write: 
VoU = {(#,y):cE€A, yEC; IDEB st. (x,b) EU, (b, yy EV} 
Example 9.1: Let A = {1,2,3,4}, B = {a,y,z,w} and C = {5,6,7,8}, and let 
U = {(1, a), (1, y), (2, &), (8, w), (4,w)} and V = {({y,5), (y, 6), (2, 8), (w, 7) } 


That is, U is a relation from A to B and V is a relation from B to C. We:may 
illustrate U and V as follows: 


Accordingly, 
a,5)€VeU since yEB and ,yEU, Yy,5EV 


(1,6)9€ VoU_ since yEB and {1,y EU, Y,6EV 
3,7) € VoU since wEB and 3,w)E U, (wedEVv 
4,7) E€ VoU since wEB and 4,w) EU, w,7)EV 
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No other ordered pairs belong to V°U, that is, 
VoU = {(1,5), (1,6), (3,7), (4,7) } 
Observe that V°U consists precisely of those pairs (x, y) for which there exists, in 


the above diagram, a “path” from x€A to y€C composed of two arrows, one fol- 
lowing the other. . 


Example 9.2: Let U and V be the relations in R defined by 
U = {ix,y): o+y2?=1} and V = {{y,z): 2y+3z = 4} 


Then the relation V°U, the composition of U and V, can be found by eliminating 
y from the two equations 22+ y2=1 and 2y+3z= 4. In other words, 
VoU = {(u,z): 4x2 + 922 —24z+12 = 0} 


Example 9.3: Let N denote the set of positive integers, and let R denote the relation < in N, i.e. 
(a,b)ER iff a<b. Hence (a,b)€R-1 iff a>b. Then 


RoR-1 = {(a,y): uyEN; JDEN st. (wb) Ee R-I1, (b,y)ER} 
= {(e,y):uyEN; JDEN st. b<2x,b<y} 
= (N\{I}) X (NX) = (ey) ey EN; 2,y ¥ 1} 
and 
R-!1oR = {u,y): ayEN; ALDEN st. (x,b) ER, (b,y) € R-1} 
{(w,y): 2yEN; FOEN st. b>a, b>y} 
= NXN 


Note that RoR-1 # R-1oR, 


Solved Problems 


SETS, ELEMENTS, SUBSETS 


¢l1. 


Let A = {x: 84 =6}. Does A=2? 


Solution: 
A is the set which consists of the single element 2, ie. A = {2}. The number 2 belongs to A; it 
does not equal A. There is a basic difference between an element p and the singleton set {p}. 


Determine which of the following sets are equal: @, {0}, {Q}. 


Solution: 
Each is different from the other. The set {0} contains one element, the number zero. The set @ 
contains no elements; it is the null set. The set {@} also contains one element, the null set. 


Determine whether or not each of the following sets is the null set: 

(i) X = {x: a?=9, 22=4}, (ii) Y = {e: xa}, (iii) Z = {w: 4+8 = 8}. 
Solution: , 

(i) There is no number which satisfies both #2 =9 and 2a =4; hence X= Q. 


(ii) We assume that any object is itself, so Y is empty. In fact, some texts define the null set by 
@ = {aia # a}. 


{iii) The number zero satisfies «+8 = 8; hence Z = {0}. Accordingly, Z#@. 


Prove that A = {2,3,4,5} is not a subset of B = {x: a is even}. 


Solution: 
It is necessary to show that at least one member of A does not belong to B. Since 3€A and 
3¢B,A is not a subset of B. 
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* 5. 


+8. 


Prove Theorem 1.1 (iii): If ACB and BCC then ACC. 
Solution: 


We must show that each element in A also belongs to C. Let x€A. Now ACB implies xEB. 
But BCC, so x€C. We have therefore shown that ~€A implies «EC, or ACC. 


Prove: If A is a subset of the null set @, then A=9. 
Solution: 


The null set @ is a subset of every set;.in particular, @CA. But, by hypothesis, AC@; hence, 
by Definition 1.1, A=@. 


Find the power set P(S) of the set S = {1, 2,3}. 
Solution: 


Recall that the power set P(S) of S is the class of all subsets of S. The subsets of S are 
{1, 2,3}, {1,2}, {1,3}, {2,3}, {1}, {2}, {83} and the empty set @. Hence 


P(S) = {S, {1,3}, {2,3}, {1,2}, {1}, {2}, {3}, OF 
Note that there are 23 = 8 subsets of S. 


Find the power set P(S) of S = {3, {1,4}}. 
Solution: 


Note first that S contains two elements, 3 and the set {1,4}. Therefore P(S) contains 22=4 
elements: S itself, the empty set Q, the singleton set {3} containing 3 and the singleton set {{1,4}} 
containing the set {1,4}. In other words, 


PIS) = {S, {8}, {41,43}, A} 


SET OPERATIONS 


~* 9. 


Let U = {1,2,...,8,9}, A = {1,2,3,4}, B= {2,4,6,8) and C = (3,4,5,6). 
Find: (i) A’, (ii) (AMO), (iii) B\C, (iv) (AUB). 
Solution: 
(i) A¢ consists of the elements in U that are not in A; hence Ac = {5,6, 7,8, 9}. 
(ii) ANC consists of the elements in both A and C; hence 
AnC = {8,4} and (ANC)¢ = {1,2,5,6, 7,8, 9} 
(iti) BNC consists of the elements in B which are not in C; hence B\ C = {2,8}. 
(iv) AUB consists of the elements in A or B (or both); hence 
AUB = {1,2,3,4,6,8} and (AUB)¢ = {5,7,9} 


10. Prove. (A\B)NB = Gp. 


Solution: (A\ BOB = {«:%E€B, «E€A\ B} 
= {*€:xE€B,xE€A,xE€B} = @ 
since there is no element x satisfying «€B and «ZB. 


+11. Prove De Morgan’s Law: (AUB) = ASN B. 


Solution: (AUB)c = {u: 4% €@AUB} 
= {x:a24A, « € B} 
= {~:eE€ At, x EB} = AcnBe 


+12, Prove: B\A = BNA’. 


Solution: B\A = (©: 2%E€B,x€A} = {2@:2%6EB,2€E€ACH = BnrnAe 


£14, 


~— 
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13. Prove the Distributive Law: AN(BUC) = (ANB)U(ANC). 


Solution: AN(BUC) = tx: x2E€A; x2 E BUC} 
= {*:2%€A;xEB or x EC} 
= {x:2E€A, x€B; or cE A, x EC} 
{x:2x€ANB or cE ANC} 
= (ANB)U(ANC) 
Observe that in the third step above we used the analogous logical law 
pAGVr) = PADY PAT) 


where A reads “and” and v reads “or”. 


Prove: For any sets A and B, ANBCACAUB. 


Solution: 
Let «€ ANB; then «EA and xB. In particular, x€ A. Accordingly, ANBCA. If «EA, 
then x€A or EB, ie. x © AUB. Hence ACAUB. In other words, ANBCACAUB., 


15. Prove Theorem 1.3 (i): ACBif and only if ANB= A. 


Solution: 
Suppose ACB. Let x€A; then by hypothesis, «€B. Hence «GA and cEB, ie. «x EC ANB, 
Accordingly, ACANB. But by the previous problem, ANBCA. Hence ANB =A. 


On the other hand, suppose ANB = A. Then in particular, ACANB. But, by the previous 
problem, ANBCB. Hence, by Theorem 1.1, ACB. 


PRODUCT SETS, RELATIONS, COMPOSITION OF RELATIONS 
+16. Let A= {a,b}, B= {2,3} and C= {3,4}. Find: (i) Ax (BUO), (ii) (Ax B)U(AXC). 


17. 


. 18. 


Solution: 
(i) First compute BUC = {2,3,4}. Then 
AX(BUC) = {(a,2), (@,3), (a, 4), (b, 2), (b, 8), (b, 4) } 
Gi) First find A xX B and A XC: 
A x B _ { (a, 2), (a, 3), (b, 2), (b, 3) }, A x C = { (a, 3), (a, 4), (b, 3), (b, 4) } 
Then compute the union of the two sets: 
(AX B)U(AXC) = {(a,2), (a, 8), (b, 2), (b, 3), (a, 4), (b, 4) } 
Observe, from (i) and (ii), that A xX (BUC) = (A X B)U(A X C). 


Prove: AX(BNC) = (AXB)N(AXC). 

Solution: AX(BNC) = {&,y): x«EA, yEBNC} 
= {@,y):eEA, yEB, yEC} 
= {y): wy EAXB, (x4, yy)EAXC} 
= (AXB)nN(AxC) 


Let R be the relation < from A = {1,2,3,4} to ale 

B= ({1,3,5}, ie, @,b)ER iff a<b. 

(i) Write R as a set of ordered pairs. Sa 

(ii) Plot R on a coordinate diagram of A x B. ‘ 

(iii) Find domain of R, range of R and k~’. A 
( 


iv) Find RoR-. 45 as A 
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Solution: 
(i) FR consists of those ordered pairs (a,b)€AXB such that a< b; hence 
R = {(1,8), (1,5), (2,38), (2, 5), (8, 5), (4, 5) } 
(ii) BR is displayed on the coordinate diagram of A X B as shown above. 
(iii) The domain of RF is the set of first coordinates of the pairs in R; hence domain of R = {1, 2,3, 4}. 


The range of FR is the set of second coordinates of the pairs in R; hence range of R = {8,5}. 
R-! can be obtained from FR by reversing the pairs in R; hence 


R-t = {(8,1), 5,1), (8, 2), (5, 2), (5, 8), (5, 4) } 


(iv) To find ReR~!}, construct diagrams of R~1 and FR as shown below. Observe that R-1, the 
second factor in the product Ro R-!, is constructed first. Then 


RoR-1 = {(8,8), (8,5), (5,3), (5, 5) } 


19. Let T be the relation in the set of real numbers R defined by 
xTy if both x € [n,n+1] and y € [n,n+1] for some integer n 
Graph the relation T. 


Solution: 
T consists of the shaded squares below. 


i 20. Let T be the reiation in the set of real numbers R defined by «Ty iff 0 = 2-y <1. 
(i) Express 7 and T~' as subsets of RXR and graph.: 
(ii) Show that ToT! = {(a,z): |w—2| = 1}. 
Solution: 
(i) T = {,y): wy ER, O=ax-y=1} 
TR = (@yry,neTy = (ey): ayER, 0=y—-—x=1} 


The relations T and T~! are graphed below. 


wv 


Graph of T é Graph of T-1 
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(ii) By definition of composition of relations, 
ToT-t = {(,z): ER st. (7, yyET-1, Yy,2)ET} 
= {(e,2): ER st. yx), ¥,z2)ETY 
= {(a,2): ¥ER st. O=y-x=1,0=y z=1} 


Let S = {(x,z):|a—z|=1}. We want to show that ToT-1= 5S. 
Let (%,z) belong to ToT-1!. Then dy st. O=y—2,y-—z=1. But 
=y-u“,y-2=1 D> y-z=1 
y-z=1lt+y-«“ 


Also, =y-ay-z=1 


nvvdb Vy 
e 
| 
8 
nN 


In other words, =y-—4, y-2#= 


Accordingly, (x,z)ES, ie. ToT-1cS. 


VY 
| 
— 


Now let («,z) belong to S; then |a—2z| = 1, 
Let y = max(xz,z); then 0O=y-—aw=1 and 0=y-z=1. 
Thus (x, 2) also belongs to ToT-l,ie. SC ToT-1, Hence ToT-1= 5S, 


21. Prove: For any two relations RC XxY and SCYXZ, (SoR)-! = R708-}, 
Solution: (SoR)-1 = {(z,x): (2) ESoR} 
= {(,«): ¥EY st. @,y)ER, (y,2z)€S} 
{(z,a): 3yEY st. (z,y)€S-!, y,x)ER-1} 
= R-1og-1 


22. Prove: For any three relations RC WxX, SCXXY and TCYX4Z, (ToS)oR = 
To(SoR). 


Solution: (ToS)oR 


Il 


{(w,2): awEX st. (w,2) ER, (x,2z)€ ToS} 

= {(w,z2): eEX, WEY st. wx) ER, (x,y) ES, yz, €T} 
{(w,2): EY st. (w,y) ESR, y,z) ET} 

= To(SoR) 


II 


REFLEXIVE, SYMMETRIC, TRANSITIVE AND EQUIVALENCE RELATIONS 
23. Prove: Let R be a relation in A, i.e. RC AXA. Then: 
(i) AF is reflexive iff A, C R; 
(ii) FR is symmetric iff R= R-); 
(ili) FR is transitive iff RoR CR; 
(iv) & reflexive implies RoR DR and RoR is reflexive; 
(v) & symmetric implies RoR~! = RoR; 
(vi) R transitive implies RoR is transitive. 
Solution: 
(i) Recall that the diagonal A, = {(a,a): a€ A}. Now R is reflexive iff, for every a€A, 
(a,ay)ER iff ACR. 
(ii) Follows directly from the definition of R~1 and symmetric. 
(ili) Let (a,c)€ ROR; then 3F6€A such that (a,b)E€R and (b,c)€R. But, by transitivity, 
(a, b), (b,c) ER implies (a,c)ER. Consequently, RoRCR. 


On the other hand, suppose RoRCR. If (a,b),(b,c)ER, then (a,ch}€RORCR. In 
other words, F is transitive. 
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(iv) Let (,b)ER. Now, ROR = {a,c}: JDEA st. (a,b) ER, (b,c) ER}. 


But (a,b)€R and, since FR is reflexive, (b,6)€R. Thus (a,b)E€ ROR, ie. RCROR., 
Furthermore, 4, CRCROR implies ROR is also reflexive. 


(v) RoR-1 = {(a,c): JOEA st. (a,6)ER-!, (b,c) ER} 
= {(a,c): JOEA st. (4,6) ER, (b,c) R-1} 
R-1toR 
(vi) Let (a,b), (b,c) ROR. By (iii), ROR CR; hence (a,b), (b,c) ER. So (a,c)E ROR, ie. ROR ig 
transitive. 


24 


Consider the relation R = {(1,1), (2,3), (8,2)} in X = {1,2,3}. Determine whether 
or not F is (i) reflexive, (ii) symmetric, (iii) transitive. 

Solution: 

(i) FR is not reflexive since 2€X but (2,2)¢R. 

(ii) PR is symmetric since R-!1= R. 

(iii) FR is not transitive since (3,2)€R and (2,8)E€R but (3,3) ¢R. 


25. 


Consider the set N XN, i.e. the set of ordered pairs of positive integers. Let R be the 
relation ~ in N XN which is defined by 


(a,b) ~ (c,d) iff ad = be 
Prove that F is an equivalence relation. 
Solution: 
Note that, for every (a,b)ENXN, (a,b) ~ (a,b) since ab = ba; hence R is reflexive. 


Suppose (a,b) = (e,d). Then ad= be, which implies cb =da. Hence (c,d) ~ (a,b) and, therefore 
R is symmetric. 


Now suppose (a,b) =~ (c,d) and (c,d) = (e,f). Then ad=be and cf=de. Thus 
(ad)(cf) = (be)(de) 
and, by cancelling from both sides, af = be. Accordingly, (a,b) ~ (e,f) and R is transitive. 
Since F# is reflexive, symmetric and transitive, R is an equivalence relation. 


Observe that if the ordered pair (a,b) is written as a fraction oe then the above relation F is, 


in fact, the usual definition of the equality of two fractions, i.e. 7: = a iff ad = be, 


26. Prove Theorem 1.4: Let & be an equivalence relation in A and let [a] be the equivalence 
class of a €@ A. Then: 
(i) For every aE A, aé [a]. 
(ii) [a] =[b] if and only if (a,b) ER. 
(iii) If [a] #[b], then [a] and [b] are disjoint. 
Solution: 
Proof of (i). Since R is reflexive, (a,a)€ R for every a@€A and therefore a € [a]. 


Proof of (ii), Suppose (a,b)€R. We want to show that [a] =[b]. Let «2 €f[b]; then 
(6,*x) ER. But by hypothesis, (a,b)€R; hence by transitivity, (a,z)€R. Accordingly, x € [a], 
i.e. [6] C [a]. To prove that [a] C[b], we observe that (a,b)€ R implies, by symmetry, that 
(b,a)ER. Then by a similar argument, we get [a] C [db]. So [a] = [bd]. 

On the other hand, if [a] =[b], then by reflexivity, b €[b] = [a], i. (2,6) ER. 

Proof of (iii). We prove the equivalent contrapositive statement, ie. if [a]n[b] ~*~ @, then 
[a] = [6]. If fa]n[b] +, there exists an element xGA with x €f[a]n[6]. Hence @,x)ER 
and (b,“)@R. By symmetry, (*,b)€R and, by transitivity, (a,b)€R. Consequently by (ii), 
{a] = [6]. 
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Supplementary Problems 


SETS, ELEMENTS, SUBSETS 

27. Determine which of the following sets is the empty set: 
(Gi) {w:1<a2<2,7%ER} (iii) {w@: 2E@} 
Gi) {w:1<a<2,2EN} (iv) {x : #2< a, « © R} 


28. Let A = {1,2,...,8,9}, B = {2,4,6,8}, C = {1,3,5,7,9}, D = {8,4,5} and HE = {8,5}. Which 
of these sets can equal X if we are given the following information? 


(i) X and B are disjoint, (ii) XCD and X¢B, (iii) XCA and XEC, (iv) XcCC and XGA. 


29. State whether each of the following statements is true or false. 
(i) Every subset of a finite set is finite. (ii) Every subset of an infinite set is infinite. 


30. Discuss all inclusions and membership relations among the following three sets: ©, {0}, {@, {@}}. 

31. Prove that the closed interval [a,b] is not a subset of the open interval (a, b). 

32. Find the power set P(U) of U = {0,1,2} and the power set P(V) of V = {0, {1,2}}. 

33. State whether each of the following is true or false. Here S is any non-empty set and 28 is the 
power setof Sy) ge28 (ii) SC28_— iii): (S}E2S (iv) {S}.c28 

SET OPERATIONS 

34. Let A = {1,2,3, {1,2,33}, B ={1,2, {1,2}}. Find: AUB, ANB, A\ B, BNA. 


35. In each of the Venn diagrams below shade: (i) ANM(BUC), (ii) C\ (ANB). 


AK WD 


(a) (b) 
36. Prove and show by Venn diagrams: A°\ Be = B\A. 


37. (i) Prove AN(B\C) = (ANB)\ (ANC). 
(ii) Give an example to show that AU(B\C) # (AUB)\ (AUC). 


88. Prove: 2428 = 24NB; 24U2BC24UB, Give an example to show that 24U28 # QAUB, 


39. Prove Theorem 1.3: Each of the following conditions is equivalent to ACB: 
(i) ANB =A, (ii) AUB = B, (iti) BecAs, (iv) ANBe = Q, (v) BuAc=U 
(Note. ANB = A was already proven equivalent to ACB in Problem 15.) 


40. Prove that ACB iff (BNC)UA = Bn(CUA) for any C. 
PRODUCT SETS, RELATIONS, COMPOSITION OF RELATIONS 
41. Prove: A X (BUC) = (A X B)U(A X C). 


42. Using the definition of ordered pair, ie. (a,b) = {{a}, {a, b}}, prove that (a,b) = (e,d) iff 
a=c and b=d. 


43. Determine the number of distinct relations from a set with m elements to a set with n elements, 
where m and n are positive integers. 
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44, 


45. 


46. 


47. 


Let R be the relation in the positive integers N defined by 
R = ({(,y): 2y EN, «+2y =—12} 


(i) Write R as a set of ordered pairs. (ii) Find domain of R, range of R and R—!. (iii) Find RoR. 
(iv) Find R-!oR., 


Consider the relation R = { (4,5), (1,4), (4,6), (7,6), (8,7)} in N. 
(i) Find domain of R, range of R and R~!. (ii) Find RoR. (iii) Find R-1oR. 


Let U and V be the relations in R defined by U = {(z,y): a? +2y =5} and V= {(z,y): 2a—y = 3}. 
(i) Find VoU. (ii) Find UcV. : 


Consider the relations < and = in R. Show that <UA== where A is the diagonal. 


EQUIVALENCE RELATIONS 


48. 


49. 


50. 


51. 


52. 


27. 


31. 


32. 


33. 


34. 


State whether each of the following statements is true or false. Assume R and S are (non-empty) 
relations in a set A. 


(1) If R is symmetric, then R~! is symmetric. 

(2) If R is reflexive, then RNR! € @. 

(3) If R is symmetric, then RNR~1 # Q. 

(4) If R and S are transitive, then RUS is transitive. 
(5) If R and S are transitive, then RNS is transitive. 
(6) If R and S are symmetric, then RUS is symmetric. 
If R and S are symmetric, then RNS is symmetric. 
If RF and S are reflexive, then RNS is reflexive. 


Consider N X N, the set of ordered pairs of positive integers. Let ~ be the relation in N X N defined by 
(a,b) ~ (c,d) iff at+td=bt+e 


(i) Prove ~ is an equivalence relation. (ii) Find the equivalence class of (2, 5), ie. [(2, 5)]. 


Let ~ be the relation in R defined by x ~y iff x—y is an integer. Prove that ~ is an equivalence 
relation. ed 


Let ~ be the relation in the Cartesian plane R? defined by (x,y) ~ (w,z) iff x = w. 
Prove that ~ is an equivalence relation and graph several equivalence classes. 


Let a and 6 be arbitrary real numbers. Furthermore, let ~ be the relation in R? defined by 
(t,y) ~ (w,z) iff IkKEZ st. x-—w=ka, y—z= kb 


Prove that ~ is an equivalence relation and graph several equivalence classes. 


Answers to Supplementary Problems 
The sets in (ii) and (iii) are empty. 
a€ [a,b] but a € (a,b). 
P(V) = {V, {0}, {{1, 233, D} 
(i) T, (ii) F, (iii) F, (iv) T 


AUB = {1,2,3, {1,2}, {1,2,3}}, ANB = {1,2}, ANB = 43, (1,2,3}}, BNA = {{1,2}}. 
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37, 


38. 


43. 


44, 


45. 


46. 


48. 


49. 


51. 


52. 
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(ii) 


(ii) C=, A=B4®D 


Example: A = {1}, B= {2} 


Qmn 


(i) R = {(10,1), (8,2), 6,8), (4,4), (2,5) } 


(ii). domain of R = {10,8,6,4,2}, range of R = {1,2,3,4,5}, 
R-1 = { (1, 10), (2, 8), 3, 6), (4, 4), 65, 2) } 


(iii) RoR = {(8,5), (4,4)} G 
(iv) R~10R = { (10,10), (8,8), (6,6), (4, 4), (2, 2) } 


(i) domain of R = {4, 1,7, 3}, renee of R = {5, 4,6, 7}, Rol = { (5, 4), (A, 1), (6, 4), (6,7), (7, 3) } : 
(ii) RoR = {(1,5), 1, 6), (3, 6) } 


ili) RoteR = {(4,4), (1,1), 4,7 (1 4)s (7, Ds (3, 8) F 


Vou = {(x,y): e@+y=23, UV = {la,y): 402—-12a+2y+4=0} 


(1) T, (2) T, (8) T, (4) F, (5) T, (6) T, (7) T, (8) T 


(ii) [2,5)] = € (1,4), (2,5), (8,6), (4, 7-25 (ty +8), 


The equivalence classes are the vertical lines. 
( 


The above gives a typical equivalence class. The distance between adjacent horizontal points is a and 
the distance between adjacent vertical points is b. 


Chapter 2 


Functions 


FUNCTIONS 


Suppose that to each element of a set A there is assigned a unique element of a set B; 
the collection, f, of such assignments is called a function (or mapping) from (or on) A 
into B and is written f 

f:A—-B or A->B 
The unique element in B assigned to a€A by f is denoted by f(a), and called the value of 
f at a or the image of a under f. The domain of f is A, the co-domain is B. To each 
function f: A-B there corresponds the relation in A xB given by 


{ (a, f(a)):a€ A} 
We call this set the graph of f. The range of f, denoted by f[A], is the set of images, i.e. 
f[A] = (f(a): a € A}. 
Two functions f:4>B and g:A->B are defined to be equal, written f=g, iff 
f(a) = g(a) for every a€A, i.e. iff they have the same graph. Accordingly, we do not 


distinguish between a_function and its graph. A subset f of A XB, i.e. a relation from 
A to B, is a function iff it possesses the following property: 


{[F] Each a €A appears as the first coordinate in exactly one ordered pair (a, b) in f. 
The negation of f=g is written f ~g and is the statement: Ja¢A for which f(a) #g(a). 


Example 1.1: Let f:R-R be the function which assigns to each real number its square, i.e. for 
each «ER, f(z) =«?. Here f is a real-valued function. Its graph, { (x, «*): 02 € RB}, 
is displayed in Fig. 2-1 below. The range of f is the set of non-negative real num- 
bers, ie. f[R] = {2:2 ER, x = 0}. 


Fig. 2-1 Fig. 2-2 


Example 1.2: Let A = {a,b,¢,d} and B = {x,y,z,w}. Then the diagram in Fig. 2-2 above 
defines a function f from A into B. Here f[A] = {z,y,w}. The graph of f is the 


relation 
{ (a, y), (b, @), (ce, y), (d, w) } 


Example 1.3: A function f:A—>B is called a constant function if, for some 6) € B, f(a) = bo 
for all a€A. Hence the range f[A] of any constant function f is a singleton 
set, ie. f[A] = {Bo}. 
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Consider now functions f:A>B and g:B->C, illustrated below: 


f 
@ + + ©) 
The function from A into C which maps the element a€A into the element g(f(a)) of C 
is called the composition or product of f and g and is denoted by gof. Hence, by definition, 
(gof)(a) = g(f(@)) 


We remark that, if we view fCAxB and gCBXC as relations, we have already 
defined a product g:f (Chapter 1). However, these two products are the same in that 
if f and g are functions then g-f is a function and g:f = gof. 


If f:X->Y and ACX, then the restriction of f to A, denoted by f| A, is the function 


from A into Y defined by 
f\|A(a) =f) forall aEeA 


Equivalently, f|A = fM(AxY). On the other hand, if f: X>Y is the restriction of 
some function g:X*-> Y where X C X*, then g is called an extension of f. 


ONE-ONE, ONTO, INVERSE AND IDENTITY FUNCTIONS 


A function f:A—>B is said to be one-to-one (or one-one, or 1-1) if distinct elements 
in A have distinct images, i.e. if 
fa)=f@’) > a=a’ 


A function f:A4-7B is said to be onto (or f is a function from A onto B, or f maps 
A onto B) if every b € B is the image of some a € A, ie. if 
bEB > 3ac€A for which f(a)=b 
Hence if f is onto, f[A] = B. 
In general, the inverse relation f~! of a function fCA*xB need not be a function. 


However, if f is both one-one and onto, then f~! is a function from B onto A and is called 
the inverse function. 


The diagonal 4, C AXA _ is a function and called the identity function on A. It is 
also denoted by la or 1. Here, 1la(a)=a for every a€A. Clearly, if f:A>B, then 


1,of =f = fel, 
Furthermore, if f is one-one and onto, and so has an inverse function f~', then 
f-lof=1, and feof-'=1, 
The converse is also true: 
Proposition 2.1: Let f:A>B and g:B-A satisfy 
gof=1, and fog=1, 
Then f-!:B>A exists and g=f7}. 


Example 2.1: Let f:R>R, g:R->R and h:R-R be defined by 
f(x) = e%, g(w) = w8—a and h(x) = 2? 


The function f shown in Fig. 2-3(a) below is one-one; geometrically, this means 
that each horizontal line does not contain more than one point of f. The function g 
shown in Fig. 2-3(6) below is onto; geometrically this means that each horizontal 
line contains at least one point of g. The function h shown in Fig. 2-3(c) below is 
neither one-one nor onto, for h(2) = h(—2)=4 and A(R] is a proper subset of R, 
eg. —16 ¢ h[R}. 
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(a) f(x) = et (b) g(x) = x—e@ (c) h(x) = a2 
Fig. 2-3 


INDEXED SETS, CARTESIAN PRODUCTS 
An indexed class of sets, denoted by 

{AiieE], {Ag 

assigns a set A; to each 7 €/, ie. is a function from J into a class of sets. The set J is 

called the index set, the sets A; are called indexed sets, and each 1 €T/ is called an index. 


When the index set J is the set of positive integers, the indexed class {Ai,A2,...} is called 
a sequence (of sets). 


or simply {Ai} 


ier 


Example 3.1: For each n€N, the positive integers, let 
D, = {x: «EN, x is a multiple of n} 
Then D, = {1, 2,3, ...}, Dy = {2,4,6,...}, Ds = {8,6,9,...}, 


The Cartesian product of an indexed class of sets, cf = {Ai:t EJ}, denoted by 
[[{4::7€ or [],-,A: orsimply [],Ai 
is the set of all functions p: J > U;Ai such that p(t) = ai1€ Ai. We denote such an element 
of the Cartesian product by p = (ai:i € 1). For each % €J7 there exists a function Ti? 
called the wth projection function, from the product set [],4i into the ith coordinate set 
Ai, defined by ; 
m( (ai: tEl)) = a 


Example 3.2: Recall that R? = RX RXR consists of all 3-tuples p = (a,, @2, a3) of real numbers. 
Now let R,, Ry and Rz denote copies of R. Then p can be viewed as a function on 
I = {1,2,3} where p(1) = a,€ R,, p(2) = a,€Ry and p(3) = as;ER3. In 
other words, 


R3 = [I{R,:i€1, 2, =B} 
GENERALIZED OPERATIONS 


The notion of union and intersection, originally defined for two sets, may be generalized 
to any class c4 of subsets of a universal set U. The union of the sets in c4, denoted by 
U{A:A €¢4}, is the set of elements which belong to at least one set in c/: 


U{A:AEA} = {4:x EU, FACS st. EA} 
The intersection of the sets in -4, denoted by M{A: A €c4}, is the set of elements which 
belong to every set in c/: 
MA: AEA} = {e: x EU, x EA for every A Ec4} 

For an indexed class of subsets of U, say e4 = {Ai:1 € I}, we write 

U{Ai:7t€ I, U,-e;,Ai or UiAi 
for the union of the sets in c4, and 

MALtEeD, Nj,-;Ai or Midi 
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for the intersection of the sets in c4. We will also write 
Ux, Ai = A,UA2U--- and Nin AG = AiUA2U::: 


for the union and intersection, respectively, of a sequence {Ai,Ao,...} of subsets of U. 


Example 4.1: For each n€N, the positive integers, let D, = {w:%EN, a is a multiple of n} 
(see Example 3.1). Then 


U{D;:i=10} = {10,11,12,...} and n2,D; = ® 
Example 4.2: Let J = [0,1] and, for each i1€ J, let A; = [0,7]. Then 
U,;A; = [0,1] and n;A; = {0} 
The distributive laws and De Morgan’s laws also hold for these generalized operations: 


Theorem 2.2: For any class of sets c4 = {Ai} and any set B, 
(i) BU(Ni A) = Ni(BUAI) (ii) BN(U:A) = Ui(BNA)) 


Theorem 2.3: Let c4 = {Ai} be any class of subsets of U. Then: 
(i) (U; Ai)*e = Ni Ai (ii) (N; Ai)* = 0; A, 
The following theorem will be used frequently. 


Theorem 2.4: Let A be any set and, for each p€A, let G, be a subset of A such that 
peEG,C A. Then A = Ul(G,:p € A}. 


Remark: In the case of an empty class % of subsets of a universal set U, it is convenient 
to define 
U{A:AED} =D and N{A:AEY} =U 
Hence U{Ai:tE€%} =@D and NM{Ai:iE PM} =U 


ASSOCIATED SET FUNCTIONS 


Let f:X > Y. Then the image f[A] of any subset A of X is the set of images of points 
in A, and the inverse image f—! [|B] of any subset B of Y is the set of points in X whose 
images lie in B. That is, 


f|A] = {f(x): 2 € A} and f-'(B] = {#: «EX, f(x) © B} 


Example 5.1: Let f:R-R be defined by f(x) =x”. Then 
f[{1, 8,4, 73] = {1,9,16,49}, f[(1,2)] = (1,4) 
Also, f-1[{4, 9}] = {-8,—-2,2,3}, f-1[0,4)] = (1,2) U (-2,-1) 


Thus a function f{:X—- Y induces a function, also denoted by f, from the power set 
P(X) of X into the power set P(Y) of Y, and a function f~! from P(Y) into P(X). The 
induced functions f and f~'! are called set functions since they are maps of classes (of sets) 
into classes. 

We remark that the associated set function f~! is not in general the inverse of the 
associated set function f. For example, if f is the function in Example 5.1, then 


fro f ((1,2)] = f-*(0,4)] = 0,2) U (-2,-1) 


Observe that different brackets are used to distinguish between a function and its associated 
set functions, i.e. f(a) denotes a value of the original function, and f[A] and f~'[B] denote 
values of the associated set functions. 
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The associated set functions possess various properties. In particular we state: 


Theorem 2.5: Let f:X- Y. Then, for any subsets A and B of X, 


(i) [AUB] = f(A] USB] (ii) #[A\ BID [AI FB] 

(ii) fJAN B] CFA] NF[B] (iv) ACB implies f[A] Cc f[B] 
and, more generally, for any indexed class {Ai} of subsets of X, 

(i’) f[Ui Ail = U; f[Ail (ii’) FIN: Ail Cc Ni F[Ai] 


The following example shows that the inclusions of (ii) and (iii) cannot in general be 
replaced by equality. 
Example 5.2: | Consider the subsets 
A = [1,2] x [1,2] and B = [1,2] x [3,4] 
of the plane R*® and the projection 7:R?-—R, into [2] 
the first coordinate set, ie. the x-axis. Observe that 
7{|A| ={1,2] and 7[{[B] =[1,2], and that ANB = % 2 
implies 7[ANB] = @. Hence 
7[A]O2([B] = [1,2] * [ANB] =@ . 
Furthermore, 4 \B =A, so nee e. 7 
7[A \ B] = {1, 2] ~F O=7[A] \c[Bl 
On the other hand, the inverse set function is much more “well-behaved” in the sense 
that equality holds in both cases. Namely, 
Theorem 2.6: Let f:X-> Y. Then for any subsets A and B of Y, 
(i) fr [AUB] = fr ifAju ae } 
(ii) ff t[ANB] ae [A] ee ] 
(iii) FAN B) = FAN FB; 
(iv) tes nae [A ne |B] 
and, more generally, for any indexed class {Ai} of subsets of Y, 
(’) fot{Ui Ai = Uif* [Ail 
(ii) ft [Ni Ai] = Nif *[Al] 
Since f~1[Y] = X, we have, as a special case of (iii), 
Corollary 2.7; Let f:X->Y and let ACY. Then f '[A‘] = (f-'[{A])°. 
Next follows an important relationship between the two set functions. 
Theorem 2.8: Let f:X->Y and let ACX and BCY. Then: 
(i) AC fof [A] (ii) BD fof-'[B] 


As shown previously, the inclusion in (i) cannot in general be replaced by equality. 


ALGEBRA OF REAL-VALUED FUNCTIONS 


Let #(X,R) denote the collection of all real-valued functions defined on some set X. 
Many operations are inherited by #(X,R) from corresponding operations in R. Specifically, 
let f:X>R and g:X->R and let KER: then we define 


(f+g):X>R by (f+9)(z) = f(x) + 9(2) 
(k:f\:X>R by (ke f\(x) = k(f(x)). 
(fi): X>R by — (f/x) = |f(a)| 
(f9):X>R_ by (f9)(x) = f(x) g(x) 
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It is also convenient to identify the real number & €R with the constant function f(x) = k 
for every «ER. Then (f+k):X-R is the function 


(f+ h(a) = fla) +k 


Observe that (fg): X->R is not the composition of f and g discussed previously. 


Example 6.1: 


Consider the functions 
f = { (a, 1), (b, 3) } and I= { (a, 2), {b, —1) } 
with domain X = {a,b}. Then 


(8f —2g9)(a) = 3f(a) — 2g(a) = 3(1) — 2(2) = —-1 
(8f — 29)(b) = 3f(b) — 29(b) = 3(38) — 2(-1) = 11 
that is, 38f —29 = {(a,—1), (b,11)} 


Also, since j|g|(x) = |g(~)| and (g+8)(x2) = g(x) + 8, 
lg| = {(a@, 2), (6,1) } and g+3 = {(a,5), (b, 2)} 


The collection 7(X,R) with the above operations possesses various properties of which 
some are included in the next theorem. 


Theorem 2.9: The collection 7(X,R) of all real-valued functions defined on a non-empty 
set X together with the above operations satisfies the following axioms 
of a real linear vector space: 


[V:] The operation of addition of functions f and g satisfies: 


[V2] 


[Vs] 


Example 6.2: 


Example 6.3: 


(1) Gt+g)+h = f+(gth) 

(2) f+g=gt+f 

(3) 30 € ¥(X,R), ie. 0:X—>R, such that f+0=f. 

(4) For each f € F(X,R), J—f € F(X,R), ie. ~—f:X->R, such that 
f+(-f) = 0. 

The operation of scalar multiplication k+f of a function f by a real 
number k satisfies: 


(1) ke(ke+f) = (kk) +f 

(2) 1-f=f 

The operations of addition and scalar multiplication satisfy: 

Ql) ke(ftg) = kif +keg 

(2) (kK+kh’):f =k-f+k-f 
Let X = {1,2,...,m}. Then each function f € #(X,R) may be written as an 
ordered m-tuple (f(1),...,f(m)). Furthermore, if 

f = (@,...,@m) and g = (by,...,0m) 


then fg = (a+ by, dgt bg, ..., Gn + bm) 


and, for any k ER, kef = (kay,..., kam) 


In this case, the real linear (vector) space F(X, R) is called m-dimensional Euclidean 
space. 


A function f € #(X,R) is said to be bounded iff 
3M € RK suchthat (|f(x)| = M for every xe X 


Let £(X,R) denote the collection of all bounded functions in #(X,R). Then A(X, R) 
possesses the following properties: 


(i) If f,g9 © B(X,R), then ft+g © B(X,R). 
(ii) If f €6(X,R) and kER, then k-f © B(X,R). 
Any subset of F(X, R) satisfying (i) and (ii) is called a (linear) subspace of ¥(X, BR). 
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State whether or not each of the diagrams defines a function from A = {a,b,c} into 


B= {x,y,2\. 


ea ea 


(i) (ii) 


Solution: 


(iii) 


(i) No. There is nothing assigned to the element bE A. 
(ii) No. Two elements, « and z, are assigned to cE A. 


(iii) Yes. 


q 


Let X = {1,2,3,4}. State whether or not each of the following relations is a function 


from X into X. 


(i) f = {(2,8), (1,4), (2, 1), (8, 2), (4, 4) } 
(ii) g = {(8,1), (4,2), (1,1) } 

(ili) h = { (2,1), (8, 4), (1, 4), (2,1), (4, 4) } 
Solution: 


Recall that a subset f of XX X ig a function fi: X-X 


coordinate in exactly one ordered pair in f. 


(i) No. Two different ordered pairs (2,3) and (2,1) in f have the same first coordinate. 
(ii) No. The element 2€X does not appear as the first coordinate in any ordered pair in g. 


iff each «GX appears as the first 


(iii) Yes. Although 2€X appears as the first coordinate in two ordered pairs in A, these two 


ordered pairs are equal. 


Consider the functions 


g 
from X = {1,2,3,4,5} into X. 
(i) Determine the range of f and of g. 


{(1, 3), (2, 5), (8, 8), (4, 1), (5, 2) } 
((1, 4), (2, 1), (8, 1), (4, 2), (5, 8) } 


(ii) Find the composition functions gof and fog. 


Solution: 


(i) Recall that the range of a function is the set of image values, i.e. the set of second coordinates. 


Hence range of f = {3,5,1,2} and 


range of g = {4,1,2,3} 


(ii) Use the definition of the composition function and compute: 


(9° f)(1) = 9(f(4)) = 98) = 1 
(9 °f)(2) = 9(F(2)) = 9(5) = 8 
(9 ° f)(3) = 9(f(8)) = 98) = 1 
(9° f)(4) = o(f(4)) = 91) = 4 
(9° f)(5) = g(f()) = 9(2) = 1 


I 


In other words, g9°f 


(fog)Q) = f(g) = f(4) = 1 
(f° g)(2) = F(9(2)) = fA) = 8 
(f° 9)(3) = f(g) = fA) = 8 
(fo g)(4) = F(t) = F(2) = 5 
(f° g)(5) = F(9(b)) = FB) = 3 


{(1, 1), (2, 8), (8,1), (4, 4), (5, 1)} 


fog = {(t,b), , 8), 8,8), (4,5), (5, 3) } 


Observe that fog # gf. 
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4, Let the functions f:R>R and g:R->R be defined by 

f(z) = 2e4+1, g(#) = w#-2 
Find formulas defining the product functions gof and fog. 
Solution: 

Compute g°f:R-R as follows: 
(g° f(a) = g(f(w)) = g(Qe+1) = (Q4+1)2-2 = 402+ 4e~-—1 
Observe that the same answer can be found by writing 
y =f) = 2e@+1, z= oy) = yr—-2 
and then eliminating y from the two equations: 
2= y2—-2 = (Qa4+1)3?-2 = 4224+ 49-1 


Now compute f°g:R-R: 
(fog)(x) = flg(a)) = f(x?—2) = 22-2) +1 = 2x?-— 3 


5. Prove the associative law for composition of functions, ie. if f:4>B, g:B>C and 
h:C>D, then (hog)of = ho(gof), ; 
Solution: 


Since the associative law was proven for composition of relations in general, this result follows. 
We also give a direct proof: 


(heg)of\(a) = (hog)(f(a)) = h(g(f(a))), WaEA 
(he(gof)(a) = Rhi(g° f)(a)) hig(f(a))), WaeA 
Hence (hog)of = ho(gof). 


II 


ONE-ONE AND ONTO FUNCTIONS 

6. Let f:A>B, g:B>C. Prove: 
(i) If f and g are onto, then gof:A->C is onto. 
(ii) If f and g are one-one, then gof:A->C is one-one. 
Solution: 


(i) Let cE C. Since g is onto, JOE B st. g(b)=c. Since f is onto, IAEA st. f(a)=b. But 
then (g°f)(a) = g(f(a)) =c, ie. g°f is also onto. 


(ii) Suppose (g°f)(a) = (gof)(a’); ie. g(f(a)) = g(f(a’)). So fla) = f(a’) since g is one-one; hence 
a=a’ since f is one-one. Accordingly, g°f is also one-one. 


7 Let A =[-1,1) and let f:A>A, g:A>A and h:A->A be defined by 


f(x) = sin xv, g(x) = sin Tk, h(x) — sin 5 @ 


State whether or not each of the functions is (i) one-one, (ii) onto, (iii) bijective 
{i.e. one-one and onto). : 
Solution: 


The graphs of the functions are as follows: 
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The function f is one-one; each horizontal line does not contain more than one point of f. It is 
not onto since, for example, sing #1 for any x€A. On the other hand, g is onto; each horizontal 
line contains at least one point of f. But g is not one-one since, for example, g(—1) = 9(0)=0. The 
function A is both one-one and onto; each horizontal line contains exactly one point of h. 


Prove: Let f:A>B and g:B->C be one-one and onto; then (gef)"!:C >A _ exists 
and equals f~!0g°!:C-A. 
Solution: 
Utilizing Proposition 2.1, we show that: 
(frtegyo(gof) =1, and (gef)o(f-teg—}) = Ip 
Using the associative law for composition of functions, 
(Frleg“to(gof) = frio(g-to(gof)) 
= frlo((g-tog)of) 
= frlo(lof) 
= fr-lof 
= 14 
since g-tog =1 and lof=f=fo°1. Similarly, 
‘ (geflo(f-tog7!) = go(fo(f-tog—4)) 
g°((fof-1)og—}) 
= go(1°g-}) 
= geg-} 


II 


= Ip 


When will a projection function 7, : [] {4:4 € > Ay, Ay ~@, be an onto function? 


Solution: 
A projection function is always onto, providing the Cartesian product []{A;:i€J} is non-empty, 
ie. provided no A; is the empty set. 


INDEXED SETS, GENERALIZED OPERATIONS 


10. 


11. 


Let A, = {u:x is a multiple of »}, where nEN, the positive integers, and let 

Bi = [i,i+1], where 1€Z, the integers. Find: (i) AsNAs; (ii) Uf{Ai:i€ P}, where 

P is the set of prime numbers; (iii) Bs 1 Ba; (iv) U{Bi: i © Z}; (v) (U (Bi: t= 73) 0 As. 

Solution: 

(i) Those numbers which are multiples of both 3 and 5 are the multiples of 15; hence AgN A; = Aj;. 

(ii) Every positive integer except 1 is a multiple of at least one prime number; hence U {A;:71€ P} = 
{2,3,4,...} = N\ 4}. 

(ii) BaNBy = {w: 8=e2=4,4=4=5} = {4} 

(iv) Since every real number belongs to at least one interval [i,7+1], U{B,;:1EZ} = R, the set 
of real numbers. 

(v) (U{B;:i1= 7) As = {~: & is a multiple of 5, «= 7} = As\ {5} = {10,15,20,...}. 


Let D, = (0,1/n), where » EN, the positive integers. Find: 
(i) DsUD;, (iii) D.sUD; (vy) U{Di:tE ACN} 
(ii) Ds Doo (iv) DsND: (vi) N{Di:t EN} 
Solution: 
(i) Since (0, 1/7)C (0, 1/3), D3UD 7 = D3. 
(ii) Since (0, 1/20) C (0, 1/3), Dg Doy = Dag. 
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12. 


13. 


14. 
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(iii) Let m = min {s,t}, i.e. the smaller of the two numbers s and ¢; then D,, equals D, or D, and 
contains the other. So D,UD, = Dy. 


(iv) Let M = max {s,t}, ie. the larger of the two numbers. Then D,ND, = Dy. 
(v) Let @€A be the smallest number in A. Then U{D;:iG ACN} = D,. 
(vi) If «ER, then FIECN gt. « Z(0,1/7). Hence M{D,;:71E N} = Q. 


Prove (Distributive Law) Theorem 2.2 (ii): BO(UjierA) = Uses (BNA). 
Solution: Boa(vierA) = tw: u%EB, x & Uje, Aj} 

= {#:2xE€B, WEl st. aE Aj} 

= {w: 3,ET st. eE BNA, } 

= Ujer (BNA) 


Prove: Let {Ai:1€J} be an indexed class of sets and let i €¢JZ. Then 
NierAi C Ai, C Vier Ai 
Solution: 
Let x€ Nie; A; then «CA; for every tG J. In particular, x€ A; Hence Nie; A, C Ai 
Now let y Ed; Since i7€ 7, y © Uje, A; Hence Ai, C Uier Aj. 


Prove Theorem 2.4: Let A be any set and, for each p EA, let G, be a subset of A such 
that pEG,CA. Then A = U{Gp:p EA}. 
Solution: 

Let «€ U{G,:pEGA}. Then 3p,9€A st. cE Gp, CA; hence EA, so U{G,:pEA}CA. 
(In other words, if each G, is a subset of A, then the union of the G, is also a subset of A.) 


Now let y€ A. Then yEG,, so yS U{G,:p EA}. Thus AC U{G,:p€A} and the two 
sets are equal. 


ASSOCIATED SET FUNCTIONS 


15. 


16. 


Let A = {1,2,3,4,5} and let f:A-2A_ be defined by the diagram: 


1 Bri 
. ? 


ee 


Le 
5 
f 


Find (i) f[(1,3,5}], (ii) #-[2,8,4}], (iii) #7 [(8, 5})- 
Solution: 
(i) = f[, 8, 53] = {f), FB), F(5)} = {4} 
(ii) f71[{2,3,4}] = {4,1, 3, 5} 
(iii) f—1[{8,5}] = @ since no element of A has 3 or 5 as an image. 


a fF wn F&F 


Consider the function f:R~>R defined by f(z) =2?. Find: 

(i) f-"[{25}], (ii) #1 [{-9}], (ili) Ft asa = 03), (iv) fo (wi 4 = a = 25}). 
Solution: 

(i) f-1[{25}] = {5,5} since (5) = 25, f(-5) = 25 and since the square of no other number is 25. 
(ii) f-1[{-9}] = @ since the square of no real number is —9. 
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(iii) f-1[{a: a = 0}] = {0} since f(0) =0=0 and since the square of every other real number is 
greater than 0. 


(iv) fol {{x:4 = a = 25}] consists of those numbers « such that 4 = #2 = 25. Accordingly, 
fo[{e: 4 = 2 = 25}) = [2,5] U[-5,—2] 


17. Prove: Let f:X-Y be one-one. Then the associated set function f:P(X)—> P(Y) 
is also one-one. 
Solution: 


If X=@, then P(X) = {M}; hence f: P(X) P(Y) is one-one, for no two different members 
of P(X) can have the same image, as there are no two different members in P(X). 


If X + @, P(X) has at least two members. Let A,B E P(X), but A*#B. Then §IpEX st. pEA, 
péB (or pEB, p€A}. Thus f(p)<f{A] and, since f is one-one, f(p) € f[B] (or Mp) € f[B] and 
f(p) € f[A]). Hence f[A] * f[B], and so the induced set function is also one-one. 


18. Prove (Theorem 2.5, (i) and (iii)): ; 
(a) f[AUB] = f[A} USB), (6) FAINf[B) CPAN BI. 
Solution: 
(a) We first show /f[AUB] Cc f[A] Uf[B]. Let yEs[AUB], ie. AXE AUB st. fiw) =y. Then 
either «EA or «EB, but ' : 
x€A implies f(x) = y € f[A] 
or x€B implies f(x) = y € f[Bl 
In either case, y € f[A] U f[B]. 
We now prove the reverse inclusion, ie. f[A] U f[B] Cc f[AUB]. Let yEf[A] Uf[B]. Then 
y€f[A] or ye f[B], but 
yEflA] implies Ir EA st. f(x) =y 
ye f[B) implies 3 EB st. f(x) =y 
In either case, y= f(x) with eG AUB, ie. yE f[A UB]. 


(b) Let yEsfA]\f[B]. Then 3x EA sit. f(x) =y, but yEitf(a):4EB}. Hence x EB, or 
*xEBN A. Accordingly, y € f[A\ B]. 


19. Prove (Theorem 2.6, (ii) and (iii)): 
(a) fF [ANB) = fF lAlNf YB), (0) FAN B] = FUAIN FBI. 


Solution: 
(a) We first show f~!(A NB) Cf-I[A] Nn f-1[B]. Let wEf-1[AnBl. Then f(x) E€ ANB so 
f(w)EA and f(x)EB, or «Ee f-1{A] and wE€f-1[Bl]. Hence x € f-![A] n f-) |B]. 


For the reverse inclusion, let «Ef -![A|n f-1[B]. Then f(w)E€A and f(x) EB, ie. 
f@®)&@ ANB.’ Hence «we f-t{An Bh. 


(b) To show f-!|A\ B] Cc f-1[A] \ fu! [B], assume 2 E f-!{A\ Bl. Then f(x)G ANB, ie. 
f(w)EA and f(x) €B. Thus «x Ef-'[A] but wx Ef-'(B], ie. « Ef-1[A]\ f-1[B]. 


For the reverse inclusion, let » €f-!{A|\ f-1[B]. Then f(x)GA but f(x) ZB, ie. 
f(x) E ANB. Hence «€f-'[A\ Bl. 
ALGEBRA OF REAL-VALUED FUNCTIONS 
20. Let X = {a,b,c} and let f,g © F(X,R) be as follows: 
f = {((@,1), (6, —2), (6,8) }, g = {(@,—2), (6, 0), (6,1) } 
Find: (i) f+2g, (ii) fg -2f, (ii) f+4, (iv) |fl, (v) f. 


Solution: 

(i) Compute as follows: (f+2g9)(a) = f(a) +2g(a) = 1-4 = -3 
(f+2g9)(b) = f(b) + 29(b) = -2+0 = —-2 
(f+29)e) = fle) + 2gfe) = 34+2 = 5 
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In other words, f + 2g = {(a,—3), (b, —2), (ce, 5) }. 
(ii) Similarly, (fg —2f)(a) = f(a) g(a) — 2f(a) = (1)(—-2) — 201) = —4 
(fg — 2f)(b) = f(b) 9(b) — 2f(b) = (—2)(0) — 2(-2) = 4 
(fg —2f)(c) = fle) g(e) — 2f(e) = (8)(1) — 2(8) = —8 
That is, fg —2f = {(a,—4), (b, 4), (e, —8) } 


(iii) Since, by definition, (f+ 4)(~) = f(a) +4, add 4 to each image value, i.e. to the second 
coordinate in each pair in f. Thus 


f+4 = {(a,5), (8,2), (¢, 7) } 
(iv) Since |f|(x) = |f(a@)|, replace the second coordinate of each pair in f by its absolute value. Thus 
If] = {(a, 1), (6, 2), (e, 8) } 
(v) Since f2(x) = (ff)(x) = f(x) f(x) = (f(x))2, replace the second coordinate of each pair in f by its 


square. Thus 
‘ f2 = {(a,1), (b, 4), (6, 9)} 


21. Let 0 € ¥(X,R) be defined by 0(x) = 0 for all EX. 


22. 


Prove: For any f € 7(X,R), (i) f+0=f and (ii) f0 = 6. 

Solution: 7 ~ se 

(i) G+0)e = f(x) +O0(x) = f(x) +0 = f(x) for every «& X; hence f+0=f. Observe that 
0 satisfies the conditions of the 0 in the axiom [V,] of Theorem 2.9. 


(ii) (f0)(x) = f(a) O(a) = flx)*(0) = 0 = O(x) for all x@X; hence f0 =0. 


Prove: #(X,R) satisfies the axiom [V3] of Theorem 2.9, ie. if f,g © F(X,R) and 

k,k’ ER, then: 

(i) ke(ftg) =keft+keg, (ii) (kth) +f = bef t+ Wef. 

Solution: 

(i) [ke(ftg)\a) = k(fto)(x)} = fw) + o(~)| = k(f(x)) + k(g(x)) 
(keftk-g)x) = (kf)(x) + (ke g(x) = K(f(w)) + k(g(x)) 


for all x€X; hence ke (ft+g) = ke-f+k-+g. Observe that we use the fact that k, f(~) and 
g(x) are real numbers and satisfy the distributive law. 


(ii) (kh +k’) + fy(x) = (k+k) f(x) = k(f(a)) + k’(f(x)) 
(keftk'+fy(z) = (ke fix) + (k's fle) = k(F(x)) + k'(F(x)) 
for all «EX; so (kK+k’)*f = kef +k'ef. 


Supplementary Problems 


FUNCTIONS 
23. Let f:R>R and g:R-R be defined by f(x) = { » g(x) = 3844+1. 


24, 


2e4-5 if «>2 
e2—2Qle| if «=2 


Find (i) f(—2), (ii) 9(—3), (iii) f(4), (iv) (9°), (v) (f° 9)(2), (wi) (Fo ANB). 


Let f:R->R and g:R-R be defined by f(x) = #?+8x2+4+1, g(x) = 22-3. 
Find formulas which define the composition functions (i) fog, (ii) g°of, (iii) fof. 
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25, Let k:X—>X beaconstant function. Prove that for any function f:X >X, kof =k. What can 
be said about f°ok? 


26. Consider the function f(x) =« where x€R, x =0. State whether or not each of the following 
functions is an extension of f. 


(i) g3(#) = |x| for all «ER (iii) g(x) = (w+ |al)/2 for all «ER 
(ii) go(x) = @ where x € [—1,1] (iv) 1g: R7-R 


27. Let ACX and let f:X—->Y. The inclusion function j from A into X, denoted by 7:ACX, is 
defined by j(a)=a for all a€A. Show that f|A, the restriction of f to A, equals the composition 
foj, ies FLA = foo. 


ONE-ONE, ONTO, INVERSE AND IDENTITY FUNCTIONS 
28. Prove: For any function f:A->B, fol, = f = 1p°f. 


29. Prove: If f: 4B is both one-one and onto, then f~!of = 1, and fof-! = 1g. 
30. Prove: If f:4 2B and g:B-A _ satisfy g°f = 1,4, then f is one-one and g is onto. 


31. Prove Proposition 2.1: Let f:4->B and g:B->A satisfy gof = 1, and f°g = 1g. Then 
f-)1: BoA exists and g = f7}. ; 


32. Under what conditions will the projection Tig: Tl{4,:7E > Ai be one-to-one? 
33. Let f:(—1,1)>R be defined by f(#) = x/(1—|«x|). Prove that f is both one-one and onto. 


34, Let R be an equivalence relation in a non-empty set A. The natural function 7 from A into the 
quotient set A/F is defined by 7(a) = [a], the equivalence class of a. Prove that » is an onto function. 


35. Let f: 4-8. The relation R in A defined by aRa’ iff f(a) = f(a’) is an equivalence relation. 
Let F denote the correspondence from the quotient set A/R into the range f{A| of f by r: [a] > f(a). 


(i) Prove that f: A/R > f({A] is a function which is both one-one and onto. 


(ii) Prove that f = jofo n, where 7:A->A/R is the natural function and j: f[A] CB is the 
inclusion function. y= herrea fee 


A 4 A/R ay fA] os B 1- amen betel NR hoee Soe 


wo 
; awh Mauve -) 40 

INDEXED SETS AND GENERALIZED OPERATIONS 

36. Let A, = {w:« is a multiple of n} = {n,2n,3n,...}, where nEN, the positive integers. Find: 


(i) AgN Az; (ii) AgNAg; (iii) AgUAy; (iv) AgN Ay; (v) A,UAg, where s,tEN; (vi) AsNAge 
where s,t GN. (vii) Prove: If JCN is infinite, then 9 {A;:iG J} = @. 


37. Let B; = (i,i+ 1], an open-closed interval, where 7€Z, the integers. Find: 
(i) B,UBs (iii) U2 4B; (v) U2 Bs+i 


(ii) BeNB, (iv) ByUBsi;UBsiz SEZ (vi) Viez Busi 


88. Let D, = [0,1/n], S, = (0,1/n| and T, = [0,1/n) where nEN, the positive integers. Find: 
(i) M{Dyz:n EN}, (ii) AL{S,:nEN}, (iil) MI{T,: 2 EN}. 


39. Prove DeMorgan’s Laws: (i) (U;A)¢ = 9;4;, (ii) (nN; A)° = U;, Aj. 
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40. Let cf = {A;:iEG I} be an indexed class of sets and let JC KCI. Prove: 
(i) U{A,:7€ J} Cc U{4;:71€ K}, (ii) M{A,;:iE J} D N{A;:i1€ K} 


ASSOCIATED SET FUNCTIONS 


41. Let f:R>R be defined by f(x) = 22+1. Find: (i) f[{-1,0,1}], (i) f-1[{10,17}], (ii) f[(—2, 2)], 
(iv) f-1[(5,10)], (v) f[RI, (vi) #71 (R}. 


42. Prove: A function f: X > Y is one-one if and only if f[ANB] = f[A|Nf[B], for all subsets A and 
B of X. 


43, Prove: Let f: X > Y. Then, for any subsets A and B of X, 
(a) f[ANB] c fA] f[B], (6) ACB implies f[A]} c f{B] 


44, Prove: Let f: X—- Y. Then, for any subsets A and B of Y, 
(a) f-!{AUB] = f-![A] vu f-! [Bl], (b) ACB implies f~!{A] Cc f-![B] 


45. Prove Theorem 2.8: Let f:X—Y and let ACX and BCY. Then 
(i) ACf-lof[A], (ii) BD fof-1[B] 


46. Prove: Let f: X—>Y be onto. Then the associated set function f: P(X) > P(Y) is also onto. 


47, Prove: A function f:X—-Y is both one-one and onto if and only if f[A‘] = (f[A])* for every 
subset A of X. 


48. Prove: A function f:X—>Y is one-one if and only if A = f-!of[A] for every subset'A of X. 


ALGEBRA OF REAL-VALUED FUNCTIONS 
49, Let X = {a,b,c} and let f and g be the following real valued functions on X: 
= { (a, 2), (b, —3), (e, —-1) } I= { (a, —2), {b, 0), (e, 1) } 
Find (i) 3f, (ii) 2f—5g, (iii) fg, (iv) If, (v) £8, (vi) [8f — fol. 


50. Let A be any subset of a universal set U. Then the real-valued function Xa? U->R defined by 


oe Nae 
Xa 0 if z@A 


is called the characteristic function of A. Prove: 


(i) x 


ann — %a%p? Gi): Keun = Xe ta Maes OM ahs HQ Mae? 


51. Prove: #(X,R) satisfies the axiom [V.] of Theorem 2.9; ie. if fE F(X,R) and k,k’ ER, then 
(i) ke(k’+f) = (kk) °f, (ii) Ash =F 


52. For each kER, let ke € ¥(X,R) denote the constant function R (2) =k for all «EX. 


(i) Show that the collection C of constant functions, ie. C = {k: k © R}, is a linear subspace of 
F(X, R). 


(ii) Let a:C~R_ be defined by atk) =k. Show that a is both one-one and onto and that, for 
k, k’ ER, 
care alk +h) = afk) + aff’) 
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Al. 


49. 


Answers to Supplementary Problems 


. (i) 0, Gi) —8, (iii) 3, (iv) —2, (v) 9, (vi) -1 


(i) (feg)(a) = 4e2—-6x+1, (ii) (g°of\(x) = 2a2?+6a—-1, (iii) FoOf)(~) = x4 + 6x3 + 1402+ 15a + 5 


The function fok is a constant function. 


. (i) yes, (ii) no, (iii) yes, (iv) yes 


A; is a singleton set, say A; = {a,}, for i ¥ %,. 


» (i) Ayg, (ii) Agg, (iii) Ag, (iv) Aya, (v) Ag, (vi) Ase 
. (i) (4,6), (ii) @, (iii) (4,21], (iv) (8,84 3], (v) (s,8+16], (vi) R 


~ (i) {0}, (ii) D, (iii) {0} 


(i) {1, 2}, (ii) {8, —8, 4, —4}, (iif) (1, 5), (iv) (—8, —2), (2, 3), (v) {a : = 1}, (vi) R 


(i) 8f = { (a, 6), (b, 9), (c, -3) } 

(ii) 2f — 5g = { (a, 14), (, -6), (e, —7)} 
(iii) fy = { (a, 4), (b, 0), (e, -1)} 

(iv) |f] = { (a, 2), (b, 8), (e, 1) } 

(v) #8 = {(a,8), (6,27), (e, -1)} 

(vi) [8f— fal = {(a, 10), (b, 9), (c,2)} 


Chapter 3 


Cardinality, Order 


EQUIVALENT SETS 


A set A is called equivalent to a set B, written A ~ B, if there exists a function f:A7>B 
which is one-one and onto. The function f is then said to define a one-to-one correspond- 
ence between the sets A and B. 


A set is finite iff it is empty or equivalent to {1,2,...,n} for some n EN; otherwise 
it is said to be infinite. Clearly two finite sets are equivalent iff they contain the same 
number of elements. Hence, for finite sets, equivalence corresponds to the usual meaning 
of two sets containing the same number of elements. 


Example 1.1: Let N = {1,2,3,...} and H# = {2,4,6,...}. The function f:N->£E defined by 
f(x) = 2% is both one-one and onto; hence N is equivalent to H. 


Example 1.2: The function f:(~1,1)>R defined by f(x) = x/(1—|a|) is both one-one and onto. 
Hence the open interval (—1,1) is equivalent to R, the set of real numbers. 
Observe that. an infinite set can be equivalent to a proper subset of itself. This 
property is true of infinite sets generally. 


Proposition 3.1: The relation in any collection of sets defined by A~B is an equivalence 
relation. 


DENUMERABLE AND COUNTABLE SETS 


Let N be the set of positive integers {1,2,3,...}. A set X is called denumerable and 
is said to have cardinality 8, (read: aleph-null) iff it is equivalent to N. A set is called 
countable iff it is finite or denumerable. 


Example 2.1: The set of terms in any infinite sequence 
Ay, Ag, Ag, ..- 


of distinct terms is denumerable, for a sequence is essentially a function f(n) = a, 
whose domain is N. So if the a, are distinct, the function is one-one and onto. 
Accordingly, each of the following sets is denumerable: 


ai, 4, 4 ca ds {1, —2, 3, —4, oe ee { (1, 1), (4, 8), (9, 27), sey (n?, n), soe } 


Example 2.2: Consider the product set N X N ag exhibited below. 
(1, 1) (dl, 2)—— (1, 3) (1, 4) —»+ 


(2, 1) (2, 2) (2, 8) (2, 4) : 
a 
/ 


(8, 1) (3, 4) 


(3, ee 3) 
i 


(4,1) (4,2) (4,8) (4, 4) 
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The set N X N can be written in an infinite sequence of distinct elements as follows: 
(1, 1), (2, 1), , 2), G, 3), @, 2), ... 


(Note that the sequence is determined by “following the arrows” in the above 
diagram.) Thus we see that N XN is denumerable. 


Example 2.3: Let M = {0,1,2,3,...} = NU{0}. Now each positive integer a GN can be 
written uniquely in the form a = 27(2s+1) where r,s€@M. The function 
f:N7>MxXM defined by fla) = (r,s) 


where r and s are as above, is one-one and onto. Hence M X M is denumerable. 
Note that N X N is a subset of MXM. 


The following theorems concern denumerable and countable sets. 


Theorem 3.2: Every infinite set contains a denumerable subset. 
Theorem 3.3: Every subset of a countable set is countable. 


Lemma 3.4: Let {Ai A2,...} be a denumerable disjoint class of denumerable sets. 
Then U;i,Ai is also denumerable. 


Theorem 3.5: Let {Ai:7€J} be a countable class of countable sets, i.e. J is countable 
and A; is countable for each t€7. Then U{Ai:i€J} is countable. 


A set which is neither finite nor denumerable is said to be non-denumerable or non- 
countable. 


THE CONTINUUM 


Not every infinite set is denumerable; in fact, the next theorem gives a specific and 
extremely important example. 


Theorem 3.6: The unit interval [0,1] is non-denumerable. 


A set X is said to have the power of the continuum or is said to have cardinality c¢ iff 
it is equivalent to the unit interval [0, 1). 


We show, in a solved problem, that every interval, open or closed, has cardinality e. 
By Example 1.2, the open interval (—1,1) is equivalent to R. Hence, 


Proposition 3.7: RB, the set of real numbers, has cardinality e. 


SCHROEDER-BERNSTEIN THEOREM 
We write A<B if A is equivalent to a subset of B, i.e., 
ASB iff 3B* CB sgsuchthat A~ B* 
We also write A<B if AXB but A?#B, i. A is not equivalent to B. 


Example 3.1: Since N is a subset of R, we may write N<R. On the other hand, by Proposition 
3.7, R is not denumerable, ie. R7#N. Accordingly, N~<R. 


Given any pair of sets A and B, then at least one of the following must be true: 
(i) A~ B, (ii) A<Bor B<A, (iii) A<B and BSA, (iv) A*XB, AFB and BHA 


The celebrated Schroeder-Bernstein Theorem states that, in Case (iii) above, A is 
- equivalent to B. Namely, 
Theorem (Schroeder-Bernstein) 3.8: If A<B and BSA, then A~B. 
The Schroeder-Bernstein Theorem can be restated as follows: 
Theorem 3.8: Let XD YDX; and let X~X:1. Then X~Y. 
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We remark that Case (iv) above is impossible. That is, 


Theorem (Law of Trichotomy) 3.9: Given any pair of sets A and B, either A<B, A~B 
or B<A. 


CONCEPT OF CARDINALITY 


If A is equivalent to B, i.e. A~B, then we say that A and B have the same cardinal 
number or cardinality. We write #(A) for “the cardinal number (or cardinality) of A”. So 


#(A)= #(B) iff A~B 
On the other hand, if A<B then we say that A has cardinality less than B or B has 
cardinality greater than A. That is, 

#(A)< #(B) iff A<B 
So #(A)=#(B) iff A<B. Accordingly, the Schroeder-Bernstein Theorem can be re- 
stated as follows: 
Theorem 3.8: If #(A)= #(B) and #(B)= #(A), then #(A) = #(B). 


The cardinal number of each of the sets 


D, {DP}, {D, {D3}, (Ds {D}, (PD, {(P}}}, 


is denoted by 0,1,2,3,..., respectively, and is called a finite cardinal. The cardinal 
numbers of N and [0,1] are denoted by 


8s, = #(N), ¢ = #((0,1)) 


Accordingly, we may write O<1<2<3<:::<&,<e 


CANTOR’S THEOREM AND THE CONTINUUM HYPOTHESIS 


It is natural to ask if there are infinite cardinal numbers other than &, and c. The 
answer is yes. In fact, Cantor’s Theorem determines a set with cardinality greater than 
any given set. Namely, 


Theorem (Cantor) 3.10: The power set P(A) of any set A has cardinality greater than A. 


It is also natural to ask if there exists a set whose cardinality lies between &, and c. 
The conjecture that the answer to this question is negative is known as the Continuum 
Hypothesis. That is, ' 


Continuum Hypothesis: There does not exist a set A with the property that 8, < #(A) <e. 


In 1963 it was shown that the Continuum Hypothesis is independent of our axioms 
of set theory in somewhat the same sense that Euclid’s Fifth Postulate on parallel lines 
is independent of the other axioms of geometry. 


PARTIALLY ORDERED SETS 

A relation < in a set A is called a partial order (or order) on A iff, for every a,b,c G A: 
(i) axa; (ii) a<b and ba implies a=b; and (iii) axb and b<c implies axc. The 
set A together with the partial order, ie. the pair (A, <), is called a partially ordered set. 
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Recall that a relation is reflexive iff it satisfies (i), and transitive iff it satisfies (ill). 
A relation is said to be anti-symmetric iff it satisfies (ii). In other words, a partial order 
is a reflexive, anti-symmetric, transitive relation. 


Example 4.1: Set inclusion is a partial order in any class of sets since: (i) ACA for any set A; 
(ii) ACB and BCA implies A=B; and (iii) ACB and BCC implies ACC. 


Example 4.2: Let A be any set of real numbers. Then the relation in A defined by x =y isa 
partial order and is called the natural order in A. 


Example 4.3: Let X = {a,b,c,d,e}. Then the diagram 


ee 
“oo 


defines a partial order in X as follows: «<y iff x =y or if one can go from 
«x to y in the diagram, always moving in the indicated direction, ie. upward. 


If a<b in an ordered set, then we say that a precedes or is smaller than b and that 
b follows or dominates or is larger than a. Furthermore, we write a<b if axb but ab. 
A partially ordered set A is said to be totally (or linearly) ordered if, for every a,bEA, 
either a<b or b<a. R, the set of real numbers, with the natural order defined by x=y 
is an example of a totally ordered set. 
Example 4.4: Let A and B be totally ordered. Then the product set A X B can be totally 
ordered as follows: 
(a,b) <(a’,b') if axa’ orif a=a’ and b<bd’ 
This order is called the lexicographical order of A X B since it is similar to the 
way words are arranged in a dictionary. 
Remark: If a relation R in a set A defines a partial order, i.e. is reflexive, anti-symmetric 
and transitive, then the inverse relation R~! is also a partial order; it is called 
the inverse order. 


SUBSETS OF ORDERED SETS 


Let A be a subset of /a partially ordered set X. Then the order in X induces an 
order in A in the following natural way: If a,b€A, then ax<b as elements in A iff 
a<b as elements in X. More precisely, if R is a partial order in X, then the relation 
Ra = RO(A XA), called the restriction of R to A, is a partial order in A. The ordered set 
(A, Ra) is called a (partially ordered) subset of the ordered set (X, R). 

Some subsets of a partially ordered set X may, in fact, be totally ordered. Clearly 
if X itself is totally ordered, every subset of X will also be totally ordered. 


Example 5.1: Consider the partial order in W = {a,b,c¢,d,e} defined by the diagram 


a b 
a 
d a oN e 
The sets {a,c,d} and {b,e} are totally ordered subsets; the sets {a,b,c} and {d, e} 
are not totally ordered subsets. 


FIRST AND LAST ELEMENTS 


Let X be an ordered set. An element ao € X is a first or smallest element of X iff 
doa for all « €X. Analogously, an element bo € X is a last or largest element of X 
iff «<bo for all «EX. 
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Example 6.1: Let X = {a,b,c,d,e} be ordered by the diagram 


ae 
ae os. 


Then a is a last element since a follows every element. Note that X has no first 
element. The element d is not a first element since d does not precede e. 


Example 6.2: The positive integers N with the natural order has 1 as a first element. The 
integers Z with the natural order has no first element and no last element. 


MAXIMAL AND MINIMAL ELEMENTS 


Let X be an ordered set. An element a€X is maximal iff aaxx implies «=a, ie. 
if no element follows ao except itself. Similarly, an element bo € X is minimal iff x < bo 
implies x= bo, i.e. if no element precedes bo except itself. 


Example 7.1: Let X = {a,b,c,d,e} be ordered by the diagram in Example 6.1. Then both d 
and e are minimal elements. The element a is a maximal element. 


Example 7.2: Although R with the natural order is totally ordered it has no minimal and no 
maximal elements. 


Example 7.3: Let A = {a@,,@9,...,@m} be a finite totally ordered set. Then A contains pre- 
cisely one minimal element and precisely one maximal element, denoted respec- 


tively b 
acl min {@1, ...,@m} and max {@,, ..., Gm} 


UPPER AND LOWER BOUNDS 


Let A be a subset of a partially ordered set X. An element mEX is a lower bound 
of A iff m<-x for all «GA, i.e. if m precedes every element in A. If some lower bound 
of A follows every other lower bound of A, then it is called the greatest lower bound 
(g.l.b.) or infimum of A and is denoted by inf (A). 


Similarly, an element\M@€X is an upper bound of A iff x<M for all «EA, ie. if 
M follows every element in A. If some upper bound of A precedes every other upper 
bound of A, then it is called the least upper bound (l.u.b.) or supremum of A and is denoted 
by sup (A). 

A is said to be bounded above if it has an upper bound, and bounded below if it has a 
lower bound. If A has both an upper and lower bound, then it is said to be bounded. 


Example 8.1: Let X = {a,b,c,d,e,f,g} be ordered by the following diagram: 


aac 


Let B = {c,d,e}. Then a, 6 and c are upper bounds of B, and f is the only lower 
bound of B. Note that g is not a lower bound of B since g does not precede d. 
Furthermore, c = sup(B) belongs to B, while f = inf(B) does not belong to B. 


Example 8.2: Let A be a bounded set of real numbers. Then a fundamental theorem about real 
numbers states that, under the natural order, inf (A) and sup (A) exist. 
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Example 8.3: Let Q be the set of rational numbers. Let 
B = {#:2€Q,2>0,2< 22 < 3} 


that is, B consists of those rational points which lie between V2 and V3 on the 
real line. Then B has an infinite number of upper and lower bounds, but inf (B) 
and sup (B) do not exist. Note that the real numbers V2 and V3 do not belong to Q 
and cannot be considered as upper or lower bounds of B. 


ZORN’S LEMMA 


Zorn’s Lemma is one of the most important tools in mathematics; it asserts the 


existence of certain types of elements although no constructive process is given to find 
these elements. 


Zorn’s Lemma 3.11: Let X be a non-empty partially ordered set in which every totally 


ordered subset has an upper bound. Then X contains at least one 
maximal element. 


Remark. Zorn’s Lemma is equivalent to the classical Axiom of Choice and the Well- 


ordering Principle. The proof of this fact, which uses the concept of ordinal 
numbers, is beyond the scope of this text. 


Solved Problems 


EQUIVALENT SETS, DENUMERABLE SETS 


1. 


Consider the concentric circles 
Cr = {(a,y): eP+y=a)}, Co = {(x,y): a+y = b"} 
where, say 0<a<b. Establish, geometrically, a one- 
to-one correspondence between Ci and C2. 
Solution: 
Let «€C,. Consider the function f:C,—>C,, where f(x) 


is the point of intersection of the radius from the center of Co 
(and C,) to «, and C,, as shown in the adjacent diagram. 


Note that f is both one-one and onto. Thus f defines a one- 
to-one correspondence between C, and Cy». 


Prove: The set of rational numbers is denumerable. 


Let Qt be the set of positive rational numbers and let Q~ be the set of negative rational numbers. 
Then Q = Q U (0} U Q* is the set of rational numbers. 


Let the function f:Q*>NxXN_ be defined by 
f(w/a) = (p,q) 


where p/q is any positive rational number expressed as the ratio of two positive integers. Note f is 
one-one; hence Q+ is equivalent to a subset of NXN. But NXN is denumerable (see Example 2.2); 
hence Q* is also denumerable. Similarly Q~ is denumerable. Accordingly, by Theorem 3.5, the union 
of Q-, {0} and Q*, ie. the set of rational numbers, is also denumerable. 


Prove Proposition 3.1: The relation in any collection of sets defined by A~B is an 
equivalence relation. That is, (i) A~A for any set A; (ii) if A~B then B~A; and 
(iii) if A~B and B~C then A~C. 

Solution: 

(i) The identity function 1,:A-A_ is one-one and onto; hence A~A. 
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(ii) If A~ B, then there exists f:A-—-B which is one-one and onto. But then f has an inverse 
f-1:B->A_ which is also one-one and onto. Hence 


A~B implies B~A 


(iii) If A~B and B~C, then there exist functions f:4->B and g:B-C which are one-one 
and onto. Thus the composition function g°f:A—C _ is also one-one and onto. Hence 


A~B and B~C implies A~C 


Prove: The collection P of all polynomials 
p(w) = Go + aie + +++ + Anx™ 
with integral coefficients, i.e. where do, @i1,...,@m are integers, is denumerable. 


Solution: 
For each pair of positive integers (n,m)ENXN, let P,,, denote the set of polynomials p(x) of 


degree m in which 
Jao] + jay] + +++ + lanl = 2” 


Observe that Pym is finite. Accordingly, 
P = UfPam: (n,m) EN XN} 


is countable since it is a countable union of countable sets. In particular, since P is not finite, P is 
denumerable. 


A real number r is called an algebraic number if r is a solution to a polynomial equation 


P(t) = ayo + Qe + +++ + Ana™ 
with integral coefficients. Prove that the set A of algebraic numbers is denumerable. 
Solution: 
Note, by the preceding problem, that the set # of polynomial equations is denumerable: 
E = {p,(x) = 0, po(x) = 0, p3(w) = 0, ...} 
Let A; = {a#: x is a solution of p,(x) = 0} 


Since a polynomial of degree 7 can have at most 1 roots, each A; is finite. Hence A = U{A;: iE N} 
is denumerable. 


Prove Theorem 3.2: Every infinite set X contains a subset D which is denumerable. 


Solution: 


Let f: P(X) >X be a choice function, i.e. for each non-empty subset A of X, f(A)EA. (Such 
a function exists by virtue of the Axiom of Choice.) Consider the following sequence: 


a, = F(X) 
a = F(X \ {ay}) 
ag = f(X\ {ay, ao) 


an = F(X \ {ay, a +) &n—1}) 


Since X is infinite, X \ {a,,...,@,-,} is not empty for every nEN. Furthermore, since f is a 

ice functi . 
choice function, Geta, tone oe 
Thus the a, are distinct and D = {a,,a@2,...} is a denumerable subset of X. 


Essentially, the choice function f “chooses” an element a, X, then chooses an element a, from 
those elements which “remain” in X, etc. Since X is infinite, the set of elements which “remain” in X 
is non-empty. 
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7. 


10. 


11. 


Prove: Let X be any set and let C(X) be the collection of characteristic functions on X, 
i.e. the collection of functions f: X > {1,0}. Then the power set of X is equivalent 
to C(X), ie. P(X) ~ C(X). 


Solution: 
Let A be any subset of X, ie. A € P(X). Let f: P(X) > C(X) be defined by 
0 if«€éA 
A = = 
Dee et . if 2A 


Then f is one-one and onto. Hence P(X) ~ C(X). 


Prove: A subset of a denumerable set is either finite or denumerable, i.e. is countable. 


Solution: 
Let X = {a,,a,,...} be any denumerable set and let A be a subset of X. If A=@, then A is 
finite. [If A + @, then let , be the least positive integer such that a, € A; let mo be the least positive 


integer such that n).>n, and an, © A; etc. Then A = {in 11 Eng» ...}. If the set of integers 
{?1, 2, -..} is bounded, then A is finite. Otherwise A is denumerable. 


Prove Theorem 3.3: Every subset of a countable set is countable. 


Solution: 
If X is countable, then X is either finite or denumerable. In either case, its subsets are countable. 


Prove Lemma 3.4: Let {A1,As,...} be a denumerable disjoint class of denumerable 
sets. Then U,A; is denumerable. 
Solution: 
Since the sets A; are denumerable, we can write 
Ay = {041, G12, 413, .--} 
Ay = {ag1, dp2, 23, ...} 
Ay > {Ants Eno ngs } 


ry 


Then Uj=,A; = {ay : Gj) € NXN}. The function f: Uji; A;°NXN_ defined by Flay) = G9) 
is clearly one-one and onto. Hence U;~; A; is denumerable since N XN is denumerable. 


Prove: Let A be an infinite set, let B = {bi,b2,...} be denumerable, and let A and B 
be disjoint. Then AUB~A. 
Solution: 

Since A is infinite, A contains a denumerable subset D = {d,,dy,...}. Let f:AUB->A be 
defined by the following diagram: 


lI 


AUB = (A\D)U (DUB) 


U {dy, dy, dgy .. 25 Bys Boy bg . 


x 
A= (A \D) UD U {d,, dy, d3, dq, ds, dg, see 


tl 


In other words, 


x if «€ AND 
f(t) = doy if #=d, 
don if “= ob, 


Observe that f is one-one and onto; hence AUB ~ A. 
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CONTINUUM, CARDINALITY 
12. Prove that the intervals (0, 1), [0, 1) and (0, 1] have cardinality e, i.e. is equivalent to [0, 1]. 


Solution: 
(i) Note that {0, 1] = {0,1, 1/2, 1/3,...} UA, (0,1) = {1/2,1/3,1/4,...} UA 


where A = [0,1] \ {0, 1, 1/2, 1/8, ...} = (0,1)\ (1/2, 1/8, 1/4, ...} 


Consider the function /f:[0,1] > (0,1) defined by the following diagram 


(Sime cae 1a 


In other words, 


1/2 if «=0 
f(x) = W(n+2) if «=1/n,nEN 
x if «#0, 1/n, nEN, ie if cEA 


The function f is one-one and onto. Accordingly, [0,1] ~ (0,1). 
(ii) The function f:{0,1] > (0,1) defined by 


ame if «=1/n,nEN 


Ie) x if «#1/n,nEN 


is one-one and onto. (It is similar to the function in Part (i)). Hence [0,1] ~ [0,1). 


(iii) Let f:[0,1)>(0,1] be defined by f(%) = 1—«. Then f is one-one and onto. Hence 
(0,1) ~ (0,1} and, by transitivity, [0,1] ~ (0, 1]. 


In other words, (0,1), [0,1) and (0,1] have cardinality e. 


13. Prove: Each of the following intervals has the power of the continuum, i.e. has 
cardinality e: [a,b], (a,b), ja,b) and (a,b|. Here a<b. 


Solution: 
Let each of the following functions be defined by f(x) = a+ (b—a)ax: 


(0,1) > [a, 9] (0,1) > [a,b) (0,1) > (a,b) (0,1] > (a, bj 


Each function is one-one and onto. Hence by the preceding problem and Proposition 3.1, each interval 
is equivalent to [0,1], ie. has cardinality ec. 


14. Prove Theorem 3.6: The unit interval A = [0,1] is non-denumerable. 


Solution: 
Method 1. Assume the contrary; then 

A = {21, %, #3, ...} 
i.e. the elements of A can be written in a sequence. 


Each element in A can be written in the form of an infinite decimal as follows: 


wy = 0. Ayy Ay Gyg ... Ayn --- 
Ly = 0. gy Ang dog ..- Aon --- 
Hz = 0. G3; Agq gg... Agn .- 


Bnet meee t wetter eer errr eerene 
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15. 


where a;j © {0,1,...,9} and where each decimal contains an infinite number of non-zero elements, 
i.e. for those numbers which can be written in the form of a decimal in two ways, e.g., 
1/2 = .5000... = .4999... 


we write the infinite decimal in which all except a finite set of digits are nines. 


Now construct the real number 
i 0. 6, by bg re isite b, Parc 


which will belong to A, in the following way: choose 6, so 6; #a,,; and 6,0, choose by so by # dog 
and b,~0, etc. 


Observe that y* x, since 6,441, Yo X Since bo A dyg, etc., that is, yXxu,, for nEN. Hence 
yA, which is impossible. Thus the assumption that A is denumerable has led to a contradiction. 
Consequently, A is non-denumerable. 

Method 2. Assume the contrary. Then, as above, 
A = {%1,%9,%3,...} 


Now construct a sequence of closed intervals as follows: Consider the following three closed 
sub-intervals of A = [0,1], : 
[0,3], [4 3] [3.1] (1) 


each having length 4. Now , cannot belong to all three intervals. Let J, = [a,,b,] be one of the 
intervals in (1) such that a, € J. 


Now consider the following three closed sub-intervals of J, = [a,,},], 
[a1,a,+4], [a,+4,a,+2], [a1 + 2, dj] (2) 
each having length 4. Similarly, let J, be one of the intervals in (2) such that x, € Jy. 
By continuing in this manner, we obtain a sequence of closed intervals 
yD I, D133 +++ (3) 


such that «, @J, for all nG@N. By the Nested Interval Property (see Appendix A) of the real 
numbers, there exists a real number y€A = [0,1] such that y belongs to every interval in (8). But 


yEA = {u4,%,...} implies y= Lm for some m EN 


Then by our construction y = Xm 4 Ing which contradicts the fact that y belongs to every interval 


in (3). Thus our assumption that A is denumerable has led to a contradiction. In other words, A is 
non-denumerable. 


Prove Theorem (Schroeder-Bernstein) 3.8: Let X D Y DX; and let X~ Xi; then X~Y. 


Solution: 

Since X ~ X,, there exists a function f: X > X,; which is one-one and onto. But XDY; hence 
the restriction of f to Y, which we shall also denote by f, is also one-one. So Y is equivalent to a 
ubset of X,, ie. Y ~ Y, where 
. : cas X DY OXY; 


and f: Y > Y, is one-one and onto, But now YDX;; hence, for similar reasons, X ~ X_ where 
XDIYIX, DY, 7X, 


and f:X,—X, is one-one and onto. Consequently, there exist equivalent sets X1,Xq,X3,... and 
equivalent sets Y,, Yo, Y3,... such that 


XDYOX, DY, 97X,D Y,9°:: 


Let Bi= XNYNXNY,;NX,N Yen-:: 
Then X = (X\YVU(Y\X)V(ALN YU +++ UB 
Y = (YN X)VU(A,\ YY) UV (Wy \ X2) Us UB 


Note further that (X\Y) ~ (KiNY)) ~ (Xe N\ Yo) ~ 0: 


Specifically, the function f:(X, \ Yn) > (Xn+1\ Yn+1) is one-one and onto. 
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Consider the function g:X-— Y defined by the following diagram: 


xX Yon XxX 
GAD ON) GN, GiN% 
y Sata 


In other words, _ Jf) if EX NY; or eEX\Y 
DS Ne ode eV XX ok eB 


Then g is one-one and onto. Therefore X ~ Y. 


16. Prove Theorem (Cantor) 3.10: The power set P(A) of any arbitrary set A has 
cardinality greater than A, ie. A < P(A) and hence #(A) < #(P(A)). 
Solution: 


The function g:A- (A) which sends each element a€A into the singleton set {a}, i.e. 
g(a) = {a}, is one-one; hence A < P(A). 


If we show that A is not equivalent to P(A), then the theorem will follow. Suppose the contrary, 
ie. let there exist a function f:A-— (A) which is one-one and onto. Call a€A a “bad” element 
if a is not a member of the set which is its image, ie. if a¢/f(a). Let B be the set of “bad” 


elements, i.e., 
B = {x:x€A, x € f(x)} 


Observe that B is a subset of A, that is, BE P(A). Since f:A-—- P(A) is onto, there exists 
an element b€A with the property that f(b) = B. Question: Is b “bad” or “good”? If b€B then, 
by definition of B, b € f(b) = B which is a contradiction. Likewise, if b¢B, then BE f(b) = B 
which is also a contradiction. Thus the original assumption, that A ~ P(A), has led to a contra- 
diction. Accordingly A ~ P(A) is false, and so the theorem is true. 


ORDERED SETS AND SUBSETS 


17. Let N, the positive integers, be ordered as follows: each pair of elements a,a’ EN can 
be written uniquely in the form 
a= 2"(2s+1), a’ = a”(as’ +1) 
where 7,7’,8,8’ € {0,1,2,3,...}. Let 
axa if r<r orif r=r’ but s<s’ 
Insert the correct symbol, < or >, between each of the following pairs of numbers. 
(Here x > y iff y < x.) 
(i) 5__14, (ii) 6 


9, (iii) 8320, (iv) 14__21 
Solution: 
The elements in N can be written as follows: 


Then a number in a higher row precedes a number in a lower row and, if two numbers are in the 
same row, the number to the left precedes the number to the right. Accordingly, 


(i) 5<14, (ii) 6>9, (iii) 3< 20, (iv) 14> 21 
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18. Let A = {a,b,c} be ordered as in the diagram on the right. 


a 
Let c4 be the collection of all non-empty totally ordered subsets ye \K 
of A, and let ¢4 be partially ordered by set inclusion. Construct b 


c 


a diagram of the order of c4. 


Solution: 


The totally ordered subsets of A are: {a}, {b}, {c}, {a,b}, {a,c}. Since c4 is ordered by set 


inclusion, the order of c4 is the following: 


{a, b} {a, c} 


ae Sa =< 


19. Let A = {2,3,4,...} = NX {1}, and let A be ordered by “a divides y”. (i) Determine 
the minimal elements of A. (ii) Determine the maximal elements of A. 
Solution: 


(i) 


(ii) 


If p€A is a prime number, then only p divides p (since 1¢A); hence all prime numbers are 
minimal elements. Furthermore, if a€A is not prime, then there is a number 0GA such that 
b divides a, ie. b<a; hence a is not minimal. In other words, the minimal elements are 
precisely the prime numbers. 


There are no maximal elements since, for every a€ A, a divides 2a, for example. 


20. Let B= {2,3,4,5,6,8,9,10} be ordered by “a is a multiple of y”. (i) Find all maximal 
elements of B. (ii) Find all minimal elements of B. 
Solution: 


Construct a diagram of the order of B as follows: 
3 2 5 
aN Pe ae J 
9 6 ' 10 


8 


(i) The maximal elements are 2, 3 and 5. (ii) The minimal elements are 6, 8, 9 and 10. 


21. Let W = {1,2,...,7,8} be ordered as follows: 


wr. * 


Consider the subset V = {4,5,6} of W. (i) Find the set of upper bounds of V. 
(ii) Find the set of lower bounds of V. (iii) Does sup(V) exist? (iv) Does inf (V) exist? 


Solution: 


(i) 
(ii) 
(iii) 


(iv) 


Each of the elements in {1, 2,3}, and only these elements, follows every element in V and hence 
is an upper bound. 


Only 6 and 8 precede every element in V; hence {6,8} is the set of lower bounds. 
Since 8 is a first element in the set of upper bounds of V, sup(V) = 8. Note that 3€V. 
Since 6 is a last element in the set of lower bounds of V, inf(V) = 6. Note that 6EV. 
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22. 
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Let c4 be a collection of sets partially ordered by set inclusion, and let B be a sub- 
collection of c4. (i) Prove that if A €c4 is an upper bound of B, then U{B: BEB) CA. 
(ii) Is U{B: BEB} an upper bound of B? 

Solution: 


(i) Let «€ U{B: BEB}; then 3B,€B st. « € By. But A is an upper bound of B; so ByCA 
and hence «EA. Accordingly, U{B: BEB} CA. 


(ii) Even though @ is a subcollection of c4, it need not be true that the union of members of 8, i.e. 
U{B: BEB}, is a member of ce4. In other words, U{B: BEB} is an upper bound of B 
if and only if it belongs to ¢4. 


APPLICATIONS OF ZORN’S LEMMA 


23. 


24, 


Prove: Let X be a partially ordered set. Then there exists a totally ordered subset 
of X which is not a proper subset of any other totally ordered subset of X. 


Solution: 

Let ¢4 be the class of all totally ordered subsets of X. Let c4 be partially ordered by set inclusion. 
We want to show, by Zorn’s Lemma, that e4 possesses a maximal element. So suppose B = {B;:i1€ J} 
is a totally ordered subclass of c4. Let A = U{B,:i€ J}. : 


Observe that B,c X forall B,€B implies ACX 


We next show that A is totally ordered. Let a,b €A; then 
3B, B,€B  suchthat a€B, bE B, 


But @ is totally ordered by set inclusion; hence one of them, say Bj, is a subset of the other. Conse- 
quently, a,b € B,. Recall that B,€®B is a totally ordered subset of X; so either a<b or 6 <a. 
Then A is a totally ordered subset of X, and so A Ec4. 


But B,;CA for all B;€B; hence A is an upper bound of B. Since every totally ordered subset 
of c4 has an upper bound in c4, by Zorn’s Lemma, c4 has a maximal element, ie. a totally ordered 
subset of X which is not a proper subset of any other totally ordered subset of X. 


Prove: Let R be a relation from A to B, ie. RCAXB, and suppose the domain of 
Ris A. Then there exists a subset f* of R such that f* is a function from A into B. 


Solution: 

Let c4 be the class of subsets of R such that each fEc4 is a function from a subset of A into B. 
Partially order c4 by set inclusion. Observe that if f:A,;7>B is a subset of g:A4,7>B then 
A, CA). 


Now suppose = {(f,: A; > B},-,; is a totally ordered subset of c4. Then (see Problem 44) 
f= U,f;, is a function from U;A; into B. Furthermore, fCR. Hence f is an upper bound of B. 
By Zorn’s Lemma, c/ possesses a maximal element f*:A*—> 8B. If we show that A* = A, then the 


theorem is proven. 


Suppose A**A. Then 3a€A s.t. a¢A*. By hypothesis, the domain of R is A; hence 
there exists an ordered pair (a,6)€R. Then f* U {(a,6)} is a function from A* U {a} into B. 
But this contradicts the fact that f* is a maximal element in c4. So A* =A, and the theorem is 
proven. 


Supplementary Problems 


EQUIVALENT SETS, CARDINALITY 


25. 


26. 


27. 


Prove: Every infinite set is equivalent to a proper subset of itself. 
Prove: If A and B are denumerable, then A X B is denumerable. 


Prove: The set of points in the plane R? with rational coordinates is denumerable. 
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28. A real number « is called transcendental if x is not algebraic, i.e. if x is not a solution to a polynomial 


equation 
p(x) = ag taetes> +aye™ = 0 


with integral coefficients (see Problem 5). For example, 7 and e are transcendental numbers. 
(i) Prove that the set T of transcendental numbers is non-denumerable. 


(ii) Prove that T has the power of the continuum, i.e. has cardinality e. 


29. An operation of multiplication is defined for cardinal numbers as follows: 
#(A) #(B) = #(A X B) 
(i) Show that the operation is well-defined, i.e., 
#(A) = #(A’) and #(B) = #(B’) implies #(A) #(B) = #(A’) #(B’) 


or, equivalently, A~A' and B~ B’ implies (A X B) ~ (A’ X B’) 4¢ ways f (ley gta) 


Asa’ § bh ek 
(ii) Prove: (a) XyX%) = XN, (b) NRe=e, (ce) ce=e. 


30. An operation of addition is defined for cardinal numbers as follows: 
#(A) + #(B) = #(A X {1} U B xX {2}) 
(i) Show that if ANB =@, then #(A) + #(B) = #(AUB). Be Fo satgyen Rote 
(ii) Show that the operation is well-defined, i.e., 
#(A) = #(A’) and #(B) = #(B’) implies #(A) + #(B) = #(A’) + #(B’) 


31. An operation of powers is defined for cardinal numbers as follows: 
#(A)#® = #({f : f:B> A) 
(i) Show that if #(A) =m and #(B)=n are finite cardinals, then 
#(A)#(B) = mn 


i.e. the operation of powers for cardinals corresponds, in the case of finite cardinals, to the usual 
operation of powers of positive integers. 


(ii) Show that the operation is well-defined, i.e., 
#(A) = #(A’) and #(B) = #(B’) implies #(A)#(® = #(A’)#(B) 
(iii) Prove: For any set A, #(P(A)) = 24), 


32. Let ~ be the equivalence relation in R defined by « ~ y iff x —y is rational. Determine the cardinality 
of the quotient set R/~. 


33. Prove: The cardinal number of the class of all functions from [0,1] into R is 2°. 


34. Prove that the following two statements of the Schroeder-Bernstein Theorem 3.8 are equivalent: 
(i) If A<B and B<A, then A ~ B. 
ii) If X DY DX, and X ~ X,, then X.~ Y. 


35. Prove Theorem 3.9: Given any pair a sets A and B, either A<B,A~BorB<A. 
(Hint. Use Zorn’s Lemma.) 


ORDERED SETS AND SUBSETS 


36. Let A = (N,=), the positive integers with the natural order; and let B = (N,=), the positive 
integers with the inverse order. Furthermore, let A x B denote the lexicographical ordering of N X N 
according to the order of A and then B. Insert the correct symbol, < or >, between each pair of 
elements of N XN. 


(i) (8,8)__d, 1), Gi) @,1)__@, 8), (iii) (8, 8) __(8,1), (iv) (4, 9)___(7, 15). 
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37. 


38. 


39. 


40. 


41. 


42. 
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1 
Let X = {1,2,3,4,5,6} be ordered as in the adjacent diagram. Consider t 
the subset A = {2,3,4} of X. (i) Find the maximal elements of X. 2 


(ii) Find the minimal elements of X. (iii) Does X have a first element? Sa ee 

(iv) Does X have a last element? (v) Find the set of upper bounds of A. 3 4 
(vi) Find the set of lower bounds of A. (vii) Does sup (A) exist? (viii) Does Cs 7 

inf (A) exist? 5 6 


Consider Q, the set of rational numbers, with the natural order, and its subset A = {x : x2 € Q, x8 < 3}. 
(i) Is A bounded above? (ii) Is A bounded below? (iii) Does sup (A) exist? (iv) Does inf (A) exist? 


Let N, the positive integers, be ordered by “x divides y”, and let ACN. (i) Does inf (A) exist? 
(ii) Does sup (A) exist? 


Prove: Every finite partially ordered set has a maximal element. 


Give an example of an ordered set which has exactly one maximal element but does not have a last 
element. 


Prove: If R is a partial order on A, then R~! is also a partial order on A. 


ZORN’S LEMMA 


43. 


44, 


45. 


46. 


32. 
36. 
37. 
38. 
39. 


41. 


Consider the proof of the following statement: There exists a finite set of positive integers which is 
not a proper subset of any other finite set of positive integers. 


Proof. Let o4 be the class of all finite sets of positive integers. Partially order c4 by set inclusion. 
Now let B = {B;:i1€ I} be a totally ordered subclass of c4. Consider the set A = U;B;. Observe 
that B,C A for every B;€B; hence A is an upper bound of B. 


Since every totally ordered subset of c4 has an upper bound, by Zorn’s Lemma, c4 has a maximal 
element, a finite set which is not a proper subset of another finite set. 


Question: Since the statement is clearly false, which step in the proof is incorrect? 


Prove the following fact which was assumed in the proof in Problem 24: Let {f,: A; B} be a class 
of functions which is totally ordered by set inclusion. Then U;f; is a function from U,A, into B. 


Prove that the following two statements are equivalent: 


(i) (Axiom of Choice.) The product []{A,;:i€@7} of a non-empty class of non-empty sets is 
non-empty. 


(ii) If c4 is a non-empty class of non-empty disjoint sets, then there exists a subset BC U{A:A €c4} 
such that the intersection of B and each set A €c4 consists of exactly one element. 


Prove: If every totally ordered subset of an ordered set X has a lower bound in X, then X has a 
minimal element. 


Answers to Supplementary Problems 
e 
(i) >, (ii) >, (ili) <, (iv) < 
(i) {1}; (ii) {5,6}; (iii) No; (iv) Yed 1: (v) {1,2}; (vi) {5,6}; (vii) Yes, 2; (viii) No 
(i) Yes, (ii) No,, (iii) No, (iv) No 
(i) inf (A) exists iff A~(Q. (ii) sup (A) exists iff A is finite. 
a 
1—>2—> 83 —e 4—>- -- 


Here a is maximal but a is not a last element. 


Chapter 4 


Topology of the Line and Plane 


REAL LINE 


The set of real numbers, denoted by R, plays a dominant role in mathematics and, in 
particular, in analysis. In fact, many concepts in topology are abstractions of properties 
of sets of real numbers. The set R can be characterized by the statement that R is a 
complete, Archimedean ordered field. These notions are explained in the Appendix. Here 
we use the order relation in R to define the “usual topology” for R. 


We assume the reader is familiar with the geometric representation of R by means of 
the points on a straight line. As in Fig. 4-1, a point, called the origin, is chosen to repre- 
sent 0 and another point, usually to the right of 0, to represent 1. Then there is a natural 
way to pair off the points on the line and the real numbers, i.e. each point will represent a 
unique real number and each real number will be represented by a unique point. For 
this reason we refer to the line as the real line or real axis. Furthermore, we will use 
the words point and number interchangeably. 


OPEN SETS IN R 


Let A be a set of real numbers. A point p€A is an interior point of A iff p belongs 
to some open interval Se which is contained in A: 


pES,ca 


The set A is open (or U-open) iff each of its points is an interior point. (The significance 
of U in U-open will appear in the next chapter.) 


Example 1.1: | An open interval A = (a, b) is an open set, for we may choose S, =A for each pE A. 
Example 1.2: The real line R, itself, is open since any open interval S, must be a subset of R, i.e. 
pes, cR. 


Observe that a set is not open iff there exists a point in the set that is not an interior 
point. 
Example 1.3: The closed interval B = ja,bj is not an open set, for any open interval containing 


a or 6 must contain points outside of B. Hence the end points a and 6b are not 
interior points of B. 


Example 1.4: The empty set 2 is open since there is no point in @ which is not an interior point. 


Example 1.5: The infinite open intervals, i.e. the subsets of R defined and denoted by 
fe: «ER, «x >a} = (a,~), War xER, «< a} = (—%,0), 
{e#: «2 ER} = R = (-#,~&) 
are open sets. On the other hand, the infinite closed intervals, i.e. the subsets of R 
defined and denoted by 
{e:aER, 2 =a} = [a,~), {e:eER, x =a} = (—#,a] 
are not open sets, since a © R is not an interior point of either [a, ~) or (—~, a]. 
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We state two fundamental theorems about open sets. 
Theorem 4.1: The union of any number of open sets in R is open. 
Theorem 4.2: The intersection of any finite number of open sets in R is open. 


The next example shows that the finiteness condition in the preceding theorem cannot 
be removed. 
Example 1.6: Consider the class of open intervals and, hence, open sets 


{A, = (-1/n, 1/n) ne N}, ie. {( 1, 1), ( 4, 4), (-} 4), oe } 


Observe that the intersection 


Nn=14, = {0} 


of the open intervals consists of the single point 0 which is not an open set. In 
other words, an arbitrary intersection of open sets need not be open. 


ACCUMULATION POINTS 


Let A be a subset of R, i.e. a set of real numbers. A point »ER is an accumulation 
point or limit point of A iff every open set G containing p contains a point of A different 


a Gopen, p€G implies AN(G\ {p})#@ 
The set of accumulation points of A, denoted by A’, is called the derived set of A. 
Example 2.1: Let A = {1, 44,4, ...}. The point 0 is an accumulation point of A since any 


open set G with 0 €G contains an open interval (—a,,a@,) CG with —a,;<0< ay, 
which contains points of A. 


a a re er ee oe 


Observe that the limit point 0 of A does not belong to A. Observe also that A does 
not contain any other limit points; hence the derived set of A is the singleton set 
{0}, ie. A’ = {0}. 

Example 2.2: Consider the set Q of rational numbers. Every real number p € R is a limit point 
of Q since every open set contains rational numbers, i.e. points of Q. 

Example 2.8: The set of integers Z = {...,—2,—1,0,1,2,...} does not have any points of 
accumulation. In other words, the derived set of Z is the empty set @. 

Remark: The reader should not confuse the concept “limit point of a set” with the 
different, though related, concept “limit of a sequence’. Some of the solved 
and supplementary problems will show the relationship between these two 
concepts. 


BOLZANO-WEIERSTRASS THEOREM 


The existence or non-existence of accumulation points for various sets is an important 
question in topology. Not every set, even if it is infinite as in Example 2.8, has a limit 
point. There does exist, however, an important general case which gives a positive answer. 


Theorem (Bolzano-Weierstrass) 4.3: Let A be a bounded, infinite set of real numbers. 
Then A has at least one accumulation point. 


CLOSED SETS 


A subset A of R, i.e. a set of real numbers, is a closed set iff its complement A° is an 
open set. A closed set can also be described in terms of its accumulation points. 


Theorem 4.4: A subset A of R is closed if and only if A contains each of its points of 
accumulation. 


CHAP. 4] 


Example 3.1: 


Example 3.2: 


Example 3.3: 
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The closed interval [a,b] is a closed set since its complement (—~,a) U (b,~), the 
union of two open infinite intervals, is open. 


The set A = ({1,4,4, i,...} is not closed since, as seen in Example 2.1, 0 is a 
limit point of A but does not belong to A. 


The empty set @ and the entire line R are closed sets since their complements R 
and @, respectively, are open sets. 


Sets may be neither open nor closed as seen in the next example. 


Example 3.4: 


Consider the open-closed interval A = (a,b]. Note that A is not open since bE A 
is not an interior point of A, and is not closed since a € A but is a limit point of A. 


HEINE-BOREL THEOREM 


One of the most important properties of a closed and bounded interval is given in the 
next theorem. Here a class of sets, c4 = {Ai}, is said to cover a set A if A is contained 
in the union of the members of c4, i.e. A C U; Ai. 


Theorem (Heine-Borel) 4.5: Let A = [c,d] be a closed and bounded interval, and let 


G = {Gi:1€ I} bea class of open intervals which covers A.,,. 
ie. AC UiG: Then G contains a finite subclass, say 
{Gi,,+++,Gi,,}, which also covers A, i.e., 


Ac Gi, U Gi, U iets U Gi, 


Both conditions, closed and bounded, must be satisfied by A or else the theorem is not 
true. We show this by the next two examples. 


Example 4.1: 


Example 4.2: 


SEQUENCES 


Consider the open, bounded unit interval A = (0,1). Observe that the class 


& gifts Ve 
eee 


of open intervals covers A, i.e., 


AcGHuUGdhA)UaY Us 


es 
G, 
mace 
17, {Gs 
1 ga i G —9 
a 
= o 2 4 @ 2 


But the union of no finite subclass of ¢ contains A. 
Consider the closed infinite interval A = [1,~). The class 
G = {(0,2), (1,8), (2,4), ...} 


of open intervals covers A, but no finite subclass does. 
eee 


(3,5) = ¢——__ 


A sequence, denoted by 


(81,82,...), (Sn:2m EN) or (Sn) 


is a function whose domain is N = {1,2,3,...}, ie. a sequence assigns a point s, to each 
positive integer n €N. The image s, or s(n) of n EN is called the nth term of the sequence. 
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Example 5.1: The sequences 
(Sn) (1, 3, 5, ens (E,) = (-4,; 4, —4, ze weedy (Un) = (1, 0, 1, 0, vin) 
can be defined, respectively, by the formulas 


1 ifn is odd 


s(n) = 2n—1,  t(n) = (—1)"/2",  u(n) = ¥(1 + (—1)"*4) = e aie aeuen 


A sequence (s,:” EN) is said to be bounded if its range {sn:2€N} is a bounded set. 


Example 5.2: Consider the three sequences in Example 5.1. The range of (s,) is {1,3,5,...}; so 
(8) is not a bounded sequence. The range of (f,) is {—4,4,—},...} which is 
bounded; hence (é,) is a bounded sequence. The range of (u,) is the finite set {0,1}; 
so (u,) is also a bounded sequence. 


Observe that (s.:n€@N) denotes a sequence and is a function. On the other hand, 
{Ssn:n GN} denotes the range of the sequence and is a set. 


CONVERGENT SEQUENCES 
The usual definition of a convergent sequence is stated as follows: 


Definition:] The sequence (a1, a2,...) of real numbers converges to b EF or, equivalently, 
the real number b is the limit of the sequence (an: GN), denoted by 


liman = b, liman = b or aa>bd 


n>o 


if for every «> 0 there exists a positive integer mo such that 
n>m implies |arn—b| <e« 


Observe that |an—b| <« means that b—«<dn<b+<«, or, equivalently, that a, belongs 
to the open interval (b—«, b+.«) containing b. Furthermore, since each term after the 
noth lies inside the interval (b—«, b+), only the terms before a,,, and there are only a 
finite number of them, can lie outside the interval (b—.«, b+ «). Hence we can restate the 
preceding definition as follows. 


The sequence (a,:n EN) converges to b if every open set containing b con- 
tains almost all, i.e. all but a finite number, of the terms of the sequence. 


Example 6.1: A constant sequence (ao, @p,@),...), such as (1,1,1,...) or (—3, —8, —3,.. .), con- 
verges to ao since each open set containing a) contains every term of the sequence. 
Example 6.2: Each of the sequences 
1,4,4,4,...) (1,0, 4,0, 4,0,4,0,...), (1,—4,4,—-4, ..-) 


converges to 0 since any open interval containing 0 contains almost all of the terms 
of each of the sequences. 


Example 6.3: | Consider the sequence (4, }, 3, 4, %,74,+3, -..), ie. the sequence 
1 ae 
genta if n is even 
a, = 1 
1- Q@t1/2 if n is odd 


The points are displayed below: 


a a2 a, ag as 
i 1 3 
0 4 2 4 1 


Observe that any open interval containing either 0 or 1 contains an infinite number 
of the terms of the sequence. Neither 0 nor 1, however, is a limit of the sequence. 
Observe, though, that 0 and 1 are accumulation points of the range of the sequence, 
that is, of the set {4,1,3,4,%,...}. 


CHAP. 4] TOPOLOGY OF THE LINE AND PLANE 51 


SUBSEQUENCES 


Consider a sequence (di, d2,d3,...). If (én) is a sequence of positive integers such that 
t1<%<--+-, then 
(Qi,, Wig, Big, -- -) 


is called a subsequence of (dn:n EN). 
Example 7.1: Consider the sequence (a,) = (1,4,4,4,...). Observe that (,4,4,4,...) is a 


subsequence of (a,), but that (4,1,4,4,4,4,...) is not a subsequence of (a,) since 
1 appears before 4 in the original sequence. 


Example 7.2: Although the sequence (1,1,3,1,7,...) of Example 6.3 does not converge, it does 
have convergent subsequences such as (4,4,4,;4,,.--) and (4,3, %,43,...). On 
the other hand, the sequence (1,3,5,...) does not have any convergent sub- 
sequences. 


As seen in the preceding example, sequences may or may not have convergent subse- 
quences. There does exist a very important general case which gives a positive answer. 


Theorem 4.6: Every bounded sequence of real numbers contains a convergent subsequence. 


CAUCHY SEQUENCES 


A sequence (a,:” GN) of real numbers is a Cauchy sequence iff for every «>0 there 
exists a positive integer mo such that 
n,m >n implies |dn—am| <« 
In other words, a sequence is a Cauchy sequence iff the terms of the sequence become 
arbitrarily close to each other as n gets large. 
Example 81: Let (a,:n€N) be a Cauchy sequence of integers, i.e. each term of the sequence 
belongs to Z={...,—1,0,1,...}. Then the sequence must be of the form 
(a1, Ag, woes Gn b, b, b, see)! 
ie. the sequence is constant after some noth term. For if we choose «= 4, then 
Gn Am EZ and |a,—ay|<$ implies a, = am 


Example 8.2: We show that every convergent sequence is a Cauchy sequence. Let a, > b and let 
e>0. Then there exists %) €N sufficiently large such that 
n> implies |a,—b|<4e and m> mp implies |a, —b| < de 
Consequently, »,m > 9 implies 
|@n—G@ml = |la,—b+b-—a,| = |a,—b| + |b-—a,| < get de = € 


Hence (a,) is a Cauchy sequence. 


COMPLETENESS 
A set A of real numbers is said to be complete if every Cauchy sequence (a, CA: n EN) 
of points in A converges to a point in A. 


Example 9.1: The set Z = {...,—2,—1,0,1,2,...} of integers is complete. For, as seen in 
Example 8.1, a Cauchy sequence (a,:2€N) of points in Z is of the form 
(4, Ag, ..-, Ano» b, b, b, ...) 
which converges to the point 6 € Z. 


Example 9.2: The set Q of rational numbers is not complete. For we can choose a sequence of 
rational numbers, such as (1, 1.4, 1.41, 1.412, ...) which converges to the real num- 


ber V2, which is not rational, ie. which does not belong to Q. 
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A fundamental property of the entire set R of real numbers is that R is complete. 
Namely, 


Theorem (Cauchy) 4.7: Every Cauchy sequence of real numbers converges to a real 
number. | 


CONTINUOUS FUNCTIONS 
The usual «~ 8 definition of a continuous function is stated as follows: 


| Definition: | A function f:R>R is continuous at a point xo if for every «> 0 there exists 


a 8>0 such that : 
ja—aol <8 implies — |f(x)—f(ao)| <e 


The function f is a continuous function if it is continuous at every point. 
Observe that |x—ao| < 8 means that a—8 < x < a+8, or equivalently that x 


belongs to the open interval (#0 —8, % +8). Similarly, |f(«) —f(a#o)| < « means that f(x) 
belongs to the open interval (f(#0)—«, f(wo)+<«). Accordingly, the statement — 


[v@— aol <8 implies — {f(a)— f(ao)| <e 
is equivalent to the statement — 
x E(*o~8,%0+8) implies f(x) € (f(x0) —«, f(a) +6) 
which is equivalent to the statement 
f[(@o— 8, o+8)| is contained in = (f(X0) — e, F(*o) + 6) 
Hence we can restate the previous definition as follows. 


A function f:R->R is continuous at a point p ER if for any open set Vip) 
_ containing f(p) there exists an open set U, containing p such that f[Up] C Vip». 


The function f is a continuous function if it is continuous at every point. 


The Venn diagram below may be helpful in visualizing this definition. 


A continuous function can be completely characterized in terms of open sets as follows: 


Theorem 4.8: A function is continuous if and only if the inverse image of every open set 
is open. 


Observe that Theorem 4.8 also states that a function is not continuous iff there exists 
an open set whose inverse image is not open. 


Example 10.1: Consider the function f/:R-R defined by 


fle) = fies & if «=83 
7 ld@et+5) if e>38 


and illustrated in the adjacent diagram. 
Note that the inverse of the open interval 
(1,3) is the open-closed interval (2, 3] which 
igs not an open set. Hence the function f is 
not continuous. : 
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We now state one important property of continuous functions which we will refer to 
later in the text. 


Theorem 4.9: Let f:R->R be continuous on a closed interval [a,b]. Then the function 
assumes every value between f(a) and f(b). 


In other words, if yo is a real number for which f(a)=yo=/f(b) or f(b) = y =f), 
cn 3zoER suchthat. a=x%=b and f(x) = yo 
This theorem is known as the Weierstrass Intermediate Value Theorem. 


Remark: A function /:R->R is said to be continuous on a subset D of R if it is con- 
tinuous at each point in D. 


TOPOLOGY OF THE PLANE 


An open dise D in the plane R? is the set of points inside a circle, say, with center 
p = (d1,d2) and radius §>0, ie., : 


D = {ix,y): (@— a)? + (y—a2)? <8} = {qER*: d(v,9) <8} 


| 


p= (ay, A) 


Here d(p,q) denotes the usual distance between two points 
p = (1,02) and q = (01, be) in R?: 


: d(p,q) = V(a1— b1)? + (a2— be)? 


The open disc plays a role in the topology of the plane R? 
that is analogous to the role of the open interval in the 
topology of the line R. 


Let A be a subset of R’. A point p € A is an interior point of A iif p belongs to some 
open disc D, which is contained in A: 


pED, CA 
The set A is open (or U-open) iff each of its points is an interior point. 


Example 11.1: Clearly an open disc, the entire plane R? and the empty set @ are open subsets 
of R2. We now show that the intersection of any two open discs, say 


Dy = {qER : d(pyq) <8} © and Dy = {q ER : d(py,q) < 59} 
is also an open set. For let pp €D,M Dg so 


~ A(py, Po) < 8, and (pg, Po) < 82 


Set r = min {3;—d(p1,P 9), 52— dpa, Po)} > 0 
and let D = {qER*: d(p,9) < $n} 
Then po €DCD,N Dz or, po is an interior point of D,N Dg. 


A point p € R? is an accumulation point or limit point of a subset A of R? iff every open 
set G containing p contains a point of A different from 7, i.e., 


GCR? open, pEG implies AN(G\ {p})4#@D 
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Example 11.2: _ Consider the following subset of R?: 


Al {ew y= sin, r>ol 
The set A is illustrated in the adjacent 
diagram. Observe that the curve, go- 
ing from right to left, fluctuates faster 
and faster, i.e. that the points where 
the curve crosses the x-axis become 
closer and closer. The point p = (0, 4) 
‘is a limit point of A since A _ will 
eventually pass through any open disc 
containing p. In fact, each point on 
the y-axis between —1 and 1, i.e. each 
point in the set 


B= {(@,y) :«=0, -l=y=1} 
is a limit point of A. 
A subset A of R? is closed iff its complement A‘ is an open subset of R?. 


A sequence (p1,2,...) of points in R? converges to the point gq € R? iff every open set 
containing g contains almost all of the terms of the sequence. Convergence in the plane 
R? can be characterized in terms of convergence in R as follows. 


Proposition 4.10: Consider the sequence (p:= (a1,b1), Po= (de,b2), ...) of point in R? and 
the point gq = (a,b) € R?.. Then 


Yr>q ifandonlyif a.7a and ba>b 


A function f: R? > R? is continuous at a point p € R? iff for any open set Vy») contain- 


ing f(p) there exists an open set U, containing p such that f[Up] C Vi». 

We list theorems for the plane R? which are analagous to theorems for the line R 
stated earlier in this chapter. 
Theorem 4.1*: The union of any number of open subsets of R? is open. 


Theorem 4,2*: The intersection of any finite number of open subsets of R? is open. 


Theorem 4.4*: A subset A of R? is closed if and only if A contains each of its accumula- 
tion points. : 


Theorem 4.8*: <A function f: R?~>R? is continuous if and only if the inverse image of 
every open set is open. 


Solved Problems 


OPEN SETS, ACCUMULATION POINTS 
1. Determine the accumulation points of each set of real numbers: 
(i) N; (ii) (a, 6]; (iii) Q*, the set of irrational points. e 


Solution: 
(i) N, the set of positive integers, does not have any limit points. For if @ is any real number, we 
can find a 6>0 so small that the open set (a — 5, a+ 8) contains no point of N other than a. 


(ii) Every point p in the closed interval {a, 6] is a limit point of the open-closed interval (a, bj, since 
every open interval containing p © [a,6] will contain points of (a,6] other than p. 


(iii) Every real number p€R is a limit point of Q¢ since every open interval containing pER will 
contain points of Q¢, i.e. irrational numbers, other than p. 
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2. 


Dy, = {q€ R* : d(p,,q) < 8}, with center p,; and radius 4, such 


Recall that A’ denotes the derived set, i.e. set of limit points, of a set A. Find sets A 

such that (i) A and A’ are disjoint, (ii) A is a proper subset of A’, (iii) A’ is a proper 

subset of A, {iv) A=A’. 

Solution: : 

(i) The set A = {1,4,4,...} has 0 as its only point of accumulation. Hence A’ = {0}. and 
A and A’ are disjoint. 


(ii) Let A = (a,b], an open-closed interval. As seen in the preceding problem A’ = [a,b], the 
closed interval, and so ACA’, 

(iii) Let A = {0,1,4,4,...}. Then 0, which belongs to A, is the only limit point of A. Hence 
A’'= {0} and A’CA. 


(iv) Let A = [a,b], a closed interval. Then each point in A is a limit point of A and they are the 
only limit points. So A = A’ = [a,)]. 


Prove Theorem 4.1*: The union of any number of open subsets of R? is open. 


Solution: 

- Let cf be a class of open subsets of R2, let H = U{G: GE 4}, and let pEH. The theorem is 
proved if we show that p is an interior point of H, i.e. there exists an open disc D,, containing p such : 
that D, is contained in H. 

Since pEH = U{E: GE 4}, 
AGJ)EA suchthat pe Gy 
But Gy is an open set; hence there exists an open disc D, containing p such that 


p Ee Dy Cc Go 
Since Gy is a subset of H = U{G: G € 4}, D, is also a subset of H. Thus H is open. 


Prove: Every open subset G of the plane R? is the union of open discs. 


Solution: 
Since G is open, for each point p€G there is an open disc D, such that pED, CG. Then 
G = U{D,: p © G}. : 


Prove Theorem 4.2*: The intersection of any finite number of open subsets of R? 
is open. : 
Solution: 

We prove the theorem in the case of two open subsets of R?. The theorem will then follow by 
induction. : 

Let G and H be open subsets of R? and let pEGnH; so pEG and pEH. Hence there exist 


open discs D,; and Dz such that - : 
pED,cG and pED, CH 


Then pED,ND.cGNH. By Example 11.1, the intersection of any two open discs is open; so 
there exists an open disc D such that 
pEDCDAD,CGNH 


Hence p is an interior point of GN H and, so, GN 4H is open. 
a 


Prove: Let » €G, an open subset of R?. Then there exists an open disc D with center p 
such that pE DCG. 


Solution: . 
By definition of an interior point, there exists an open disc 


that pED, CG. So d(py,p) <5. Set 
r = 6 —d(p1, p) > 0 


and _ let “D = {q€R?2: d(p,q) < 4r} 


Then, as indicated in the diagram, »©DCD,CG where D is 
an open dise with center p. 
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7. Prove: Let » be an accumulation point of a subset A of the plane R*. Then every 


10 


open set containing p contains an infinite number of points of A. 


Solution: 

Suppose G is an open set containing p and containing only 
a finite number of points, say a,,...,@mn, of A different from p. 
By the preceding problem, there exists an open disc D, with 
center p and, say, radius § such that p€D, CG. Choose 
r>0 to be less than § and less than the distance from p to 


any of the points a,,...,@m3; and let 
D = {qER?: d(p,q) < $7} 
Then the open disc D containing p does not contain a,,...,@m 


and, since DCD, CG, does not contain any other points of 
A different from p. 


The last. statement contradicts the fact that pis a limit point of A. Hence every open set 
containing p contains an infinite number of points of A. 


Remark: A similar statement is true for the real line R, ie. if a€R is a limit point of ACR, 
then every open subset of R containing a contains an infinite number of points of A. 


Prove: Consider any open disc D, with center »p € R? and radius 8. Then there exists 
an open disc D such that (i) the center of D has rational coordinates, (ii) the radius 
of D is rational, and (iii) pE€ DC Dp. 
Solution: 

Suppose p = (a,b). Then there exist rational numbers 
c and d such that 


a<e<at+}s and b<d< b+485 


Let q = (c,d). Note that d(p,q)< 45. Now choose a ra- 
tional number 7 such that 45 <r < 36; and. let D be the 
open disc with center q, which has rational coordinates, and 
radius 7 which is rational. Then, as indicated in the diagram, 
pEDCD,. 


Prove: Every open subset G of the plane R? is the union of a countable number of © 
open discs. 


Solution: 


Since G is open, for each point p€G there exists an open disc D, with center p such that 
pED, CG. But, by the preceding problem, for each disc D, there exists 'an open disc EH, such that 
(i) the center of H, has rational coordinates, (ii) the radius of #, is rational, and (ili) pEH,C Dy, So 


p oc DCG 


Accordingly, G F ULE, : p © G} 


; 
The theorem now follows from the fact that there are only a countable number of open discs whose 
center has rational coordinates and whose radius is rational. 


Prove Theorem (Bolzano-Weierstrass) 4.3: Let A be a bounded infinite set of real 
numbers. Then A contains at least one accumulation point. 


Solution: 


Since A is bounded, A is.a subset of a closed interval I, = [a,,5;]. Bisect I, at 3(a,+,). Note 
that both of the closed subintervals of J,, ; : 


(ay, $(ay + By)] and [$(a, + 4), by] (1) 


cannot contain a finite number of points of A since A is infinite. Let. I, = [ag, by]. be one of the 
intervals in (4) which contains an infinite number of points of A. 
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Now bisect J,. As before, one of the two closed intervals 
[a2, $(@g+ be)] and [day + bp), bo) 

must contain an infinite number of points of A. Call that interval J3. 

Continuing this procedure we obtain a sequence of nested closed intervals 

TI, D1, DI3 D+: 
such that each interval J, contains an infinite number of points of A and 
lim |J,| = 0 

where |J,| denotes the length of the interval J,. 


By the Nested Interval Property of the real numbers (see Appendix A), there exists a point p 
in each interval I,. We show that p is a limit point of A and then the theorem will follow. 


Let S, = (a,b) be an open interval containing p. Since lim |J,| = 0, 
3n,€N © such that Lng! < min(p—a, b— p) 


Then the interval Tho is a subset of the open interval S, = (a,b) as indicated in the diagram below. 


a Pp b 


Since Ino contains an infinite number of points of A, so does the open interval S,. Thus each open 
interval containing p contains points of A other than p, i.e. p is a limit point of A. 


CLOSED SETS 


11. 


12. 


13. 


14, 


Prove: A set F is closed if and only if its complement F* is open. 


Solution: 
Note that (F°)¢ = F; so F is the complement of F. Thus, by definition, F' is closed iff F¢ is open. 


Prove: The union of a finite number of closed sets is closed. 


Solution: 
Let F,,...,F be closed sets and let F = F,U--+UF,,. By DeMorgan’s Law, 


Fe = (P,U-++ UF,)° = FUN Fin +++ A Py 


So F¢ is the intersection of a finite number of open sets Fj, and thus F¢ is also open. Hence its 
complement Fee = F is closed. 


Prove: The intersection of any number of closed sets is closed. 


Solution: / 
Let {Fj} be a class of closed sets and let F = 9, F;. By DeMorgan’s Law, 


Fe = (n,;Fj)¢ = U;,Fi 


So F¢ is the union of open sets and, hence, is open itself. Consequently, Fcc = F is closed. 


Prove Theorem 4.4*: A subset of R2 is closed if and only if it contains each of its 
accumulation points. 


Solution: 

Suppose p is a limit point of a closed set F. Then every open dise containing p contains points 
of F other than p. Hence there cannot be an open disc D,, containing p which is completely contained 
in the complement of F. In other words, p is not an interior point of F°. But F¢ is open since F is 
closed; so p does not belong to F¢, ie. pE F. 


On the other hand, suppose a set A contains each of its limit points. We claim that A is closed 
or, equivalently, that its complement A¢ is open. Let p€ A‘. Since A contains each of its limit points, 
p is not a limit point of A. Hence there exists at least one open disc D, containing p such that D, 
does not contain any points of A. So D, Cc A‘, and hence p is an interior point of A‘. Since each 
point p €A°¢ is an interior point, A¢ is open and so A is closed. 
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15. 


16. 


17. 
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Prove: The derived set A’, i.e. set of accumulation points, of an arbitrary subset A 
of R? is closed. 


Solution: 

Let p be a limit point of A’. By Theorem 4.4*, the theorem is proved if we show that pEA’, 
that is, that p is also a limit point of A. 

Let G, be an open set containing p. Since p is a limit point of A’, G, contains at least one point 
q€A’ different from p. But G, is an open set containing q € A’; hence G, contains (infinitely many) 
points of A. So, 

3aEA suchthat a#p, a#q, and a€G, 


That is, each open set containing p contains points of A other than p; so pEA’. 


Prove: Let A be a closed and bounded set of real numbers and let sup(A) = p. Then 
pea. 


Solution: 
Suppose pZA. Let G be an open set containing p. Then G contains an open interval (b,c) con- 
taining p, i.e. such that b<p<e. Since sup(A)=p and p€A, a 


Ja€A suchthat b<a<p<e 


for otherwise b would be an upper bound for A. So a€(b,c) Cc G. Thus each open set containing p 
contains a point of A different from p; hence p is a limit point of A. But A is closed; hence, by 
Theorem 4.4*, pEA. 


Prove Theorem (Heine-Borel) 4.5: 


Let J: = [¢:,di] be covered by a class G = {(a,bi):1 EI} of open intervals. Then 
G contains a finite subclass which also covers /1. 


Solution: 
Assume that no finite subclass of G covers I,. We bisect I, = [c,,d,] at }$(c,;+d,) and consider 
the two closed intervals 
[ey, $(¢, + dy)] and = [4(e, + dy), dy] (1) 


At least one of these two intervals cannot be covered by a finite subclass of Gg or else the whole interval 
I, will be covered by a finite subclass of Gg. Let Ig = [¢y,dg] be one of the two intervals in (1) which 
cannot be covered by a finite subclass of G. We now bisect Ig. As before, one of the two closed intervals 


{e2, $(¢g++dy)} and [d(co + dy), do] 
cannot be covered by a finite subclass of G. Call that interval J3. 


We continue this procedure and obtain a sequence of nested closed intervals 7, Dlg Df39-:: 
such that each interval I,, cannot be covered by a finite subclass of Gg and lim|J,| = 0 where [J,| 
denotes the length of the interval [,. 


By the Nested Interval Property of the real numbers (see Appendix), there exists a point p 
in each interval I,. In particular, pEJ,. Since G is a cover of I,, there exists an open interval 
(ai bj.) in G which contains p. Hence a,<p< bj. Since lim |J,| = 0, 

An) €N © such that Eng! < min (p — ain» bi, — P) 


Then, as indicated in the diagram below, the interval Tho is a subset of the one interval (ai, bi.) in Gg. 


0 P b 


But this contradicts our choice of Thy: Thus the original assumption that no finite subclass of G 
covers I, is false and the theorem is true. 
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SEQUENCES 
18. Write the first six terms of each of the following sequences: 
n-1 if nis odd 7 A ive 
(i) s(n) = . ae (i) tn) = 42 if n=2 
oe ee t(n—1) + t(n—-2) if n>2 
Solution: 


19. 


ee 


(i) Two formulas are used to define this function. Substitute 1, 3 and 5 into s(n) = n—1 to get 
8, = 0, s;=2 and s;=4. Then substitute 2,4 and 6 into s(n) = n? to get s,=—4, 8, =16 and 
8g = 36. Thus we have (0,4, 2,16, 4,36,...). 


(ii) Here the function is defined recursively. Each term after the second is found by adding the 
two previous terms. Thus: 


i =1 tg = ttt = 34+2 = 5 
tp = 2 tj = +t = 5+83 = 8 
fp = ttt = 2+1=8 tj = tttt = 8+5 = 18 


Hence we have (1, 2,3,5,8,13,...). 


Consider the sequence (an = (—1)""1(2n—1)): 
(1, —8, 5, —7, 9, -11, 18, -15, ...) 
Determine whether or not each of the following sequences is a subsequence of (dn). 
(i) (bn) = (1, 5, —38, —7, 9, 18, -11, —15, ...) 
(ii) (€n) (1, 8, 5, 7, 9, 11, 18, ...) 
(iii) (dn) = (—8, —7, —11, —15, -19, —238, ...) 


Solution: 
(i) Note that 5 appears before —3 in (b,), but —3 appears before 5 in (a,). Hence (b,) is not a 
subsequence of (a,). 


(ii) The terms 3, 7 and 11 do not even appear in (a,); hence (c,) is not a subsequence of (a,). 


(iii) The sequence (d,) is a subsequence of (a,), for (i, =2n) = (2,4,6,...) is a sequence of positive 
integers such that 7, < ig < 73 << +--+; so 
(Qi, Gi,» -+-) = (dg, Mg, Og, ...) = (—8, —7, —11, ...) 


is a subsequence of (a,). 


20. Determine the range of each sequence: 


21, 


CAE Dee San oe Oty as se (iii) (2, 4, 6, 8, 10, ...) 
(ii) 4,0, 2, 0/1, 0; $1, 0,10; =F, 0... 


Solution: 
The range of a sequence is the set of image points. Hence the ranges of the sequences are 


Gi) ,4,4,4,.-.}, (ii) 4,0, -1}, (ili) {2, 4, 6, 8, ...} 


Prove: If the range of a sequence (a,) is finite, then the sequence has a convergent 
subsequence. 
Solution: 


If the range {a,} of (a,) is finite, then one of the image points, say 6, appears an infinite number 
of times in the sequence. Hence (0,0,6,6,...) is a subsequence of (a,) and it converges. 
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22. 


23. 


24. 


25. 


TOPOLOGY OF THE LINE AND PLANE |CHAP. 4 


Prove: If lima, = 6 and lima, = c, then b= ce. 


Solution: 

Suppose that b and ¢ are distinct. Let 8 = |b—c}| > 0. Then the open intervals B = (6-46, 
b+45) and C = (e— $6, e+ 48), containing b and ¢ respectively, are disjoint. Since (a,) converges 
to b, B must contain all except a finite number of the terms of the sequence. Hence C can only 
contain a finite number of the terms of the sequence. But this contradicts the fact that (a,) converges 
to c. Accordingly, 6 and ¢ are not distinct. 


Prove: If the range {a,} of a sequence (a,) contains an accumulation point b, then the 
sequence (an) contains a subsequence (a:,) which converges to 0. 


Solution: 
Since b is a limit point of {a,}, each of the open intervals 


S, = (b-1,b+), S, = (0-454), Ss = (b-4,04+4), 


contains an infinite number of elements of the set {a,} and, hence, an infinite number of the terms 
of the sequence (a,). We choose a sequence (a;,) as follows: 


Choose a;, to be a point in S;. 


Choose a, to be a point in Sy such that i, > 7%,, ie. such that a, appears after aj, 
in the sequence (a,). 


Choose a;, to be a point in Sg such that 73 > i. 
We continue in the same manner. 
Observe that we are always able to choose the next term in the sequence (ai) since there are an 
infinite number of the terms of the original sequence (a,) in each interval S,. 


We claim that (a; ) satisfies the conditions of the theorem. Recall that we choose the terms of 
the sequence (a;,) so that ty < ty < ig << +++; hence (a;,) is a subsequence of (a,). We need to show 
that lim a, = b. Let G be an open set containing 6. Then G contains an open interval (d,,d,) con- 
taining b; so d,<b<d,. Let & = min(b—d,, dy—b) > 0; then 

3ngEN_ suchthat 1/n< 5 
Hence Sno C (dy,dy) C G, and so 
n> implies a; ES, C Sno C (d,,d,) C G 


Thus G contains almost all the terms of the sequence (ays that is, lim a = b. 


Prove Theorem 4.6: Every bounded sequence (a,) of real numbers contains a con- 
vergent subsequence. 


Solution: 

Consider the range {a,} of the sequence (a,). If the range is finite, then by Problem 21 the 
sequence contains a convergent subsequence. On the other hand, if the range is infinite, then, by the 
Bolzano-Weierstrass Theorem, the bounded infinite set {a,} contains a limit point. But then, by the 
previous problem, the sequence in this case also contains a convergent subsequence. 


Prove: Every Cauchy sequence (an) of real numbers is bounded. 


Solution: 
Let «= 1. Then, by definition of a Cauchy sequence, 


3no€N  suchthat n,m=n) implies [a,—a,,{ <1 


In partibular, m=ng implies lang — Gm| <1, or, On. — 1 < a, < ay, +1 
Let a = max (a, ag, ..., any ay, + 1) 
B = min (ay, a, ..., Ang» Ing — 1) 


Then a is an upper bound for the range {a,} of the sequence (a,) and B is a lower bound. Accordingly, 
(a,) is a bounded sequence. 
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26. Prove: Let (an) be a Cauchy sequence. If a subsequence (ai,) of (an) converges to a 
point b, then the Cauchy sequence itself converges to b. 


Solution: 
Let « > 0. We need to find a positive integer m9 such that 


n>M7q implies la,— bl <e 
Since (a,) is a Cauchy sequence, 
Ino N  suchthat n,m > implies |a,—ay| < ge 


Also, since the subsequence (a;,) converges to b, 
3i,,€N such that laa —b| < de 


Observe that we can choose i,, so that im >. Accordingly, 


n> implies |a,—b| = |a,—a, + a; b| 


m m 


HN 


|@n— | + la, — 5 
< te + de = ¢ 
Hence (a,) converges to b. 


Observe that we need i,, > 7 in order to state that: >) implies |a,—a; |< de. 


27. Prove Theorem (Cauchy) 4.7: Every Cauchy sequence (ayof real numbers converges 
to a real number. 


Solution: 
By Problem 25, the Cauchy sequence (a,) is bounded. Hence, by Theorem 4.6, the bounded 
sequence (a,) contains a convergent subsequence (aj,,)s But, by the preceding problem, the Cauchy 


sequence (a,) converges to the same limit as its subsequence (aj). In other words, the Cauchy 
sequence (a,) converges to a real number. 


28. Determine whether or not each of the following subsets of R is complete: 
(i) N, the set of positive integers; (ii) Q*, the set of irrational numbers. 


Solution: 
(i) Let (a,,) be a Cauchy sequence of positive integers. If ¢« = }, then 


la, —Gm|<e=4 implies a, = ay 
Therefore, the Cauchy sequence (a,) is of the form (@;,4,..., Ang b,b,b,...) which converges 
to the positive integer b. Hence N is complete. 


(ii) Observe that each of the open intervals 
(-1, 1), (—4, 4), (-}, 4), 
contains irrational points. Hence there exists a sequence (a,) of irrational numbers such that 


a, belongs to the open interval (—1/n,1/n). The sequence (a,) will be a Cauchy sequence of 
points in Q¢ and it will converge to the rational number 0. Hence Q¢ is not complete. 


CONTINUITY 


29. Prove: If, the function f:R~R is constant, say f(x)=a for every «ER, then 
f is continuous. 


Solution: 
Method 1, The function f is continuous iff the inverse f—![G] of any open set G is also open. Since 
f(x) =a for every «ER, pia O if a€G 

R if a€G 


for any open set G. In either case, f—![G] is open since both R and @ are open sets. 
Method 2. We show that f is continuous at any point x) using the e— 6 definition of continuity. Let 
e>0. Then for any 8>0, say 5=1, 
je—agl <1 implies {f(x)— f(a)| = |a-al| =O<e 
Hence / .is continuous. 
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30. 


31. 


32. 


33. 
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Prove: The identity function f:R->R, that is, the function defined by f(x) =a, is 
continuous. 


Solution: 
Method 1, Let G be any open set. Then f~![G] = G is also an open set. Accordingly, f is continuous. 


Method 2. We show that f is continuous at any point x) using the e— 58 definition of continuity. Let 
e>0. Then choosing «= 8, 


|e—a@o| <8 implies |f(x)— f(a)| = |e —ao| < 5 = 


Accordingly, f is continuous. 


Prove: Let the functions f:R>R and g:R-R becontinuous. Then the composition 
function gof:R->R is also continuous. Pa 
Solution: 

We show that the inverse (g°of)-!{G] of any open set G is also open. Since g is continuous, the 
inverse g~1[G] is an open set. But since f is continuous, the inverse f~1[g-1[Gj|] of g—![G] is also 
open. Recall that : 

(gef)"! = frltog™! 


Hence (g°f)-1{[G] = (f-teg-1)[@] = f-4 [97-1 [G]] 


is an open set. Thus the composition function gof:R-—-R_ is continuous. 


Prove: Let f:R->R be continuous and let f(q) = 0 for every rational number q € Q. 
Then f(x) =0 for every real number «ER. 


Solution: 
Suppose f(p) is not zero for some real number p€R, i.e. suppose 


3pER_ suchthat f(p)=y, |y| > 0 


Choose e = 3ly|. Since f is continuous, 
45 >0 such that jx —p| <8 implies [f(«)—f(p)| < « = $ly! 
Now there are rational points in every open interval. In particular, 


3¥gEQ_suchthat qe {x:!x—pl < 8} 


which implies \f(q) —f(p)| = |f)| = ly} < « = Gly! 


an impossibility. Hence f(x) =0 for every «ER. 


Prove Theorem 4.8: A function f:R?2—>R? is continuous if and only if the inverse 
image of every open set is open. 


Solution: 

Let f: R2—>R2 be continuous and let V be an open subset of R?. We want to show that f—![V] 
is also an open set. Let p@y ‘'[{V]. Then f(p)€V. By definition of continuity, there exists an 
open set U,, containing p such that f{U,] CV. Hence (as indicated in the diagram below) 


Uy C FLU yl] © F117] 
We have shown that, for every point p€@f—![V], there exists an open set U, such that 
peu, c f-'[V] 
Accordingly, fo[V] = UtU,: pEef [Vi} 


So f~1![V] is the union of open sets and is, therefore, open itself. 


ag 
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34, 


35. 


36. 


On the other hand, suppose the inverse of every open set is open. We want to show that / is 
continuous at any point-p © R. Let V be an open set containing f(p), ie. f(p) EV. Then f-![V] is 
an open set containipfg p with the property that f[f—1[V]] C V. Hence f is continuous at p. 


Give an example-of two functions f:R>R and.g:R-R such that f and g are each 
discontinuous (not continuous) at every point and such that the sum f+g is continuous 
at every point in R. 
Solution: 

Consider the functions f and g defined by 


0 if w is rational 1 if x is rational 
f@) = Bete RA as , ge) = i a aie 
1 if & is irrational 0 if & is irrational 


The functions f.and g are discontinuous at every point in R, but the sum f+ is the constant function 
(f+ g)(x) = 1 which is continuous. 


Prove: Let the function f: R>R be continuous at a point p ER. 


(i) If f(p) is positive, ie. f(y) > 0, then there exists an open interval S containing p 
such that f is positive at every point in S. 


(ii) If f(p) is negative, i.e. f(p) <0, then there exists an open interval S containing p 
such that f is negative at every point in S. 
Solution: 
We prove (i). The proof of (ii) is similar and will be omitted. Suppose f(p)=.«>0. Since f is 


continuous at p, 
a5 >0 such that je—p| <8 implies [f(x) —f(p)| <e 


or, equivalently, 
xE(p—s,p+s) implies f(x) € (f(p)—e, fp) +e) = (0, 2e) 


Thus for every point « in the open interval (9p — 8,» +58), f(x) is positive. 


Prove: Let f:R->R becontinuous at every point 
in a closed interval [a, b], and let f(a) < 0 < f(b). 
Then there exists a point p € [a,b] such that 
f(p) = 0. (In other words, the graph of a contin- 
uous function defined on a closed interval which 
lies both below. and above the «x-axis must cross 
the a-axis at at least one point, as indicated in 
the diagram.) 
Solution: 

Let A be the set of points in [a, bj] at which f is negative, ie., 


A = {u: «#€ [a,b], f(a) < 0} 


Observe that A is not empty since, for example, a€G@A. Let p = sup(A) be the least upper bound 
for A. Since a€ A, a=p; and since b is an upper bound for A, p=}. So p belongs to the interval 
[a, B]. 
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We claim that f(p)=0. If f(p) <0, then, by the preceding problem, there is an open interval 
(p— 8, p+ 8) in which f is negative, i.e., 
(p—-6,p+8) CA 


So p cannot be an upper bound for A. On the other hand, if f(p) > 0, then there exists an interval 
(p — 8, p+ 8) in which f is positive; so 


(p—8,p+s)NA = Y 
which implies that » cannot be a least upper bound for A. Thus f(p) can only be zero, ie, f(p) = 0. 


Remark. The theorem is also true and proved similarly in the case f(b) <0 < f(a). 


Prove Theorem (Weierstrass) 4.9: Let f:R->R_ be continuous on a closed interval 
la, b]. Then the function assumes every value between f(a) and f(b). 
Solution: 

Suppose f(a) < f(b) and let yo be a real number such that f(a) < yp < f(b). We want to prove 


that there is a point p such that /f(p) = yo. Consider the function g(x) = f(x)— yo which is also 
continuous. Observe that g(a) < 0 < g(d). 


By the preceding problem, there exists a point p such that g(p) = f(p)— yo = 0. Hence f(p) = yp. 


The case when f(b) < f(a) is proved similarly. 


Supplementary Problems 


OPEN SETS, CLOSED SETS, ACCUMULATION POINTS 


38, Prove: If A is a finite subset of R, then the derived set A’ of A is empty, i. A’ = Q. 

39, Prove: Every finite subset of R is closed. 

40. Prove: If ACB, then A’cB’. 

41, Prove: A subset B of R2 is closed if and only if d(p,B) = 0 implies p€B, where d(p,B) = 
inf {d(p,q) : ¢ © B}. 

42, Prove: AUA’ is closed for any set A. 

43. Prove: AUA’ is the smallest closed set containing A, ie. if F is closed and ACF CAUA”’ then 
F=AUA’, 

44, Prove: The set of interior points of any set A, written int (A), is an open set. 

45. Prove: The set of interior points of A is the largest open set contained in A, ie. if G is open and 
int(A) CGCA, then int(A)=G. 

46. Prove: The only subsets of R which are both open and closed are @ and R. 

SEQUENCES 

47. Prove: If the sequence (a,) converges to b€R, then the sequence (|a,~— |) converges to 0. 

48. Prove: If the sequence (a,) converges to 0, and the sequence (b,) is bounded, then the sequence 
(a,b,) also converges to 0. 

49. Prove: If a,-a and 6,0, then the sequence (a, + 6,) converges to a+ 6. 

50. Prove: If a,-a and b,-—> 6, then the sequence (a,5,) converges to ab. 
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51. Prove: If a,—-a and b,—-6 where b,~0 and b #0, then the sequence (a,/b,) converges to a/b. 

52. Prove: If the sequence (a,) converges to b, then every subsequence (a; of (a,) also converges to b. 

53. Prove: If the sequence (a,) converges to b, then either the range {a,} of the sequence (a,) is finite, 
or 6 is an accumulation point of the range {a,}. 

54. Prove: If the sequence (a,,) of distinct elements is bounded and the range {a,} of (@,) has exactly one 
limit point 6, then the sequence (a,) converges to b. 
(Remark: The sequence (1, $, 2,4,3,4,4, ...) shows that the condition of boundedness cannot be 
removed from this theorem.) 

CONTINUITY 

55. Prove: A function f:R—-R is continuous at a €R if and only if for every sequence (a,) converging 
to a, the sequence (f(a,)) converges to f(a). 

56. Prove: Let the function f{:R—>R be continuous at »@R. Then there exists an open interval S 
containing p such that f is bounded on the open interval S. 

57. Give an example of a function f:R—-R which is continuous at every point in the open interval 
S = (0,1) but which is not bounded on the open interval S. 

58. Prove: Let f:R—-R be continuous at every point in a closed interval A = [a,b]. Then f is bounded 
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57. 


58. 


on A. (Remark: By the preceding problem, this theorem is not true if A is not closed.) 


Prove: Let f:R—->R and g:R-R be continuous. Then the sum (f+g):R->R_ is continuous, 
where f+g is defined by (f+g)(x) = f(x) + g(x). 


Prove: Let f:R—-R_ be continuous, and let k be any real number. Then the function (kf): R-R 
is continuous, where kf is defined by (kf)(x) = k(f(a)). 


Prove: Let f:R>R and g:R->R be continuous. Then {x ER: f(x) = g(x)} is a closed set. 
Prove: The projection 7,:R2—>R is continuous where 7, is defined by 7,((a,b)) = a. 


Consider the functions f:R-R and g:R-R defined by 


_ fsin(/e) if «#0 _ faxsin(I/x) if «0 
Ke) = 19 if «=0’ He) = if =0 


Prove g is continuous at 0 but f is not continuous at 0. 


Recall that every rational number q€Q can be written uniquely in the form g = a/b where a&Z, 
bEN, and a and b are relatively prime. Consider the function f{:R—>R defined by 


{0 if & is irrational 
| 1/6 if z is rational and «x = a/b as above 


fw) = 


Prove that f is continuous at every irrational point, but f is discontinuous at every rational point. 


Answers to Supplementary Problems 


y 
Consider the function y 


f(z) = 


f-« if «= 
|Win if #>0 


The function f is continuous at every point in R except at 0 as 
indicated in the adjacent graph of f. Hence f is continuous at 
every point in the open interval (0,1). But f is not bounded on 
(0, 1). 


Hint. Use the result stated in Problem 56 and the Heine-Borel 
Theorem. 


Chapter 5— 


Topological Spaces: Definitions 


TOPOLOGICAL SPACES 


Let X be a non-empty set. A class T of subsets of X is a topology on X iff T satisfies 
the following axioms. 


[O:] X and @ belong to T. 
[O.] The union of any number of sets in T belongs to T. 
[Os] The intersection of any two sets in T belongs to T. 


The members of T are then called T-open sets, or simply open sets, and X together with T, 
i.e. the pair (X, T) is called a topological space. 


Example 1.1: Let U denote the class of all open sets of real numbers discussed in Chapter 4. 
Then U is a topology on R; it is called the usual topology on R. Similarly, the 
class U of all open sets in the plane R? is a topology, and also called the usual 
topology, on R?. We shall always assume the usual topology on R and R?2 unless 
otherwise specified. 


Example 1.2: Consider the following classes of subsets of X = {a,b,c,d,e}. 


Ty = {X, Q, {a}, {e, d}, {a, Cc, d}, {b, ¢, d, e}} 
Tz = {X, Q, {a}, {c,d}, {a,c,d}, {b,¢, d}} 
Ts = {X, 0, {a}, {e, d}, {a, Cc, dj, {a, b, d, e}} 


Observe that T, is a topology on X since it satisfies the necessary three axioms 
{0,], [O02] and [Og]. But T, is not a topology on X since the union 


{a, ¢, d} U {6, Cc, d} = {a, b, C, d} 
of two members of T, does not belong to To, i.e. T, does not satisfy the axiom [Qo]. 


Also, T3 is not a topology on X since the intersection 
{a, c, d} ia {a, b, d, e} = {a, d} 


of two sets in T3 does not belong to T3, i.e. Tz does not satisfy the axiom [Og]. 


Example 1.3: Let & denote the class of all subsets of X. Observe that ./ satisfies the axioms 
for a topology on X. This topology is called the discrete topology; and X together 
with its discrete topology, i.e. the pair (X, ), is called a discrete topological space 
or simply a discrete space. 


Example 1.4: As seen by axiom [0,], a topology on X must contain the sets X and @. The class 
4 = {X,@}, consisting of X and @ alone, is itself a topology on X. It is called 
the indiserete topology; and X together with its indiscrete topology, i.e. (X, 9), is 
called an indiscrete topological space or simply an indiserete space. 


Example 1.5: Let T denote the class of all subsets of X whose complements are finite together 
with the empty set %. This class J is also a topology on X. It is called the 
cofinite topology or the T\-topology on X. (The significance of the 7, will appear 
in a later chapter.) 
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Example 1.6: The intersection T, MT, of any two topologies T; and T, on X is also a topology 
on X. For, by [0,], X and @ each belongs to both T, and Ty; hence X and @ each 
belongs to the intersection T,M To, ie. T, To satisfies [0,]. Furthermore, if 
G,H ©T,NT, then, in particular, G,H ET, and G,HET,. But since T, and 
T, are topologies, GNHET, and GNHET,. Accordingly, 


GNHETMAT, 
In other words 7, Ty, satisfies [03]. Similarly, 7, Ty, satisfies [O,]. 
The statement in the preceding example can, in fact, be generalized to any collection 
of topologies. Namely, 
Theorem 5.1: Let {(7;:7€I1} be any collection of topologies on a set X. Then the inter- 
section ;7; is also a topology on X. 
In our last example, we show that the union of topologies need not be a topology. 


Example 1.7: Each of the classes 
T, = {X,@,{a}} and Ty, = {X, QD, {b}} 
is a topology on X = {a,b,c}. But the union 
T,UT, = {X,Q, {a}, (0}} 
is not a topology on X since it violates [O,]. That is, {a} € T,;UT, {D} ET, UT, 
but {a}U {b} = {a,b} does not belong to T,UTo. 


If G is an open set containing a point p € X, then G is called an open neighborhood of p. 
Also, G without p, i.e. G\ {p}, is called a deleted open neighborhood of p. 


Remark: The axioms [O;], [O.J and [O3] are equivalent to the following two axioms: 
[O;] The union of any number of sets in T belongs to T. 
{O;] The intersection of any finite number of sets in T belongs to T. 


For [O;] implies that belongs to T since 
UGET:GEP} = @ 


ie. the empty union of sets is the empty set. Furthermore, [03] implies that X belongs to 
T since 
NGET:GED} = xX 


i.e. the empty intersection of subsets of X is X itself. 


ACCUMULATION POINTS 


Let X be a topological space. A point p€X is an accumulation point or limit point 
(also called cluster point or derived point) of a subset A of X iff every open set G containing 
» contains a point of ‘A different from 7, i.e., 


= Gopen, »€G implies (G\ {p})NA¥®D 
The set of accumulation points of A, denoted by A’, is called the derived set of A. 


Example 2.1: The class T = {X, Q, {a}, {c,d}, {a,c,d}, {b, c,d e}} 


defines a topology on X = {a,b,c,d,e}. Consider the subset A = {a,b,c} of X. 
Observe that bE X is a limit point of A since the open sets containing b are 
{b,c,d,e} and X, and each contains a point of A different from 38, ie. c. On the 
other hand, the point a € X is not a limit point of A since the open set {a}, which 
contains a, does not contain a point of A different from a. Similarly, the points 
d and e are limit points of A and the point ¢ is not a limit point of A. 
So A’ = {b,d,e} is the derived set of A. 
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Example 2.2: Let X be an indiscrete topological space, i.e. X and @ are the only open subsets 
of X. Then X is the only open set containing any point p@€ X. Hence p is an 
accumulation point of every subset of X except the empty set @ and the set con- 
sisting of p alone, i.e. the singleton set {p}. Accordingly, the derived set A’ of any 
subset A of X is as follows: 


@ if A=@ 
Au = {p}¢ = X\ {p} if A = {p} 
x if A contains two or more points 


Observe that, for the usual topology on the line R and the plane R?, the above definition 
of an accumulation point is the same as that given in Chapter 4. 


CLOSED SETS 
Let X be a topological space. A subset A of X is a closed set iff its complement A° is 
an open set. 
Example 3.1: The class T = {X, @, {a}, {c,d}, {a,¢,d}, {b,c,d, e}} 
defines a topology on X = {a,b,c,d,e}. The closed subsets of X are 
Q, X, {b,c,d,e}, {a,b,e}, {b,e}, {a} 


that is, the complements of the open subsets of X. Note that there are subsets 
of X, such as {b, c,d, e}, which are both open and closed, and there are subsets of X, 
such as {a,b}, which are neither open nor closed. 


Example 3.2: Let X be a discrete topological space, i.e. every subset of X is open. Then every 
subset of X is also closed since its complement is always open. In other words, 
all subsets of X are both open and closed. 


Recall that \A°% = A, for any subset A of a space X. Hence 
Proposition 5.2:\ In a topological space X, a subset A of X is open if and only if its com- 
lement is closed. 
The axioms [O:], [Oz] and [O3] of a topological space and DeMorgan’s Laws give 


Theorem 5.3: Let X be a topological space. Then the class of closed subsets of X 
possesses the following properties: 


(i) X and @ are closed sets. 
(ii) The intersection of any number of closed sets is closed. 
(ili) The union of any two closed sets is closed. 

Closed sets can also be characterized in terms of their limit points as follows: 


Theorem 5.4: A subset A of a topological space X is closed if and only if A contains 
each of its accumulation points. 


In other words, a set A is closed if and only if the derived set A’ of A is a subset of A, 
ie. A’ CA. 


CLOSURE OF A SET 
Let A be a subset of a topological space X. The closure of A, denoted by 
A or A- 
is the intersection of all closed supersets of A. In other words, if {Fi:i€J} is the class 
of all closed subsets of X containing A, then 


A = iF; 
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Observe first that A is a closed set since it is the intersection of closed sets. Further- 
more, A is the smallest closed superset of A, that is, if F is a closed set containing A, then 


AcA CE 


Accordingly, a set A is closed if and only if A=A. We state these results formally: 


Proposition 5.5: Let A be the closure of a set A. Then: (i) A is closed; (ii) if F is a closed 
superset of A, then A CAC F; and (iii) A is closed iff A= A. 


Example 4.1: Consider the topology T on X = {a,b,c,d,e} of Example 3.1 where the closed 
subsets of X are 
%, X, {b,¢,d,¢}, {a,b,c}, {b,e}, {a} 


Accordingly, {b} = {be}, {a,c} = X, {b,d} = {b,¢,d,e} 


Example 4.2: Let X be a cofinite topological space, i.e. the complements of finite sets and @ are 
the open sets. Then the closed sets are precisely the finite subsets of X together 
with X. Hence if A CX is finite, its closure A is A itself since A is closed. On 
the other hand, if A C X is infinite then X is the only closed superset of A; so A 
is X. More concisely, for any subset A of a cofinite space X, : 

: JA if A is finite 
A = eae erode 
\x if A is infinite 
The closure of a set can be completely described in terms of its limit points as follows: 
Theorem 5.6: Let A be a subset of a topological space X. Then the closure of A is the 
union of A and its set of accumulation points, i.e., 
2 A= AUA’ 


A point p €X is called a closure point or adherent point of ACX iff p belongs to the 
closure of A, ie. pEA. In view of the preceding theorem, p € X is a closure point of 
ACX iff p€ A or p is a limit point of A. 

Example 4.3: Consider the set Q of rational numbers. As seen previously, in the usual topology 
for R, every real number a €R is a limit point of Q. Hence the closure of Q is 
the entire set R of real numbers, ie. Q = R. 

A subset A of a topological space X is said to be dense in BCX if B is contained in 
the closure of A, ie. BCA. In particular, A is dense in X or is a dense subset of X 
iff A=X. 

Example 4.4: Observe in Example 4.1 that 
{a,c! = X and {b,d} = {b,c,d, e} 
where X = {a,b,c,d,e}. Hence the set {a,c} is a dense subset of X but the set {b, d} 
is not. 


Example 45: As noted in Example 4.3, Q=R. In other words, in the usual topology, the set Q 
of rational numbers is dense in R. 


The operator “closure”, assigning to each subset A of X its closure ACX satisfies the 
(four properties appearing in the proposition below, called the Kuratowski Closure Axioms. 
In fact, these axioms may be used to define a topology on X, as we shall prove subsequently. 


Proposition 5.7: (i) @=@; (ii) ACA; (iii) AUB = AUB; and (iv) (A7)> =A. 


INTERIOR, EXTERIOR, BOUNDARY 


Let A be a subset of a topological space X. A point pEA is called an interior point 
of A if » belongs to an open set G contained in A: 


pEeGca where G is open 
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The set of interior points of A, denoted by 
int(A), A or A°® 
is called the interior of A. The interior of A can also be characterized as follows: 


Proposition 5.8: The interior of a set A is the union of all open subsets of A. Further- 
more: (i) A° is open; (ii) A° is the largest open subset of A, ie. if G 
is an open subset of A then GC A° C A; and (iii) A is open iff A=A°. 


The exterior of A, written ext (A), is the interior of the complement of A, i.e. int (A‘). 
The boundary of A, written b(A), is the set of points which do not belong to the interior 
or the exterior of A. Next follows an important relationship between interior, exterior 
and closure. 


Theorem 5.9: Let A be any subset of a topological space X. Then the closure of A is the 
union of the interior and boundary of A, i. A = A° Ub(A). 


Example 5.1: | Consider the four intervals [a,b], (a,b), (a,b| and [a,b) whose endpoints are a 
and 6. The interior of each is the open interval (a,b) and the boundary of each 
is the set of endpoints, i.e. {a, b}. 


Example 5.2: Consider the topology 
T = {X, O, {a}, {c,d}, {a,¢,d}, {b,¢,d, e}} 


on X = {a,b,c,d,e}, and the subset A = {b,c,d} of X. The points ¢ and d are 


each interior points of A since 
c,d & {e,d} CA 


where {c,d} is an open set. The point b€A is not an interior point of A; 
so int(A) = {c,d}. Only the point a€X is exterior to A, ie. interior to the 
complement A¢ = {a,e} of A; hence int(A‘°) = {a}. Accordingly the boundary 
“of A consists of the points 6 and e, ie. b(A) = {0, e}. 


Example 5.3: Consider the set Q of rational numbers. Since every open subset of R contains 
both rational and irrational points, there are no interior or exterior points of Q; 
so int(Q) = @ and int(Q‘) = %. Hence the boundary of Q is the entire set of 
real numbers, ie. b(Q) = 


A subset A of aNtopological space X is said to be nowhere dense in X if the interior 
of the closure of A is empty, ie. int (A) = @. 


Example 5.4: | Consider the subset A = {1,4,4,4,...} of R. As noted previously, A has exactly 
one limit point, 0. Hence A = (0,1, 44.4, ...}. Observe that A has no interior 
points; so A is nowhere dense in R. 

Example 5.5: Let A consist of the rational points between 0 and l,i. A = {~: x€Q,0<a< 1}. 
Observe that the interior of A is empty, ie. int(A) = @. But A is not nowhere 
dense in R; for the closure of A is [0,1], and so 


int (A) = int ([0,1]) = (0,1) 
is not empty. 


NEIGHBORHOODS AND NEIGHBORHOOD SYSTEMS 


Let p be a point in a topological space X. A subset N of X is a neighborhood of ¢ 
iff N is a superset of an open set G containing p: 


pEGCcnNn where G is an open set 


In other words, the relation “N is a neighborhood of a point p” is the inverse of the relation 
“p is an interior point of N”. The class of all neighborhoods of p< X, denoted by W,, is 
called the neighborhood system of p. 


Example 6.1: Let @ be any real number, i.e. @ © R. Then each closed interval [a—5,a-+ 3], 
with center a, is a neighborhood of a since it contains the open interval (a—$§,a+ 8) 
containing a. Similarly, if p is a point in the plane R?, then every closed disc 
{q€& R2 : d(p,q) < 5 #0}, with center p, is a neighborhood of p since it contains 
the open disc with center p. 
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The central facts about the neighborhood system oe of any point p€X are the four 
properties appearing in the proposition below, called the Neighborhood Axioms. In fact, 
these axioms may be used to define a topology on X, as we shall note subsequently. 


Proposition 5.10: (i) WN, is not empty and p belongs to each member of J. 

(ii) The intersection of any two members of WN, belongs to WN, 
(iii) Every superset of a member of QV, belongs to QN,. 
( 


iv) Each member NEW, is a superset of a member GED, where G 
is a neighborhood of each of its points, i.e. GEN, for every g € G. 


CONVERGENT SEQUENCES 
A sequence (d1,d@,...) of points in a topological space X converges to a point DEX, 
or b is the limit of the sequence (a,), denoted by 
lima, = 6, lima, = b or Qa>b 


Nr 


iff for each open set G containing b there exists a positive integer mo. € N such that 
n>mno implies an. €G 
that is, if G contains almost all, i.e. all except a finite number, of the terms of the sequence. 


Example 7.1: Let (a1, a@9,...) be a sequence of points in an indiscrete topological space (X, {). 

Note that: (i) X is the only open set containing any point b€&X; and (ii) X con- 
* tains every term of the sequence (a,). Accordingly, the sequence (a,,@9,...) con- 
verges to every point bE X. 

Example 7.2: Let (a;,49,...) be a sequence of points in a discrete topological space (X, 2). Now 
for every point b€X, the singleton set {6} is an open set containing b. So, if 
ad, > 6, then the set {6} must contain almost all of the terms of the sequence. 
In other words, the sequence (a,) converges to a point b€& X iff the sequence is of 
the form (a, dy, ..., Ong» b, 6, b, ...). 


Example 7.3: Let T be the topology on an infinite set X which consists of @ and the complements 
of countable sets (see Problem 56). We claim that a sequence (a1,d,,...) in X 
converges to b€ X iff the sequence is also of the form (a, d9,..., Ang b,b,b,...), 


i.e. the set A consisting of the terms of (a,) different from 6 is finite. Now A is 
countable and so A°¢ is an open set containing b. Hence if a,b then A¢ contains 
all except a finite number of the terms of the sequence, and so A is finite. 


COARSER AND FINER TOPOLOGIES 


Let Ti and T2 be topologies on a non-empty set X. Suppose that each TJ1-open subset 
of X is also a T2-open subset of X. That is, suppose that 7, is a subclass of To, ie. 
T:C T2 Then we say that JT: is coarser or smaller (sometimes called weaker) than T» 
or that T2 is finer or larger than T;. Observe that the collection T = {Ti} of all topologies 
on X is partially ordered by class inclusion; so we shall also write 


TisT2 for Ti1iCT:2 


and we shall say that two topologies on X are not comparable if neither is coarser than 
the other. 


Example 8.1: | Consider the discrete topology ./, the indiscrete topology § and any other topology 
T on any set X. Then T is coarser than ) and T is finer than §. That is, 
ISTSD. 


Example 8.2: Consider the cofinite topology T and the usual topology U on the plane R2. Recall 
that every finite subset of R? is a U-closed set; hence the complement of any finite 
subset of R?, i.e. any member of J, is also a U-open set. In other words, T is 
coarser than U, ie. T < U. 
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SUBSPACES, RELATIVE TOPOLOGIES 


Let A be a non-empty subset of a topological space (X,7). The class 7, of all inter- 
sections of A with T-open subsets of X is a topology on A; it is called the relative topology 
on A or the relativization of T to A, and the topological space (A,T,) is called a subspace 
of (X,T). In other words, a subset H of A is a T,-open set, i.e. open relative to A, if and 
only if there exists a T-open subset G of X such that 


H= GNA 
Example 9.1: Consider the topology 
T = {X, O, {a}, {c,d}, {a,c¢,d}, {b, c,d, e}} 
on X = {a,b,c,d,e}, and the subset A = {a,d,e} of X. Observe that 
XNA =A, {a}N A = {a}, {a,c,d}n A = {a,d} 
@NA= @, {e,d}nA = {d}, {b,c,d,es}n A = {d,e} 


Hence the relativization of T to A is 
Ta = {A, Q, {a}, id}, {a, dj, {d, e}} 
Example 9.2: Consider the usual topology U on R and the relative topology T,4 on the closed 


interval A = [8,8]. Note that the closed-open interval [3, 5) is open in the relative 
topology on A, ie. is a T,-open set, since 


(3,5) = (2,5)N A 


where (2,5) is a T-open subset of R. Thus we see that a set may be open relative 
to a subspace but be neither open nor closed in the entire space. 


P 


EQUIVALENT DEFINITIONS OF TOPOLOGIES 


Our definition of a topological spacé gave axioms for the open sets in the topological 
space, that is, we used the open set as the primitive notion for the topology. We now 
state two theorems which exhibit alternate methods of defining a topology on a set, using 
as primitives the notions of “neighborhood of a point” and “closure of a set”. 


Theorem 5.11: Let X be a non-empty set and let there be assigned to each point pEX a 
class c4, of subsets of X satisfying the following axioms: 
[Ai] c4, is not empty and p belongs to each member of c4>. 
[A] The intersection of any two members of ¢4, belongs to c4>. 
{As] Every superset of a member of c4, belongs to cA». 
[As] Each member N & c4, is a superset of a member G € c/, such that 
G EA, for every g EG. 


Then there exists one and only one topology T on X such that c4, jis the 
T-neighborhood system of the point p © X. 


Theorem 5.12: Let X be a non-empty set and let k be an operation which assigns to each 
subset A of X the subset A® of X, satisfying the following axioms, called 
the Kuratowski Closure Axioms: 


[Ki] D*=9 

[Ko] ACA 

[Ks] (AUB) = AFUBE 
[Ki] (A*)* = A*® 


Then there exists one and only one topology T on X such that A* will be 
the T-closure of the subset A of X. 
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Solved Problems 


TOPOLOGIES, OPEN SETS 


1. 


Let X = {a,b,c,d,e}. Determine whether or not each of the following classes of 
subsets of X is a topology on X. 


(i) Ti = {X, QD, {a}, {a, b}, {a, cy} 

(ii) T2 = {X,@, {a,b,c}, {a,b, d}, {a, b,c, d}} 
(iti) Ts {X, D, {a}, (a, b}, {a, c,d}, {a, b,c, d}} 
Solution: 


(i) T, is not a topology on X since 
{a,b}, {a,c} € T, but {a,b} U {a,c} = {a,b,c} € T, 


ll 


(ii) Ty, is not a topology on X since 
{a,b,c}, {a,b,d} € Ty, but {a,b,c} m {a,b,d} = {a,b} € Te. 


(iii) Ts; is a topology on X since it satisfies the necessary axioms. 


Let T be the class consisting of R, @ and all infinite open intervals A, = (q,~) with 
g €Q, the rationals. Show that T is not a topology on R. 
Solution: 

Observe that A = U{A,:¢€Q@¢>V2} = (V2, ») 


is the union of members of T, but A €T since V2 is irrational. Hence T violates [O,] and is therefore 
not a topology on R. 


Let T be a topology on a set X consisting of four sets, i.e. 
T = {X,@, A, B} 

where A and B are non-empty distinct proper subsets of X. What conditions must 
A and B satisfy? 
Solution: 

Since ANB must also belong to T, there are two possibilities: 
Casel. ANB=9% 

Then AUB cannot be A or B; hence AUB = X. Thus the class {A, B} is a partition of X. 


Case Tl. AQNQB=A or ANB=8B 


In either case, one of the sets is a subset of the other, and the members of T are totally ordered 
by inclusion: @CACBcCX or @CBCACX. 


List all topologies on X = {a,b,c} which consist of exactly four members. 


Solution: 
Each topology T on X with four members is of the form T = {X,@,A,B} where A and B 
correspond to Case I or Case II of the preceding problem. 


Case I. {A,B} is a partition of X. 
The topologies in this case are the following: 
T, = {X,@, {a}, {b,c}}, T. = {X, D, {0}, {a, ch}, Ts = {X, D, {ec}, {a,b}} 
Case II. The members of T are totally ordered by inclusion. 
The topologies in this case are the following: 
Ty = {X, @, {a}, {a, b}} T; 
Ts = {X, @, {a}, {a, e}} Ts 
Te = {X, @, {0}, {b, c}} To 


I 


{X, D, {b}, {a, b}} 
{X, D, {c}, {a, c}} 
{X, D, {ce}, {b, c}} 


HW 
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Let f:X->Y be a function from a non-empty set X into a topological space (Y,U). 
Furthermore, let J be the class of inverses of open subsets of Y: 

T = {f [G]:Geu} 
Show that T is a topology on X. 


Solution: 
Since U is a topology, Y,OGU. But X = f-![Y] and @ = f-![O], so X,MET and T 
satisfies [O, ]. 


Let {A;} be a class of sets in T. By definition, there exist G,;@U for which A,;=f~1![G]. But 
iA, = Uf UG] = f-t[u. G] 
Since U is a topology, U;G;E&U, so U;A;ET, and T satisfies [O,]. 
Lastly, let A,,A2€T. Then 
4G,,G. € U suchthat A, =f-![G,], A, = f-!(G,] 


U 


But A, Az = f-4[G\) Nn f-1[@,] = f-4[G, G] 
and G,NG,€U. Thus A;NA,g€T and [Og] is also satisfied. 


Consider the second axiom for a topology T on a set X: 
{O.] The union of any number of sets in T belongs to T. 


Show that [O2] can be replaced by the following weaker axiom: 

[03] The union of any number of sets in T \ {X,@} belongs to T. 
In other words, show that the axioms [O,], [03] and [Os] are equivalent to the axioms 
[O.], [O2] and [Os]. 


Solution: 
Let T be a class of subsets of X satisfying [O,], [03] and [Os], and let cf be a subclass of T. 
We want to show that T also satisfies [QO], ie. that U{H: FE &c4} ET. 


Casel, XE. 
Then U{#H:E€c4} = X and therefore belongs to T by [0,]. 


Case Il. X ECA. 


Then U{E: FEA} = ULE: BES \ {X}} 
But the empty set @ does not contribute any elements to a union of sets; hence 
U{E:FE4} = ULE: FEEA\{X} = UE: FE A\{X,D} (1) 


Since e/ is a subclass of T, cf \ {X,@} is a subclass of T \ {X,@}, so by [05] the union in (1) 
belongs to T. 


Prove: Let A be a subset of a topological space X with the property that each point 
p €A belongs to an open set G, contained in A. Then A is open. 
Solution: 


For each point pe A, pEG,C A. Hence U{G,:p€A}=A and so A is a union of open sets 
and, by [Q,], is open. 


Let T be a class of subsets of X totally ordered by set inclusion. Show that T satisfies 
[Os], i.e. the intersection of any two members of T belongs to T. 
Solution: 
Let A,BET. Since T is totally ordered by set inclusion, 
either ANB=A or AnB=B8B 


In either case ANB ET, and so T satisfies [03]. 
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9. 


10. 


Let T be the class of subsets of R consisting of R, Y and all open infinite intervals 
Ea = (a,~) with a€R. Show that T is a topology on R. 


Solution: 
Since R and @ belong to 7, T satisfies [O,]. Observe that T is totally ordered by set inclusion; 
hence T satisfies [03]. 


Now let c4 be a subclass of T \ {X,@}, that is cf = {E,:i€I} where I is some set of real 
numbers. We want to show that U,EH; belongs to T. If I is not bounded from below, ie. if 
inf (7) = —», then U;Z,=R. If I is bounded from below, say inf (J) = ip, then U, EB; = (i, °) = Ei. 
In either case, U,;E;€T, and T satisfies [04]. 


Let T be the class of subsets of N consisting of @ and all subsets of N of the form 
E, = {n,n+1, n+2, ...} with nEN. 

(i) Show that T is a topology on N. 

(ii) List the open sets containing the positive integer 6. 


Solution: 
(i) Since @ and E£, = {1,2,3,...} = N belong to T, T satisfies (O,]. Furthermore, since T is 
totally ordered by set inclusion, T also satisfies [Os]. 


Now let cf be a subclass of IT \ {N,@}, that is, of = {H,:n€I} where I is some set of 
positive integers. Note that J contains a smallest positive integer n) and 
U{E, :nEl} = {ng m +1, m+2,...} = E,, 


which belongs to T. Hence T satisfies [05], and so T is a topology on N. 


(ii) Since the non-empty open sets are of the form 
E, = {n,n+1,n+2,...} 
with n EN, the open sets containing the positive integer 6 are the following: 
E, = N = (1,2,38,...} E, = {4,5,6,...} 
E, = {2,3,4,...} E; {5,6,7,...} 
E; = {3,4,5,...} Ke = {6,7,8,...} 


ACCUMULATION POINTS, DERIVED SETS 


11. 


Let T be the topology on N which consists of @ and all subsets of N of the form 
E, = {n,n+1, n+2, ...} where n EN as in Problem 10. 


(i) Find the accumulation points of the set A = {4, 18, 28, 37}. 
(ii) Determine those subsets F of N for which E’ =N. 


Solution: 

(i) Observe that the open sets containing any point p€N are the sets HE, where i=p. If Ny = 36, 
then every open set containing mp also contains 87€A which is different from ny; hence 1) = 36 
is a limit point of A. On the other hand, if ny > 36 then the open set E,, = {np, No t1,rg+2,...} 
contains no point of A different from mp. So my > 386 is not a limit point of A. Accordingly, 
the derived set of A is A’ = {1,2,3,...,34, 35, 36}. 


(ii) If # is an infinite subset of N then E is not bounded from above. So every open set containing 
any point pEN will contain points of EF other than p. Hence E’=N. 


On the other hand, if HE is finite then E is bounded from above, say, by NoEN. Then the 
open set Eyott contains no point of FE. Hence ny +1€EN is not a limit point of FE, and so 
E' #-N. 
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13. 


14. 


15. 
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Let A be a subset of a topological space (X,T). When will a point p€ xX not be a 
limit point of A? 


Solution: 
The point p€ X is a limit point of A iff every open neighborhood of p contains a point of A other 


than p, L.e., 
pEeG and GET implies (G\{p})AnA # @ 


So p is not a limit point of A if there exists an open set G such that 


peG and (G\{p}/)nA =O 


or, equivalently, peEG and GNA = @ or GNA = tp} 
or, equivalently, peEG and GNAC {p} 
Let A be any subset of a discrete topological space X. Show that the derived set A’ 


of A is empty. 


Solution: 
Let p be any point in X. Recall that every subset of a discrete space is open. Hence, in particular, 
the singleton set G = {p} is an open subset of X. But 


pEG and GNA = ({p}NA)C {p} 


Hence, by the above problem, p¢A’ for every pEX, ie. A’ =O. 


Consider the topology 
T = {X,9, {a}, {a,b}, {a,¢,d}, {a,b, c,d}, (a, b, e}} 
on X = {a,b,c,d,e}. Determine the derived sets of (i) A = {c,d,e} and (ii) B = {b}. 


Solution: 
(i) Note that {a, b} and {a, b,e} are open subsets of X and that 


a,b€ {a,b} and {a,b}nA = @ 
e€{a,b,e} and {a,b,e}N A = {e} 


Hence a,b and e are not limit points of A. On the other hand, every other point in X is a limit 
point of A since every open set containing it also contains a point of A different from it. 
Accordingly, A’ = {e, d}. 


(ii) Note that {a}, {a,b} and {a,c,d} are open subsets of X and that 
a€{a} and {a}nNnB = @ 
be {a,b} and {a,b}nN B = {b} 
c,d € {a,e,d} and f{a,¢e,dg}nB = @ 


Hence a, b,c and d are not limit points of B = {b}. But e is a limit point of B since the open sets 
containing e are {a, b,e} and X and each contains the point b€ B different from e. Thus B’ = {ce}. 


Prove: If A is a subset of B, then every limit point of A is also a limit point of B, i.e., 
ACB implies A’ Cc B’. 


Solution: 
Recall that pEA’ iff (G@\ {p})N A # @ for every open set G containing p. But B D A; hence 


(GN {p}) BD (GN) A # @ 


So p€A’ implies p€ B’, ie. A’ CB’. 
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17 


16. Let 7; and T2 be topologies on X such that J: C To, i.e. every T1-open subset of X is 


also a Ts-open subset of X. Furthermore, let A be any subset of X. 


i) Show that every T2-limit point of A is also a T1-limit point of A. 
(ii) Construct a space in which a 7,-limit point is not a T»-limit point. 


Solution: 


(i) Let p be a T.-limit point of A; ie. (G\ {p}}) NA #@ for every GET, such that pEG. But 
T,CTy»; so, in particular, (G@\ {p})N A # @ for every GET, such that pEG, ie. p is a 


T,-limit point of A. 


(ii) Consider the usual topology U and the discrete topology 2) on R. Note that UC since D 


contains every subset of R. By Problem 13, 0 is not a .A-limit point of the set A = {1 
since A’ is empty. But 0 is a limit point of A with respect to the usual topology on R. 


rbot, ee eS 


17. Prove: Let A and B be subsets of a topological space (X,7). Then (A UB)’ = A’ UB’. 


Solution: 
Utilizing Problem 15, ACAUB implies A’ Cc (AUB)’ 


BCAUB implies B’ c (AUB) 
So A’U B’ c (AUB)’, and we need only show that 
(AUB) c A'UB' 
Assume p ¢ A’UB’; thus 4G,H €T_ such that 
pEeG and GNAC {p} and pEH and HB Cc {p} 
But GNHET, p€GNH and 


(GNH) nN (AUB) = (@NHNA)U(GNHNB) Cc (GNA) U(ANB) Cc {p}U{p} = {p} 


Thus p¢(AUB)’, and so (AUB)’ Cc (A’UB’). 


CLOSED SETS, CLOSURE OPERATION, DENSE SETS 
18. Consider the following topology on X = {a,b,c,d,e}: 
T = {X,Q, {a}, {a,b}, {a,c,d}, {a,b,c,d}, {a, b, e}} 
{i) List the closed subsets of X. 
(ii) Determine the closure of the sets {a}, {6} and {c, e}. 
(iii) Which sets in (ii) are dense in X? 


Solution: 


(i) A set is closed iff its complement is open. Hence write the complement of each set in T: 


O, X, {b,c,d,e}, {c,d,e}, {b,c}, {e}, {e,d} 


(ii) The closure A of any set A is the intersection of all closed supersets of A. The only 
superset of {a} is X; the closed supersets of {b} are {b,e}, {b,c,d,e} and X; and the 


supersets of {c,e} are {c,d,e}, {b,c,d,e} and X. Thus, 
{a} =X, {b} = {b,c}, {c,e} = {e,d, e} 


(iti) A set A is dense in X iff A =X; so {a} is the only dense set. 


19. Let T be the topology on N which consists of @ and all subsets of N of the 


BE, = {n,n+1,n+2,...} where n EN as in Problem 10. 

(i) Determine the closed subsets of (N, T). 

(ii) Determine the closure of the sets {7,24,47,85} and {3,6,9,12,...}. 
(iii) Determine those subsets of N which are dense in N. 


Solution: 


(i) A set is closed iff its complement is open. Hence the closed subsets of N are as follows: 


N, —, {1}, {1, 2}, {1, 2, 3}, sey {1,2,...,m}, ae 


closed 
closed 


form 
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(ii) The closure of a set is the smallest closed superset. So 
{7,24,47,85) = {1/8).55;84,85)) £8;6,9,12),.) = 42, 3.0.) = N 


(iii) If a subset A of N is infinite, or equivalently unbounded, then A=N, ie. A is dense in N. If 
A ig finite then its closure is not N, ie. A is not dense in N. 


Let T be the topology on R consisting of R, @ and all open infinite intervals Ea = (a,~) 
where a ER. 


(i) Determine the closed subsets of (R, T). 

(ii) Determine the closure of the sets [8,7), {7,24, 47,85} and {3,6,9,12,...}. 

Solution: 

(i) A set is closed iff its complement is open. Hence the closed subsets of (R,7T) are %, R and all 
closed infinite intervals EG = (—~,a]. 

(ii) The closure of a set is the smallest closed superset. Hence 


(3, 7) = (—», 7], {7, 24, 47, 85} = (—~, 85], {8, 6, 9,12, ...} = (—~, ») = R 


Let X be a discrete topological space. (i) Determine the closure of any subset A of: X. 
(ii) Determine the dense subsets of X. 
Solution: 


(i) Recall that in a discrete space X any A C X is closed; hence A = A. 
(ii) A is dense in X iff A =X. But A =A, so X is the only dense subset of X. 


Let X be an indiscrete space. (i) Determine the closed subsets of X. (ii) Determine 
the closure of any subset A of X. (iii) Determine the dense subsets of X. 


Solution: 


(1) Recall that the only open subsets of an indiscrete space X are X and @; hence the closed subsets 
of X are also X and Q. 


(ii) If A=@, then A=@. If A¥Q, then X is the only closed superset of A; so A=X. That is, 


for any ACX, 
Rie ee @ if A=@ 
7 X if A¥@ 


(iii) ACX igs dense in X iff A =X; hence every non-empty subset of X is dense in X. 


Prove Theorem 5.4: A subset A of a topological space X is closed if and only if A 
contains each of its accumulation points, ie. A’ C A. 


Solution: 
Suppose A is closed, and let p€@A, ie. pE A‘. But A‘, the complement of a closed set, is open; 
hence p¢A’ for A¢ is an open set such that 
pEeAe and ACNA= @ 
Thus A’CA if A is closed. 


Now assume A’CA; we show that Ac is open. Let p€ Ac; then p€A’, so JF an open set G 
such that 
e peG and (GrY\{ip})NA=OD 


But p€A; hence GNA = (4\ {pp nA = @ 


So Gc A¢. Thus p is an interior point of A‘, and so A°¢ is open. 


Prove: If F is a closed superset of any set A, then A’ C F. 


Solution: 
By Problem 15, ACF implies A’ CF’. But F’ CF, by Theorem 5.4, since F is closed. Thus 
A' CF’ CF, which implies A’ CF. 
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25. Prove: A UA?’ is a closed set. 


26. 


27. 


28. 


29. 


Solution: 
Let pE(AVUA’)e, Since p¢A’, A an open set G such that 


peEG and GNA = @ or {p} 
However, p € A; hence, in particular, GNA = @. 
We also claim that GNA’ = @%. For if g€G, then 
g€G and GNA=@ 
where G is an open set. So g€A’ and thus Gn A’ = @. Accordingly, 
GN(AUA’) = (GNA)U(GNA’) = BUD = @ 


and so GC (AUA’)¢, Thus p is an interior point of (AUA’)¢ which is therefore an open set. 
Hence AUA’ is closed. 


Prove Theorem 5.6: A= AUA’. 
Solution: 


Since A C A and A is closed, A’ C (A)’ c A and hence AUA’CA. But AUA’ is a closed set 
containing A, so ACACAUA’. Thus A = AUA’, 


Prove: If ACB then ACB. 
Solution: 
If ACB, then by Problem 15, A’CB’. So AUA’CBUB’ or, by the preceding problem, A C B. 


Prove AUB = AUB. 
Solution: 

Utilizing the preceding problem, ACAUB and BCAUB; hence (AU B)cCAUB. But 
(A U B)c (A UB), a closed set since it is the union of two closed sets. Then (Proposition 5.5) 
(AUB)CAUBC(AUB) and therefore AUB = AUB. 


Prove Proposition 5.7: (i) @ = @; (ii) A C A; (iii) AU B =A UB; and (iv) (A~)> =A>. 
Solution: 

(i) and (iv): @ and A are closed; hence they are equal to their closures. (ii) ACAUA'=HA 
(Problem 26). (iii) Preceding problem. 


INTERIOR, EXTERIOR, BOUNDARY 


30. 


Consider the following topology on X = {a,b,c,d,e}: 
T = {X,Q@, {a}, {a,b}, {a,c,d}, {a,b, c,d}, (a,b, e}} 


(i) Find the interior points of the subset A = {a,b,c} of X. (ii) Find the exterior 
points of A. (iii) Find the boundary points of A. 
Solution: 
(i) The points a and 6 are interior points of A since 
a,b € {a,b} CA = {a,b,c} 


where {a,b} is an open set, i.e. since each belongs to an open set contained in A. Note that c 
is not an interior point of A since ¢ does not belong to any open set contained in A. Hence 
int (A) = {a,b} is the interior of A. 

(ii) The complement of A is Ac = {d,e}. Neither d nor e are interior points of A°¢ since neither 
belongs to any open subset of A‘* = {d,e}. Hence int(A‘c) = @, ie. there are no exterior 
points of A. 


(iii) The boundary b(A) of A consists of those points which are neither interior nor exterior to A. 
So b(A) = {e,d,e}. 
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Prove Proposition 5.8: The interior of a set A is the union of all open subsets of A. 
Furthermore: (i) A° is open; (ii) A° is the largest open subset of A, i.e. if G is an open 
subset of A then GCA° CA; and (iii) A is open iff A =A°. 
Solution: 

Let {G;} be the class of all open subsets of A. If «€ A°, then x belongs to an open subset of A, ie., 

¥i) suchthat wE Gi, 

Hence x€ U;G; and so A° C U;G; On the other hand, if y€U;G, then ye Gi, for some ty. 
Thus y€A°, and U;G;C A°. Accordingly, A° = U,G;. 
(i) A° = U,;G, is open since it is the union of open sets. 
(ii) If G is an open subset of A then GE {Gj}; so GC U;G, = ACCA. 
(iii) If A isopen then ACA°CA or A=A*%. If A =A° then A is open since A° is open. 


Let A be a non-empty proper subset of an indiscrete space X. Find the interior, 
exterior and boundary of A. 
Solution: 


X and @ are the only open subsets of X. Since X#A, @ is the only open subset of A; hence 
int(A) = @%. Similarly, int(A‘°) = Q@, ie. the exterior of A is empty. Thus b(A) =X. 


Let T be the topology on R consisting of R, @ and all open infinite intervals E, = (a, ~) 
where a€R. Find the interior, exterior and boundary of the closed infinite interval 
A = [7,%). 
Solution: 

Since the interior of A is the largest open subset of A, int (A) = (7,%). Note that Ac = (—»,7) 


contains no open set except @; so int(A‘) = ext(A) = @. The boundary consists of those points 
which do not belong to int (A) or ext (A); hence b(A) = (—~,7]. 


Prove Theorem 5.9: A = int(A) U b(A) 
Solution: 

Since X = int(A) Ub(A) Uext(A), (int(A) Ub(A))¢ = ext(A) and it suffices to show 
(A)¢ = ext (A). 

Let p © ext(A); then 3 an open G such that 

pEGcAe whichimplies GnNA=@ 

So p is not _a limit point of A,ie. p@A’, and p@A. Hence p € A'UA= A. In other words, 
ext (A) Cc (A). 

Now assume p € (A)¢ = (AUA’*. Thus pA’, so FJ an open set G such that 

pEG and (G\{p})nA = OD 


But also p@A, so GNA =@ and pEGCA*. Thus p€ext(A), and (A)¢ = ext (A). 


Show by a counterexample that the function f which assigns to each set its interior, i.e. 
f(A) = int(A), does not commute with the function g which assigns to each set its 
closure, i.e. g(A) = A. 

Solution: 


Consider Q, the set of rational numbers, as a subset of R with the usual topology. Recall 
(Example 5.3) that the interior of Q is empty; hence 


(9° f(Q) = g(f(Q)) = g(int(Q)) = 9%) = 9 = @ 
On the other hand, Q=R and the interior of R is R itself. So 
(fo9)(Q) = f(9(Q)) = FQ) = *(R) = RB 


Thus g°f # fog, or f and g do not commute. 
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NEIGHBORHOODS, NEIGHBORHOOD SYSTEMS 


36. 


37. 


38. 


39. 


40. 


41. 


Consider the following topology on X = {a,b,c,d,e}: 
T = {X,@, {a}, {a,b}, {a,c,d}, {a,b, c,d}, {a,b, e}} 
List the neighborhoods (i) of the point e, (ii) of the point c. 


Solution: 


(i) A neighborhood of ¢ is any superset of an open set containing e. The open sets containing e are 
{a,b,e} and X. The supersets of {a,b,e} are {a,b,e}, {a,b,c,e}, {a,b,d,e} and X; the only 
superset of X is X. Accordingly, the class of neighborhoods of e, i.e. the neighborhood system 


of e, is 
Ne = {{a,b,e}, (a,b,c, e}, {a,b,d,e}, X} 


(ii) The open sets containing c are {a,c,d}, {a,b,c,d} and X. Hence the neighborhood system of ¢ is 


N, = {{a,c,d}, {a,b, c,d}, {a,c,d,e}, X} 


Determine the neighborhood system of a point p in an indiscrete space X. 


Solution: 
X and @ are the only open subsets of X; hence X is the only open set containing p. In addition, 
X is the only superset of X. Hence WN, = {X}. 


Prove: The intersection NM of any two neighborhoods N and M of a point p is 
also a neighborhood of p. 


Solution: 
N and M are neighborhoods of p, so 4 open sets G,H such that 


pEGcNn and pEHcmM 
Hence p€GNHCNNM, and GNA is open, or NOM is a neighborhood of p. 


Prove: Any superset M of a neighborhood N of a point p is also a neighborhood of p. 


Solution: 
N is a neighborhood of p, so 3 an open set G such that pEGCN. By hypothesis, N C M, so 


pEGCNCM which implies pEGCM 
and hence M is a neighborhood of p. 


Determine whether or not each of the following intervals is a neighborhood of 0 under 
the usual topology for the real line R. (i) (—4,4], (ii) (—1,0], (iii) [0,2), (iv) (0, 1]. 


Solution: 


(i) Note that 0 © (—4,4) c (-4,$] and (—},4) is open; so (—4, 4] is a neighborhood of 0. 


(ii) and (iii) Any U-open set G containing 0 contains an open interval (a,b) containing 0, ie. 
a<0<; hence G contains points both greater and less than 0. So neither (—1,0] nor [0, 4) 
is a neighborhood of 0. 


(iv) The interval (0,1] does not even contain 0 and hence is not a neighborhood of 0. 


Prove: A set G is open if and only if it is a neighborhood of each of its points. 


Solution: 
Suppose G is open; then each point p€G belongs to the open set G contained in G. Hence G is a 
neighborhood of each of its points. 


Conversely, suppose G is a neighborhood of each of its points. So, for each point p€G, FI an 
open set G, such that pE€G,CG. Hence G=U {G,:p€G} and is open since it is a union of 
open sets. 
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42. Prove Proposition 5.10: Let N, be the neighborhood system of a point p in a topological 


space X. Then: 
(i) ‘N, is not empty and p belongs to each member of D,.. 
ii) The intersection of any two members of DQ, belongs to W,. 


(ii 

(ili) Every superset of a member of aN. belongs to N,: 

(iv) Each member N € WV, is a superset of a member G € NX, where G is a neighbor- 
hood of each of its points. 


Solution: 
(i) If NEN,, then J an open set G such that p© GCN; hence pEN. Note XEN, since X is 
an open set containing p; so N,~@. 


(ii) Proven in Problem 88. (iii) Proven in Problem 39. 


(iv) If NEW,, then N is a neighborhood of p, so 4 an open set G such that pEGCN. But by 
the preceding problem GE WN, and G is a neighborhood of each of its points. 


SUBSPACES, RELATIVE TOPOLOGIES 
48. Consider the following topology on X = {a,b,c,d,e}: 


44, 


45. 


46 


T = {X,Q@, {a}, {a,b}, {a,c,d}, {a,b, c,d}, {a, b, e}} 
List the members of the relative topology T, on A = {a,¢, €}. 
Solution: 
Ta = {ANG: GET}, so the members of Ty, are: 
ANX=A An {a} = {a} AN {a,c,d} = {a,c} AO {a,b,e} = {a, e} 
AN®=@ AN {a,b} = {a} AN {a,b,c,d} = {a,¢} 


In other words, T, = {A, @, {a}, {a,c}, {a,e}}. Observe that {a,c} is not open in X, but is 
relatively open in A, i.e. is T,-open. 


Consider the usual topology U on the real line R. Describe the relative topology U, 
on the set N of positive integers. 
Solution: 
Observe that, for each positive integer ny EN, 
{rm} = NO (r— 4, m+ 4) 
and (ng — 4, Ng + 3) is a U-open set; so every singleton subset {7 } of N is open relative to N. Hence 


every subset of N is open relative to N since it is a union of singleton sets. In other words, Uy is 
the discrete topology on N. 


Let A be a T-open subset of (X,T) and let AC YCX. Show that A is also open 
relative to the relative topology on Y, ie. A is a T,-open subset of Y. 


Solution: 
Ty = {¥YnG:GeET}, But ACY and AET; so A= YNAETY. 


Consider the usual topology U on the real line R. Determine whether or not each of 
the following subsets of J = [0,1] are open relative to J, ie. T,-open: (i) (4,1], 
(ii) (2,3), (iti) (0, 3]. 

Solution: 

(i) Note that (, 1]j=In (4, 3) and (4, 3) is open in R; hence (4, 1] is open relative to I. 


(ii) Since (4, 2) is open in R, ie. (4,2) © U, it is open relative I by the preceding problem. In fact, 
(4,3) = 10 (4,2) 


(iii) Since (0, 4] is not the intersection of J with any U-open subset of R, it is not U,-open. 
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47. 


48, 


Let A be a subset of a topological space (X,7). Show that the relative topology T, is 
well-defined. In other words, show that T, = {ANG:G€ET}_ is a topology on A. 
Solution: 

Since T is a topology, X and @ belong to T. Hence AN X =A and AN@® = @ both belong 
to T,4, which then satisfies [O,]. 

Now let {H;:i€ 1} be a subclass of T,4. By definition of T,, for each 1G] J a T-open set 
G, such that H,; = AG; By the distributive law of intersection over union, 


U,H,; = UU (ANG) = An(U;G) 
But U,;G;€T as it is the union of T-open sets; hence U;H,;€T,. Thus Ty, satisfies [O,]. 
Now suppose H,,H,@7,. Then 4 G,,G,€T such that H, = AQG, and Hy, = ANG. 
But G,9G,€T since T is a topology. Hence : 
AH, Ay = (ANG) N (ANG) = AN (G{NG) 
belongs to Ty. Accordingly, T, satisfies [O,] and is a topology on A. 


Let (X,7) be a subspace of (Y,7*) and let (Y,T*) be a subspace of (Z,T**). Show 
that (X,T) is also a subspace of (Z,T**). 


Solution: . 
Since X CY CZ, (X,T) is a subspace of (Z,T**) if and only if Toe =T. Let GET; now 


Ti = T, so AG*ET* for which G = XNG*. But T* = Te*, so 3IG**ET** such that 
G*¥ = YnqG**, Thus 

G=xXnG = XNYnG* = Xn G** 
since XC Y; so GET". Accordingly, T Cc Ty. 


Now assume GET x", ie. JIHET** such that G= XNH,. But YNHET}* = T* g0 


XN(YNH)ETE = T. Since XA(YAH) = XNH=G 


we have GET. Accordingly, Ty* CT and the theorem is proved. 


MISCELLANEOUS PROBLEMS 


49, 


50. 


dl. 


Let P(X) be the power set, i.e. class of subsets, of a non-empty set X. Furthermore, 
let k: P(X) > P(X) be the identity mapping, ie. for each A CX, k(A) =A. 

(i) Verify that k satisfies the Kuratowski Closure Axioms of Theorem 5.12. 

{ii} Determine the topology on X induced by k. 


Solution: 
(i) k(@) = %, so [K,] is satisfied. kK(AUB) = AUB = k(A) UK(B), so [Ks] is satisfied. 
k(A) = ADA, so [Ky] is satisfied. k({k(A)) = k(A), so [K4] is satisfied. 


(ii) A subset FCX is closed in the topology induced by & if and only if AF) =F. But k(A) =A 
for every ACX, so every set is closed and k induces the discrete topology. 


Let T be the cofinite topology on the real line R, and let (qi, a2,...) be a sequence in R 
with distinct terms. Show that (a.) converges to every real number p € R. 


Solution: 

Let G be any open set containing pCR. By definition of the cofinite topology, G* is a finite set 
and hence can contain only a finite number of the terms of the sequence (a,) since the terms are 
distinct. Thus G contains almost all of the terms of (a,), and so (a,) converges to p. 


Let T be the collection of all topologies on a non-empty set X, partially ordered by class 
inclusion. Show that T is a complete lattice, ie. if $ is a non-empty subcollection of T 
then sup (S) and inf (S) exist. 
Solution: 

Let T,= N{T:T7€S$}. By Theorem 5.1, J, is a topology; so T,;€T and T, = inf (S). 


Now let B be the collection of all upper bounds of §. Observe that B is non-empty since, for 
example, the discrete topology ./ on X belongs to B. Let JT. = N{T:T € B}. Again by Theorem 5.1, 
T, is a topology on X and, furthermore, T. = sup (S). 
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Let X be a non-empty set and, for each point p €X, let c4» denote the class of subsets 
of X containing p. 
(i) Verify that c4, satisfies the Neighborhood Axioms of Theorem 5.11. 
(ii) Determine the induced topology on X. 
Solution: 
(i) Since pEX, XEe4, and, so, e4,~%@. By hypothesis, p belongs to each member of c4,. Hence 
[A,] is satisfied. 
If M,N €c4,, then p€M and pEN, and so pEMaN. Hence MONEC, and so 
[A] is satisfied. 
If NEcA, and NCM, ie. if pENCM, then pEM. Hence MEc4, and so [As] is 
satisfied. 
By definition of c4,, every ACX has the property that A€cA, for every pEA. Hence [Ay] 
is satisfied. 


(ii) A subset A C X is open in the induced topology if and only if A €c4, for every pEA. Since 
every subset of X has this property, the induced topology on X is the discrete topology. 


Supplementary Problems 


TOPOLOGICAL SPACES 


53. 


54. 


55. 


56. 


oT. 


58. 


59. 


60. 


List all possible topologies on the set X = {a,b}. 


Prove Theorem 5.1: Let {T;: iG J} be any collection of topologies on a set X. Then the intersection 
1,T; is also a topology on X. 


Let X be an infinite set and let T be a topology on X in which all infinite subsets of X are open. Show 
that T is the discrete topology on X. “ 


Let X be an infinite set and let T consist of @ and all subsets of X whose complements are countable. 
(i) Prove that (X,T) is a topological space. 
(ii) If X is countable, describe the topology determined by T. 


Let 7 = {R2,@} U{G,:k GR} be the class of subsets of the plane R2 where 
G, = {e,y)ixyER, « >ytk} 


(i) Prove that T is a topology on R2. 
(ii) Is T a topology on R2 if “k GR” is replaced by “k EN”? by “kKEQ”’? 


Prove that (R2, 7) is a topological space where the elements of T are % and the complements of finite 
sets of lines and points. 


Let {p} be an arbitrary singleton set such that p@R; e.g. {R}. Furthermore, let R* = RU {p} and 
let T be the class of subsets of R* consisting of all U-open subsets of R and the complements (relative 
to R*) of all bounded U-closed subsets of R. Prove that T is a topology on R*. 


Let {p} be an arbitrary singleton set such that p@R; and let R* = RU {p}. Furthermore, let T 
be the class of subsets of R* consisting of all subsets of R and the complements (relative to R*) of all 
finite subsets of R. Prove that T is a topology on R*. 


ACCUMULATION POINTS, DERIVED SETS 


61. 


62. 


63. 


64. 


Prove: A’ UB’ = (AUB). 
Prove: If p is a limit point of the set A, then p is also a limit point of AN {p}. 
Prove: Let X be a cofinite topological space. Then A’ is closed for any subset A of X. 


Consider the topological space (R,T) where T consists of R, ( and all open infinite intervals 
E, = (a,~),a@€R. Find the derived set of: (i) the interval (4,10); (ii) Z, the set of integers. 
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65. Let T be the topology on R* = RU {p} defined in Problem 59. 


(i) Determine the accumulation points of the following sets: 
(1) open interval (a,b), a4,bER (2) infinite open interval (a,~), aER (3) R. 


~ 


(ti) Determine those subsets of R* which have p as a limit point. 


66. Let T, and T. be topologies on a set X with T, coarser than Ty, te. Ty C To. 


(i) Show that every Ty-accumulation point of a subset A of X is also a T,-accumulation point. 
(ii) Construct an example in which the converse of (i) does not hold. 


CLOSED SETS, CLOSURE OF A SET, DENSE SUBSETS 


67. Construct a non-discrete topological space in which the closed sets are identical to the open sets. 
68. Proves AnBCANB. Construct an example in which equality does not hold. 
69. Prove: A\BC(A\ 8B). Construct an example in which equality does not hold. 


70. Prove: If A is open, then ANBCAONOB. 


71. Prove: Let A be a dense subset of (X,T), and let B be a non-empty open subset of X. Then 
ANB#@. 


72. Let T, and Ty be topologies on X with T, coarser than Ty. Show that the T»-closure of any subset 
A of X is contained in the T,-closure of A. 


73. Show that every non-finite subset of an infinite cofinite space X is dense in Xx, 


74. Show that every non-empty open subset of an indiscrete space X is dense in X. 


INTERIOR, EXTERIOR, BOUNDARY 
75, Let X be a discrete space and let ACX. Find (i) int(A), (ii) ext(A), and (ji) b(A). 


76. Prove: (i) b(A)CA if and only if A is closed. 

(ii) b(A)Q A = ® if and only if A is open. 

(iii) b(A) = @ if and only if A is both open and closed. 
77, Prove. If ANB = QQ, then b(AUB) = b(A) Ub (B). 


78. Prove: (i) A°N B° = (ANB)°; (ii) APU BPC (AUB)°. Construct an example in which equality 
in (ii) does not hold. 


79. Prove: b(A°) Cc b(A). Construct an example in which equality does not hold. 
80. Show that int (A) U ext(A) need not be dense in a space X. (It is true if X = R.) 


81. Prove: Let T, and T2 be topologies on X with T, coarser than To, ie. T, C To, and let AC X. Then: 
(i) The Ty-interior of A is a subset of the T,-interior of A. 
(ii) The T,-boundary of A is a subset of the T,-boundary of A. 


NEIGHBORHOODS, NEIGHBORHOOD SYSTEMS 
82. Let X be a cofinite topological space. Show that every neighborhood of a point p€X is an open set. 


83. Let X be an indiscrete space. Determine the neighborhood system N, of any point pe Xx. 


84. Show that if ‘N, is finite, then N{N:NEN,} belongs to Np. 


SUBSPACES, RELATIVE TOPOLOGIES 


85. Show that every subspace of a discrete space is also discrete. 


86. Show that every subspace of an indiscrete space is indiscrete. 
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88. 


89. 


90. 
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Let (Y, Ty) be a subspace of (X,T). Show that HCY is Ty-closed if and only if EH = YF, where 
F is a T-closed subset of X. 


Let (A,T,) be a subspace of (¥,T). Prove that T, consists of the members of T contained in A, Le. 
T, = {(@:GCA,GET}, if and only if A is a T-open subset of X. 


Let (Y,Ty) be a subspace of (X,T). For any subset A of Y, let A and A° be the closure and interior 
of A with respect to T and let (A)y and (A°)y be the closure and interior of A with respect to Ty. 
Prove (i) (A)jy = ANY, (ii) A° = (A°%)yN Y°. 

Let A, B and C be subsets of a topological space X with CC AUB. If A, B and AUB are given 


the relative topologies, prove that C is open with respect to AUB if and only if CNA is open with 
respect to A and CB is open with respect to B. 


EQUIVALENT DEFINITIONS OF TOPOLOGIES 


91. 


92. 


93. 


94. 


95. 


53. 
56. 
64. 
65. 
67. 
75. 
80. 


Prove Theorem 5.11: Let X be a non-empty set and let there be assigned to each point p€X a class 
cA, of subsets of X satisfying the following axioms: 


[A,] 4, is not empty and p belongs to each member of c/4,. 

[A.] The intersection of any two members of c4, belongs to c4p. 

[A;] Every superset of a member of ¢4, belongs to.c4,. 

[A,] Each member N €c/, is a superset of a member G€c4, such that GEA, for every gea. 


Then there exists one and only one topology T on X such that c4, is the T-neighborhood system of 
the point pe Xx. 


Prove Theorem 5.12: Let X be a non-empty set and let k: P(X) > P(X) satisfy the following 
Kuratowski Closure Axioms: f 
[K,] k(@)=@, [K,] ACA), [Kg] K(AUB) = k(A)U KB), [Ky] k(k(A)) = k(A) 


Then there exists one and only one topology T on X such that k(A) will be the T-closure of ACX. 
Prove: Let X be a non-empty set and let 1: P(X) > P(X) satisfy the following properties: 

(i) (UX) =X, (ii) (A) CA, (iii) (AUB) = (A) UB), (iv) i{i(A)) = (A) 
Then there exists one and only one topology T on X such that i(A) will be the T-interior of ACX. 


Prove: Let X be a non-empty set and let # be a class of subsets of X satisfying the following 
properties: 

(i) X and @ belong to F. 

(ii) The intersection of any number of members of 7 belongs to F. 

(iii) The union of any two members of F belongs to F. 


Then there exists one and only one topology T on X such that the members of ¥ are precisely the 
T-closed subsets of X. 


Let a neighborhood of a real number p€R be any set containing p and containing all the rational 

numbers of some open interval (a,b) where a<p< b. 

(i) Show that these neighborhoods actually satisfy the neighborhood axioms and hence define a 
topology on the real line R. 

(ii) Show that any set of irrational numbers does not contain any accumulation points. 

(iii) Show that any sequence of irrational numbers, such as ( 7/2,7/8,7/4,... ), does not converge. 


Answers to Supplementary Problems 
{X, DO}, {X, {a}, D}, {X, {6}, O} and {X, {a}, (b}, O}. 
(ii) Discrete topology. 
(i) (—#, 10] (ii) R 
(i): (1) [a,b], (2) [a,%) U {p}, (8) R*. (ii) Unbounded subsets of R. 
X = {a,b,c}, T = {X, 9, {a,b}, {e}} 
(i) A, (ii) Ae, (iii) @ 
Let X = {a,b} be an indiscrete space and let A = {a}. 


Chapter 6 


Bases and Subbases 


BASE FOR A TOPOLOGY 


Let (X, T) be a topological space. A class B of open subsets of X, ie. BCT, isa base 
for the topology T iff - 


(i) every open set GET is the union of members of B. 
Equivalently, BC T is a base for T iff 
(ii) for any point p belonging to an open set G, there exists BEB with pE BCG. 


Example Li: The open intervals form a base for the usual topology on the line R. For if GC R 
is open and p € G, then by definition, 3 an open interval (a,b) with p € (a,b) CG. 
imilarly, the open discs form a base for the usual topology on the plane R2. 


Example 1.2: The open rectangles in the plane R?, 
bounded by sides parallel to the x-axis 
and y-axis, also form a base @ for the 
usual topology on R?. For, let Gc R® 
be open and p € G. Hence there exists 

yy) \,an open disc D, centered at p with 
\pED, CG, Then any rectangle BEB 
whose vertices lie on the boundary of 

~ Dy satisfies 


pEBcD,cG or pEBCcG 


as indicated in the diagram. In other 
words, B satisfies (ii) above. 


Example 13: Consider any discrete space (X,). Then the class B = {{p}:pEX} of all 
singleton subsets of X is a base for the discrete topology JD on X. ' For each single- 
ton set {p}. is Q-open, since every A C X is M-open; furthermore, every set is the 
union of singleton sets. In fact any other class B* of subsets of X is a base for 
L if and only if it is a superclass of B, i.e. B* DB. 


Gy 
We now ask the following question: Given a class B of subsets of a set X, when will 
the class B be a base for some topology on X? Clearly X = U{B: BEB} is necessary 
since X is open in every topology on X. The next example shows: that other conditions 
are also needed. 
Example 14: Let X = {a,b,c}. We show that the class @ consisting of {a,b} and {b,c}, ee 
B= {a,b}, {6, c}}, cannot be a base for any topology on X. For-then {a,6} and 
' {b,c} would themselves be open and therefore their intersection {a,b} n {b,c} = {b} 
would also be open; but {6} is not the union of members of B. 
The next theorem gives both necessary and sufficient. conditions for a class of sets to 
be a base for some topology. 


Theorem 6.1: Let B be a class of subsets of a non-empty set X. Then @ is a base for some 
topology on X if and only if it possesses the following two properties: 
(i) X = U{B:BeE8}. 
(ii) For any B,B* © 8B, BM B* is the union of members of B, or, equiva- 
lently, if p€ BOB* then 3B,€B such that p€ BpCBNB*, 
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Example 15: Let B be the class of open-closed intervals in the real line R: 
B= {(a,b]: a,bER, a < b} 


Clearly R is the union of members of B since every real number belongs to some 
open-closed intervals. In addition, the intersection (a, 6] M (e,d|] of any two open- 
closed intervals is either empty or another open-closed interval... For example, 


if a<e<bd<d then (a, 6] N (e,d] = (e, b| 
as indicated in the diagram below. 


a c 7) d 


Thus the class T consisting of unions of open-closed intervals is ‘a topology on R, i.e. 
B is a base for a topology T on R. This topology JT is called the upper limit 
topology on R. Observe that T # U. 


Similarly, the class of closed-open intervals, 
BX = {[a,b): a,b ER, a < db} 
isa base for a topology T* on R called the lower limit topology on R. 


, 


¢ 


SUBBASES 


Let (X,T) be a topological space. A class <f of open subsets of X, ie. SCT, ig a 
subbase for the topology T on X iff finite intersections of members of -f form a base for T. 


Example 2.1: Observe that every open interval (a,b) in the line R is the intersection of two 
’ infinite open intervals (a,) and (—~,}6): (a,b) = (a,°)N(—~,6). But the open 
\ intervals form a base for the usual topology on R; hence the class Of of all infinite 

“ open intervals is a subbase for R. 


Example 2.2: The intersection of a vertical and a horizontal infinite open strip in the plane R? 
: is an open rectangle as indicated in the diagram below. 


| 
| 
| 
| 


But, as noted previously, the open rectangles form a base for the usual topology 
on R%. Accordingly, the class <f of all infinite open strips is a subbase for R?. 


TOPOLOGIES GENERATED BY CLASSES OF SETS . 

Let c4 be any class of subsets of a non-empty set X. As seen previously, c4 may not 

be a base for a topology on X. However, c4 always generates a topology on X in the 
following sense: 

Theorem 6.2: Any class c4 of subsets of a non-empty set X is the subbase for a unique 

, topology T.on X. That is, finite intersections of members of c4 form a 

base for the topology T on X. = 

Example 3.1: Consider the following class of subsets of X = {a, b,c, d}: 

A = {{a,b}, {b,c}, {d}} 


Finite intersections of members of c4 gives the class 


ss ae {{a, b}, {b, c}, {d}, {b}, Q, X} 
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(Note X€ES since, by definition, it is the empty intersection of members of of. ) 
Taking unions of members of B gives the class 

T = {{a,b}, {b,c}, {d}, {6}, O, X, {a,b d}, {b, c,d}, {b, d}, {a, b, c}} 
which is the topology on X generated by the class ¢4. 


Let (X, <) be any non-empty totally ordered set. The tobalons on X generated by 
the subsets of X-of the form 


{f4EX:uax<p,pEX} or {(tEX: p<a, pEex} 
is called the order topology on X. Observe, by Example 2.1, that the usual topology 


on R is, in fact, identical to the (natural) order topology on R. 


The topology generated by a class of sets can also be characterized as follows: 

, Let c4 be a class of subsets of a non-empty set X. Then the topology T 
on X generated by c4 is the intersection of all topologies on X which 
contain c4. 


Proposition 6.3: 


LOCAL BASES 


Ww 
hy 


L “4 
Let » be any.arbitrary point in a topological space X. A class B, of open sets con- 
taining p is called a local base at p iff for each open set G containing p, IG, € By mah the 
property p € G, CG. 


Example 4. 


1: 


A 


J SO 


The following relationship between a base (“in the large’’) for a topology and a local 
base (“in the small’) at a point clearly holds: 


Proposition 6.4: 


Consider the usual topology on the plane R? and any point p & R?.. ‘Then the class 
B, of all open discs centered at p is a local base at p. For, as proven previously, 
ae open set G containing p also contains an open disc D, whose center is p. 


Similarly, the class of all open intervals (a — 6, a+ 8) in the line R with center 
a@€R is a local base at the point a. 


Let B be a base for a topology T on. X and let p © X. Then the members 
of the base B which contain p form a local base at the point p. 


Some concepts previously defined in terms of the open sets containing a point » can 
also be defined merely in terms of the members of a local base at p. For example, 


Proposition 6.5: 


Proposition 6.6: 


A point p in a topological space X is an accumulation point of ACX iff 
each member of some local base B, at p contains a point of A different 
from 7. ; 


A sequence (d1,@2,...) of points in a topological space X converges to 
p€X iff each member of some local base B, at p contains almost all of 
the terms of the sequence. 


The previous three propositions imply the following useful corollary. 


Corollary 6.7: 


Let B be a base for a topology T on X. Then: 


(i) 


_ (i) 


p €X is an accumulation point of ACX iff each open base set BEB 
containing p contains a point of A different from p; 


a sequence (a1, @2,...) of points in X converges to p © X iff each open 
base set BEB containing p contains almost all of the terms of the 
sequence. 
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Example 4.2: Consider the lower limit topology T on the real line R which has as a base the class 
of closed-open intervals (a, 6), and let A = (0,1). Note that G = [1,2) is a T-open 
set containing 1@R for which GNA = @; hence 1 is not a limit point of A. 
On the other hand, 0€R is a limit point of A since any open base set [a, 6) con- 
taining 0, i.e. for which a = 0 < b, contains points of A other than 0. 


Solved Problems 


BASES 


1. 


Show the ceilivalenve of both definitions of a base for a topology, that is, if B is a sub- 
class of T then the following statements are equivalent: 


(i) Hach G é ‘Tr is the union of members of B. 
(ii) For any point p belonging to an open set G, 4B, €@B such that p © B, CG. 


Solution: aa ; 
If Ga Us ,B,; where B,;€ B, then each point pE€G = U;B, belongs to at least one member 
oe in the uniion; so. =o 


\ peB,c U,B, = G 


On the other hand, if for each pEG, IB, E B such that pe B,CG, then 
G = U{B,: pe G} 


and’G is the ubjon of members of B. 


Determine whether or not each of the following classes of subsets of the plane R? is a 
base for the usual topology on R?: (i) the class of open equilateral triangles; (ii) the 
class of open squares with horizontal and vertical sides. ae : 

Solution: \ 


Both of the above classes are a base for the usual topology on R?. For let G be an open subset _ 
of R2 and let p€G. Then 4 an open disc D, centered at p such that p€ D, Cc G. Observe that. either 
an equilateral triangle or a square can be imaeribed in D, as indicated in the diagrams. below. ; 


Hence each class satisfies the second definition of a base for a topology. 


Let B be a base for a topology T on X and let B* be a class of open sets containing 8, 
ie. BC B* CT. Show that B* is also a base for T. 
Solution: i 


‘Let G be an open subset of X. Since B is a base for (X,T), G is the union of members of. B, i.e. 
G = U,;B,; where B,;EB. But BC B*; hence each B,;EB also belongs to B*. So G is the union 


of members of B*, ssid therefore B* is also a base for (X, T). 
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4, 


Let X be a discrete space and let B be the class of all singleton subsets of X, i.e. 
B= {{p}:p &X}. Show that any class B* of subsets of X is a base for X if and 
only if it is a superclass of SB. 
Solution: 

Suppose B* is a base for X. Since any singleton set {p} is open in a discrete space, {p} must be 
a union of members of B*. But a singleton set can only be the union of itself or itself with the 
empty set @. Hence {p} must be a member of B*, so BC B*, 

On the other hand, since B is a base for the discrete space X¥ (see Example 1.3), any superset of & 
is also a base for X. 


Prove Theorem 6.1: Let B be a class of subsets of a non-empty set X. Then @ is a 
base for some topology on X if and only if it satisfies the following two properties: 


(i) X = U{B: BEB}. 


(ii) For any B,B* € B, Bo B* is the union of members of B, or, equivalently, if 
p&BOB* then 38, €B such that pe B,C BN B*. 


Solution: 

Suppose B is a base for a topology T on X. Since X is open, X is the union of members of B. 
Hence X is the union of all the members of B, ie. X = U{B: BEB. Furthermore, if B,B*E@B 
then, in particular, B and B* are open. Hence the intersection BM B* is also open and, since B is 
a base for T, it is the union of members of B. Thus (i) and (ii) are satisfied. 


Conversely, suppose B is a class of subsets of X which satisfy (i) and (ii) above. Let T be the 
class of all subsets of X which are unions of members of B. We claim that T is a topology on X. 
Observe that BC T will be a base for this topology. 


By (i), X = U{B: BE B}; so XET. Note that @ is the union of the empty subclass of B, i.e. 
0 = UiB: BE YcCSB}; hence @ET, and so T satisfies [O,]. 


Now let {G;} be a class of members of T. By definition of 7, each G, is the union of members 
of @; hence the union U;G; is also the union of members of @ and so belongs to 7 Thus 7 
satisfies [O,]. 


Lastly, suppose G,H ET. We need to show that GOH also belongs to T. By definition 
of T, there exist two subclasses {Bj:i€7} and {B;:7€J} of B such that G = U,B,; and 
H = U;B;. Then, by the distributive laws, 

GOH = (U;B)N(U;B) = ULB,nB,: iEl, 7ES} 


But by (ii), B; B; is the union of members of B; hence GNA = U{B,N B;:i€I,j€J} is also 
the union of members of B and so belongs to T which therefore satisfies [0]. Hence T is a topology 
on X with base B. 


Let B and B* be bases, respectively, for topologies T and T* on a set X. Suppose 
that each B €B is the union of members of B*. Show that T is coarser than T*, i.e. 
Fe Tee, 
Solution: 

Let G be a T-open set. Then G is the union of members of B, i.e. G = U;B; where B; € B. 


But, by hypothesis, each B; © B is the union of members of B*, and so G = U;B, is also the union 
of members of @* which are T*-open sets. Hence G is also a T*-open get, and so TC T*. 


Show that the usual topology U on the real line R is coarser than the upper limit 
topology T on R which has as a base the class of open-closed intervals (a, bj. 
Solution: 
Note first that any open interval is the union of open-closed intervals. For example, 
(a,b) = U<(a,b—1/n}) : n EN} 
Since the class of open intervals is a base for U, by the preceding problem, UCT, ie. any U-open 
set is also T-open. 
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Consider the upper limit topology T on the real line R which has as a base the class of 
open-closed intervals (a, b]. (i) Show that the open infinite interval (4, ) and the closed 
infinite interval (—»,2| are T-open sets. (ii) Show that any open infinite interval 
(a,) and any closed infinite interval (—»,b] are T-open sets. (iii) Show that any 
open-closed interval (a, b] is both T-open and T-closed. 


Solution: 


(i) Observe that (4,e) = (4,5] U (4,6] U (4,7] U (4,8] U 


(=©,2] = (0,2] U (-1,2] U (-2,2] U 


Hence each is T-open since each is the union of members of the base for T. 


(ii) Similarly, : (a,~) = (a,a+1] U (a4,a4+2] U (a,at3}uU 
(-»,b] = (b—1,8] U (6-2, b] U (6-3, b] U (b—4, b] U 
Hence each is T-open. 


(iii) (a, bl¢ = (—~, a] U (b,~), and the two intervals on the right are open, so their union is open 
and therefore (a, b| is closed. But (a, 6] belongs to the base for T and so is also open. 


SUBBASES, TOPOLOGIES GENERATED BY CLASSES OF SETS 


9. 


10. 


Let X = {a,b,c,d,e} and let c4 = {{a,b,c}, {c,d}, {d,e}}. Find the topology 6n X 
enerated by ¢4. = ' 


oe] 


‘Solution: 


First compute the class B of all finite intersections of sets in c4: 
Bo = {X, {a,b,c}, {c,d}, {de}, {c}, {a}, O} 
(Note that X € B, since by definition X is the empty mierseevion of members of 4.) aes unions 
of members of @ gives the class lo 
To = {x, ta, b, c}, {c,d}, {d, e}, {c}, {d}, O, {a,b, c,d}, {e,d, e}} © 


which is the topology on X generated by c4. 
a 


x 


Determine the topology T on the Teal line R generated by the class <4 of all closed 
intervals [a, a+1] with length one. 
Solution: 

Let p be any point in R. Note that the closed intervals [p—1,p] and [p,p+1] belong to of 


as they have length one. Hence 
[p—1,p] 1 [p,pt+1] = {p} 


belongs to the topology T, ie. all singleton sets {p} are T-open, and so T is the discrete topology on X. 


] 


’ 


11. Let c4 be the class of all open half-planes H in the plane R? of the form 


H = {(@,y):u<a, oruw>a, ory<a, or y > a} 


(See diagrams below.) 


e<@ : “n> a@ 


Find the topology on R? generated by c4. 
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12 


13. 


14. 


15. 


16. 


Solution: 
Observe that every open rectangle B = {(x,y):a<a<b, c<y<d} is the intersection of the 


four half-planes 
A, = (%,y) i a< x} H, = {(@,y) :¢<y} 


Hy = {(a#,y) : @ < b} Hy = {(a,y) sy < d} 
Since each H € cf is U-open, and since the class of all open rectangles B is a base for the usual 


topology Uf on R?, the class e4 is a subbase for U. That is, c4 generates the usual topology on the 
plane R?. 


Consider the discrete topology 2 on X = {a,b,¢,d,e}. Find a subbase J for D which 
does not contain any singleton sets. 


Solution: 

Recall that any class B of subsets of X is a base for the discrete topology & on X iff it contains 
all singleton subsets of X. Hence -f is a subbase for ./ iff finite intersections of members of -f gives 
{a}, {b}, {ec}, {d} and {e}. So of = {{a, b}, {b,c}, {e, d}, {d, e}, {e, at} is a subbase for ./. 


Let </ be a subbase for a topology T on X and let A be a subset of X. Show that the 
class J, = {ANS : SES} is a subbase for the relative topology T, on A. 


Solution 
Bae H be a T,-open subset of A. Then H = AMG where G is a T-open subset of X. By 
hypothesis, -{ is a subbase for T; so 


G= Vi (Si, NS, 90 9 Sin,) where Sj, € of 
Hence H = ANG@ = An[Uj,S, 1 +++ 1 Sind| 
= UMANS,) A+ (ANSh)] 


Thus H is the union of finite intersections of members of -/, and therefore J, is a subbase for T,. 


Show that all intervals (a,1] and [0,b), where 0<a,b<1, form a subbase for the 
relative usual topology on the unit interval J = [0,1]. 


Solution: 
Recall that the infinite open intervals (a,~) and (—~,6) form a subbase for the usual topology 
on the real ine R, The intersection of these infinite open intervals with J = {0,1] are the sets 


(0,1, (a,1] and [0,6) which, by the preceding problem, form a subbase for J = [0,1]. But we can 
exclude the empty set @ and the whole space I from any subbase; so the intervals (a,1|) and {0, b) 
form a subbase for I. 


Show that if cf is a subbase for topologies T and T* on X, then T = T™. 


Solution: 
Suppose GET. Since -f is a subbase for T, G = U; (Si, fee Sin,) where Si, Eo. 
But -f is also a subbase for T* and so -f C T*; hence each Si, €T*. Since T* is a topology, 


Sian Sin, €7* and hence GET*, Thus TCT*. Similarly T* c T, and so T = T*. 


a 


Prove Theorem 6.2: Any class c4 of subsets of a non-empty set X is the subbase for 
a unique topology on X. That is, finite intersections of members of c4 form a base 
for a topology T on X. 
Solufion: 
We show that the class @ of finite intersections of members of c4 satisfies the two conditions in 

Theorem 6.1 for it to be a base for a topology on X: 

G) X = U{B: BE}. 

(ii) For any G,H €B, GOd4H_ is the union of members of B. 
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Note X € B, since X by definition is the empty intersection of members of ¢4; so 
xX = U{B: BEB} 
Furthermore, if G,H €&@, then G and H are finite intersections of members of c4. Hence 


G 4 is also a finite intersection of members of c4 and therefore belongs to B. Accordingly, B is a 
base for a topology IT on X for which ef is a subbase. The preceding problem shows that T is unique. 


Prove Proposition 6.3: Let c4 be a class of subsets of a non-empty set X. Then the 
topology TJ on X generated by c4 is the intersection of all topologies on X which 
contain c4. 


Solution: 

Let {7;} be the collection of topologies on X containing ¢4, and let T* = 1,7; Note that 
cACT*. We want to prove that T=T*. Since T is a topology containing c4, and T* is the 
intersection of all such topologies, we have T* C T. 


On the other hand, suppose G€T. Then by the definition of T, 
G= UU; (Si, nN Si, Aen Sin) where Si, EA 
Bat cA CT*, hence each Sj, € T*, Accordingly, Si, Ae A Sin, €T* and so 
G = Ui (Si, “7+ O Sin) © T* 


We have shown that GET implies GET*; hence TCT*. Consequently J = T*. 


- 


LOCAL BASES 


18. 


19. 


20. 


Prove Proposition 6.5: A point p in a topological space (X,T) is an accumulation point 
of A C X iff each member of some local base B, at p contains a point of A different 
from p. 


Solution: 
Recall p€ X is an accumulation point of A iff (@\{p}) NM A#@ for all GET such that 
p€eG. But B,C T, so in particular (B\ {p})N A#® for all BE B,. 


Conversely, suppose (B\ {p})N A#@ for all BEB,, and let G be any open subset of X 
containing p. Then 38B)€@, for which p€ ByCG. But then 


(GN {p}) NA D (BoN\ tp} NA # OD 
So (G\ {p})N A ¥Q, or p is an accumulation point of A. 


Prove Proposition 6.6: A sequence (ai,d2,...) of points in a topological space (X,T) 
converges to p€X iff each member of some local base B at p contains almost all of 
the terms of the sequence. 


Solution: 
Recall that a, — p iff every open set GET containing p contains almost all the terms of the 
sequence. But B, C T, so in particular each B € B, contains almost all the terms of the sequence. 


On the other hand, suppose every B © B, contains almost all the terms of the sequence, and 
let G be any open set containing p. Then 38) €@B, for which p€© ByCG. Hence G also contains 
almost all the terms of the sequence, and so (a,) converges to p. 


Show that every point p in a discrete space X has a finite local base. 


Solution: 

Note that the singleton set {p} is open since every subset of a discrete space is open. Accordingly 
the class B, = {{p}}, ie. the class consisting of the singleton set {p}, is a local base at p since 
every open set G containing p must be a superset of {p}. 
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21. 


re 


Consider the upper limit topology T on the real line R which has as a base the class of 
open-closed intervals (a,b]. Determine whether or not each of the following sequences 
converges to 0: 


G) (4 +.) (ii) (-1, -4,-4, ...) 
Solution: ‘ 
<(i) No. For the T-open set (—2,0] containing 0 does not contain any term of the sequence. 


(ii) Yes. For any open basic set (a, 6] containing 0, ie. for which a<0=6, 4Inp€&N_ such that 
a<—i/no <0. Hence n> ny implies. —1/n € (a, db}. 


Supplementary Problems 


o 


BASES FOR TOPOLOGIES 


26. 


22. Show that the class of closed intervals [a, 6], where a and 6b are rational and a< 6, is not a base for” 
a topology on the real line R. : : 
23. Show that the class of closed intervals [a,b], where a is rational and 6 is irrational and a<b, is a 
, base for a topology on the real line R. 
24. Let B be a base for a topology T on X and let A Cc X. Show that the class By = {ANG:GEB} 
is a base for the relative topology T,4 on A. 
Sag t ES 
25. Let B be the class of Kalf-open rectangles in the plane R? indi- 
cated in the diagrany.on the right, i.e. of the form 
{&, y) :a=a<be=y<d 
(i) Show that @ is a base for a topology T on R?, 
5 don 
(ii) Show that the relative topology I’, on the line 
A = {«,y): ety =0} 
is the discrete topology on A. A B 
~ (ii) Show that the relative topology T, on the line 
B= {(e,y): % = y} 
is not the discrete topology on B. 
Let B be a class of subsets of a non-empty set X totally ordered by set inclusion. Show that @ is a 
base for a topology on X provided that X = U{B: BE 8}. 
27. tShow that a topology J-on X is finite if and only if TJ has a finite base. 
SUBBASES « 
28. Let X-= {a,b,c,d,e}. Find the topology T on X generated by c4 = {{a}, {a,b,c}, {e, d}}. 
29. Determine the smallest subbase of for the discrete topology T on any non-empty set Xx, 
me 
30. Let of be the class of all closed intervals [a,b] where a and 6 are rational, ie. a,b EQ, and a< bd. 
Show, that SU {({p} : pEQ} is a base for the topology T on the real line R generated by oJ. 
31. Show that if of is a subbase for a topology T on X, then of NX %} is also a subbase for T. 
32. Let T and T* be the topologies on X generated respectively by c4 and c4*. 


Show that: (G) ef C c4* implies TcCT*; and (ii) 4Ce4* CT implies T = T*. 


96 


33. 


BASES AND SUBBASES ICHAP. 6 


Let -f be a subbase for a topological space X and let G C X be an open set containing a point p € X. 
Show that there exists a finite number of members of -f, say S;,So,...,Sm, With the property that 
pES,NSyN ++: NS, CG. 


LOCAL BASES 


34. 


35. 


36. 


37. 


38. 


39. 


28. 


37. 


38. 


39. 


Let (X,T) be a topological space and let c4 be a T-local base at p © X. Consider any subset A of X 
such that p» © A CX, and consider the relative topology T, on A. Show that the following class of 
subsets of A is a T,-local base at p€ A: Ay = {ANG: GE}. 


Let X be a topological space, let p © X, let N, be the neighborhood system at p and let B, be a local 
base at p. Show that every neighborhood of p contains a member of the local base at p; i.e. for every 
NEN,, IGEB, for which GCN. 


Show that if a point p has a finite local base B, then it also has a local base consisting of exactly 
one set. | 


Consider the upper limit topology T on the real line R which has as a base the class of open-closed 
intervals (a,b|. Determine whether or not each of the following sequences converges: 


(i) (1, 4, i, coeds (ii) (-1, -4, -}, noes (iii) (-l, 4, ~—4, 1, seeds 


Let T be the topology on the real line R generated by the class ~f of all closed intervals ja, b) where 
a and 6 are rational (see Problem 30). 


(i) Determine whether or not each of the following sequences converges: 


(a) (2+4,2+4,2+4,..., (0) W244, V2+4, V244, -.0 


(ii) | Determine the closure of each of the following subsets of R: 


(a) (2,4), (b) (¥2,5}, (ce) (-3,7), (d) A = {1,4,4,...}. 
(iii) Show that any finite subset of R is T-closed. 


Let -f be a subbase for a topological space X and let pe X. 
(i) Show by a counterexample that the class cf, = {SE -f:p€8S} need not be a local base at p. 
(ii) Show that finite intersections of members of -/, do form a local base at p. 


(iii) Show that a sequence (a,) in X converges to p if and only if every S € <f, contains all except a 
finite number of the terms of the sequence. 


Answers to Supplementary Problems 


T = {X, O, {a}, {c}, {a,c}, {c,d}, {a,b,c}, {a, c,d}, {a, b,c, d}} 
(i) No (ii) Yes (iii) No. 
(i): (a) No, (b) Yes. (ii): (a) (2,4), (b) [V2,5], (¢) (-3,z], (d) A. 


(ii) Hint. Use Problem 33. 


Chapter 7 


Continuity and Topological Equivalence 


CONTINUOUS FUNCTIONS 


Let (X, 7) and (Y, T*) be topological spaces. A function f from X into Y is continuous 
relative to T and T*, or T-T* continuous, or simply continuous, iff the inverse image 
f-*|H] of every T*-open subset H of Y is a T-open subset of X, that is, iff 

HeET* implies f-[H]) eT ; 
We shall write f:(X,T)>(Y,7*) for a function from X into Y when it is convenient to 
indicate the topologies involved. 
Example 1.1; | Consider the following topologies on X = {a, b,c, d} and Y = {x,y,z,w} respec- 
tively: 
T = {X, @, {a}, {a, b}, {a,b, ch}, T* = {Y, O, {x}, {y}, {x,y}, fy, 2, wh} 
Also consider the functions f:X—>Y and g:X-—-Y defined by the diagrams 


below: 
a x 
Wig 6 y 
c z 
d w 
f g 


The function f is continuous since the inverse of each member of the topology T* 
on Y is a member of the topology T on X. The function g is not continuous since 
{y,2,w} € T*, ie. is an open subset of Y, but its inverse image g~1[{y,z, wi) = 
{c,d} is not an open subset of X, i.e. does not belong to T. 


Example 1.28 Consider any discrete space (X, D) and any topological space (Y,T). Then every 
function f: X > Y is D-T continuous. For if H is any open subset of Y, its inverse 
f~1[H] is an open subset of X since every subset of a discrete space is open. 


Example 1.3: Let f:X-—-Y where X and Y are topological spaces, and let B be a base for the 

topology on Y. Suppose for each member B € ®B, f~1[B] is an open subset of X; 

= then f is a continuous function. For let H be an open subset of Y; then H = U,; Bi, 
a union of members of B. But 


f(A] = f-t[u,B] = vU,f-! [By 


and each f~![B;] is open by hypothesis; hence f~![H] is the union of open sets and 
is therefore open. Accordingly, f is continuous. 


We formally state the result of the preceding example. 


Proposition 7.1: A function f: X > Y is continuous iff the inverse of each member of a 
base B for Y is an open subset of X. 


This proposition can in fact be strengthened as follows: 


Theorem 7.2: Let <f be a subbase for a topological space Y. Then a function f:X7>Y 
is continuous iff the inverse of each member of of is an open subset of X. 
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Example 1.4:~ The projection mappings from the plane R? into the line R are both continuous 
relative to the usual topologies. Consider, for example, the projection 7:R?-R 
defined by z((z,y)) = y. Then the inverse of any open interval (a, b) is an infinite 
open strip as illustrated below: 


a~1[(a, b)] is shaded 


r Hence by Proposition 7.1, the inverse of every open subset of R is open in R?, ie. 


ld . : 
a is continuous. 


Example 1.5: The absolute; value function f on R, ie. f(a”) = |a| for «ER, is continuous. 
For if A =a@,b) is an open interval in R, then 
7) if a<b=0 
f—f[A] = (—b, b) if a<0<6 
(—b,-a) U(a,b) if O=a<b 


as illustrated below. In each case f~-1[A] is open; hence f is continuous. 


IN 


f(A] = @ fo {fA] = (~b, b) f-1[A] = (—b, ~a) U (a, b) 


Continuous functions can be characterized by their behavior with respect to closed sets, Ly 
as follows: 


Theorem 7.3: A function {:X->Y is continuous if and only if the inverse image of 
every closed subset of Y is a closed subset of X. 


CONTINUOUS FUNCTIONS AND ARBITRARY CLOSENESS 


Let X be a topological space. A point p€X is said to be arbitrarily close to a set | 
ACX if _ 
either (i) p€A or (ii) p is an accumulation point of A 
Recall that A = A UA’; so the closure of A consists precisely of those points in X which 
are arbitrarily close to A. Recall also that A = A° U b(A); hence p is arbitrarily close to 
A if p is either an interior or a boundary point of A. 
Continuous functions can also be characterized as those functions which preserve 
arbitrary closeness, namely, 
Theorem 7.4: A function f: X>Y is continuous if and only if, for any p € X and any 
ACX, ; 
p arbitrarily close to A > _ f(p) arbitrarily close to f[A| 


or . pEA > fp) EFA] 


or f(A] Cc fA] 
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CONTINUITY AT A POINT 


Continuity as we have defined it is a global property, that is, it restricts the way in 
which a function behaves on the entire set X. There also exists a corresponding local 
concept of continuity at a point. 

A function f:X—> Y is continuous at p€X iff the inverse image f~'[H] of every 
open set HCY containing f(p) is a superset of an open set GCX containing p or, 
equivalently, iff the inverse image of every neighborhood of f(p) is a neighborhood of 9, i.e., 


NEN > FUNLEN, 


Notice that, with respect to the usual topology on the real line R, this definition coin- 
cides with the «—8 definition of continuity at a point for functions f:R->R. In fact, the 
relationship between local and global continuity for functions f:R-~>R_ holds true in 
general, namely, 


Theorem 7.5: Let X and Y be topological spaces. Then a function f: X > Y is continuous 
if and only if it is continuous at every point of X. 


SEQUENTIAL CONTINUITY AT A POINT 
A function f: X > Y is sequentially continuous at a point p EX iff for every sequence 
(a,) in X converging to p, the sequence (f(a»)) in Y converges to f(p), i.e., 
an>p implies  f(an) > f(p) 


Sequential continuity and continuity at a point are related as follows: 


Proposition 7.6: If a function f: X > Y is continuous at p € X, then it is sequentially 
continuous at p. 


Remark: The converse of the previous proposition is not true. Consider, for example, 
the topology 7 on the real line R consisting of @ and the complements of 
countable sets. Recall (see Example 7.3 of Chapter 5) that a sequence (an) 
converges to p if and only if it has the form 


(di, Ar, . 2-5 Anos P,D,D,.. -) 


Then for any function /f: (R, 7) > (X,T*), 
(f(an)) = (f(ai), «. +5 F(Gny), F(p), F(p), F(p), «. -) 


converges to f(p). In other words, every function on (R, T) is sequentially con- 
tinuous. On the other hand, the function f(R,T)>(R,U) defined by f(x) = 42, 
ie. the identity function, is not T-U continuous since /f~*[(0,1)] = (0,1) is 
not a T-open subset of R. 


OPEN AND CLOSED FUNCTIONS 


A continuous function has the property that the inverse image of every open set is 
open and the inverse image of every closed set is closed. It is natural then to ask about 
the following types of functions: 


(1) A function f: X > Y is called an open (or interior) function if the image of every 
open set is open. 


(2) A function g:X-> Y is called a closed function if the image of every closed set 
is closed. 


In general, functions which are open need not be closed and vice versa. In fact, the 
function in our first example is open and continuous but not closed. 
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Example 21: Consider the projection mapping 7: R2—>R of the plane R? into the x-axis, ie. 
ia A w({x,y)) = #. Observe that the projection 7[/D] of any open dise DCR? is an 
open interval. Hence any point z(p) in the image 7[G] of an open set GC R? 

belongs to an open interval contained in |G], or z[G] is open. Accordingly, 7 is 


an open function. On the other hand, 7 is not a closed function, for the set - 


—~A = {(a,y): wy =1, « > 0} is closed, but its projection z[A] = (0,~) is not 
“ elosed. (See diagrams. below.) 


Dk 


HOMEOMORPHIC SPACES, 

A topological space (X,T) is, as we have seen, a set X together with a distinguished 
class T of subsets of X, satisfying certain axioms. Between any two such spaces (X,T) 
and (Y, T*) there are many functions f: X> Y. We choose-to discuss continuous, or open, 
or closed functions rather than arbitrary functions since it is these functions which preserve 
some aspect of the structure of the spaces (X,T) and (Y,T%).... 


“Now suppose there is some bijective (i.e. one-one and onto) mapping f:X->Y. Then 

f induces a bijective function {:P(X)> P(Y) from the power set of X, i.e. the class of 

subsets of X, into the power set of Y. If this induced function also takes T onto T*, ie. 

defines a one-to-one correspondence between the open sets in X and the open sets in Y, 

then the spaces (X,T) and (Y,T*) are identical from the topological point of view. 
epeciteally: 

- Two topological spaces X and Y are called homeomorphic or topologically 

equivalent if there exists a bijective (i.e. one-one, onto) function f:X->Y 

such that f and f-! are continuous. The function f is called a homeomorphism. 


A function f is called bicontinuous or topological if f is open and continuous. Thus 
f:X—Y is a homeomorphism iff f is bicontinuous and bijective. 


Example 3.1: Let X = (-1,1). The function f:X—>R defined by f(x) = tan $7a is one-one, 
onto and continuous. Furthermore, the inverse function f~! is alas continuous. 
Hence the real line R and the open interval (—1,1) are homeomorphic. 


. Example 3.2: Let X and Y be discrete spaces.. Then, as seen in Example 1.2, all functions from 
one to the other are continuous. Hence X and Y are homeomorphic iff there exists 
a one-one, onto function from one to the other, i.e. iff they are cardinally equivalent. 


- 
Proposition 7.7: The relation in any collection of topological spaces defined by “X is 
homeomorphic to Y” is an equivalence relation. 


Thus, by the Fundamental Theorem on Equivalence Relations, any collection of topo- 
logical spaces can be partitioned into classes of topologically equivalent spaces. 


TOPOLOGICAL PROPERTIES 


A property P of sets is called. topological or a topological invariant if whandver a 
topological space (X,T) has P then every space homeomorphic to (X,T) also has P. 
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Example 4.1: As seen in Example 3.1, the real line R is homeomorphic to the open interval 
X = (~1,1). Hence length is not a topological property since X and R have different 
lengths, and boundedness is not a topological property since X is bounded but R 
is not. 


Example 4.2: Let X be the set of positive real numbers, i.e. X = (0,%). The function f: X ~X 
defined by f(x) =1/x is a homeomorphism from X onto X. Observe that the 
sequence 

(Qn) a a, 4, 4, a ) 


corresponds, under the homeomorphism, to the sequence 

(f(@n)) = 1, 2,8, ...) 
The sequence (a,) is a Cauchy sequence; the sequence (f(a,)) is not. Hence the 
property of being a Cauchy sequence is not topological. 


Most of topology is an investigation of the consequences of certain topological properties 
as compactness and connectedness. In fact, formally topology is the study of topological 
invariants. In the next example, connectedness is defined and is shown to be a topological 
property. 

Example 4.3: A topological space (X, T) is disconnected iff X is the union of two open, non-empty, 
disjoint subsets, i.e. 
X =GUH where G,HET, GNH=Q but G,H#¥QD 
If f: X > Y is a homeomorphism then X = G UH if and only if Y = f{G} vu f{H} 
and so Y is disconnected if and only if X is. 


The space (X,T) is connected iff it is not disconnected. 


SS, 
TOPOLOGIES INDUCED BY FUNCTIONS 
Let {(Y,,7,)} be any collection of topological spaces and for each Y, let there be given 
a function f,: X > Y, defined on some arbitrary non-empty set X. We want to investigate 
those topologies on X with respect to which all the functions f, are continuous. Recall that 
f, is continuous relative to some topology on X provided the inverse image of each open 
subset of Y, is an open subset of X. Thus we consider the following class of subsets of X: 


JS = Uff (A): HET} 


That is, -J consists of the inverse image of each open subset of every space Y, The 
topology T on X generated by -J is called the topology induced (or generated) by the func- 
tions f, The main properties of T are listed in the next theorem. 


Theorem 7.8: (i) All the functions f, are continuous relative to T. 


(ii) T is the intersection of all the topologies on X with respect to which 
the functions f, are continuous. 


(ili) T is the smallest, ie. coarsest, topology on X with respect to which 
the functions f, are continuous. 


{iv) co is a subbase for the topology T. 
We shall call -S the defining subbase for the topology induced by the functions /,, i.e. 
the coarsest topology on X with respect to which the functions f, are continuous. 


Example 5.1: Let 7; and 7, be the projections of the plane R? into R, ie., 
my(x,y)} = @ and ml(x,y)) = y 


Observe, as illustrated below, that the inverse image of an open interval (a,b) in R 
is an infinite open strip in R?. 
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art [(a, b)] 751 [(a, b)] 
Recall that these infinite open strips form a subbase for the usual topology on R?. 


Accordingly, the usual topology on R2 is the smallest topology on R2 with respect 
to which the projections 7, and 7, are continuous. 


Solved Problems 


CONTINUOUS FUNCTIONS 


1; 


Prove: Let f:X-Y be a constant function, say f(x)=p EY, for every «EX. 
Then f is continuous relative to any topology T on X and any topology T* on Y.— 
Solution: 


We need to show that the inverse image of any T*-open subset of Y is a T-open subset of x, 
Let HET*. Now f(x) =p for all « € X, so 


e _. [X if peH 
ie a 3 if p@H 


In either case f—1[H] is an open subset of X since X and @ belong to every topology T on X. 


Prove: Let f:X-~>Y be any function. If (Y, 9) is an indiscrete space, then 
f:(X,T) > (¥, 4) is continuous for any T. 
Solution: ( iy : 
We want to show that the inverse image of every open subset of Y is an open subset of X. 
Since (Y, 4) is an indiscrete space, Y and @ are the only open subsets of Y. But 
“  fUY) =X, fI9) = @ 
and X and @ belong to any topology T on X. Hence f is continuous for any T. 


Let U be the usual topology on the real line R and 
let T be the upper limit topology on R which is gen- 
erated by the open-closed intervals (a, b|. Further- 4 

more, let f:R->R be defined by ; 


: x if «=1 
ror = | 


a+2 if «>1 


(See diagram on the right.) 


(i) Show that f is not U-U continuous. 
(ii) Show that f is T-T continuous. 
Solution: 


(i) Let A = (-3,2) Then f~1[A] = (~3,1]. Now AGU but f—1[A] ZU, so f is not U-U 
continuous. : 
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4, 


5. 


(ii) Let A = (a,b]. Then: 


(a, b| ifa<b=1 
(a, 1] ifa<1<b=8 
f-1 [4] és (a, b — 2| ifa<1<38<b 
0) if j=a<b=3 
(1, b— 2] if l=a<3<b 


(a-2,b—2]) if 3=a<b 


In each case, f~![A] is a T-open set. Hence f is T-T continuous. 


Suppose a function f:(X,71)>(Y,T2) is not T1-Tz continuous. Show that if T* is 
a topology on X coarser than T, and if Ty is a topology on Y finer than To, ie. T* C Ti 
and J, C 7,', then f is also not 7*-T* continuous. 


Solution: 
Since f:(X,7,) > (Y,T.)_ is not continuous, 


3GET, forwhich f-!(G]) 4T, 


Now, 7; CT, and TC 3. Hence GET. implies GET, and f-! [G] €T, implies 
f-1[G] € 77. Thus f is not continuous with respect to Ti and T3. 


Show that the identity function 7: (X,T)—>(X,T*) is continuous if and only if T is 
finer than T*, ie. T* CT. 


Solution: 
By definition, i is T-T* continuous if and only if 


Get > i[qer 


But i-!(G] = G, soi is T-T* continuous, if and only if 


GET* > GET 
that is, T* CT. i 


Prove Theorem 7.2: Let f:(X,T)>(Y,T*), and let cf be a subbase for the topology 
T* on Y. Then f is continuous if and only if the inverse of every member of the sub- 
base <f is an open subset of X, i.e. f-'[S] ET for every S Ec. 


Solution: 
Suppose f—1![S]@T for every S€f. We want to show that f is continuous, ie. GE T* 


implies f~'[G]ET. Let GET*. By definition of subbase, 
G= U; (Si, Meee N Sin,) where Si, Eo 


Hence, P(e) = FrULU MS, 9 tee N Sin,)| eS Ui FESO see 7 Sin] 

= YU, FT [Si] 9 +++ 9 FT? [Sin )) 
But S; © J implies f~} [Si,.] €T. Hence f—![G] ET since it is the union of finite intersections 
of open sets. Accordingly, f is continuous. 


On the other hand, if f is continuous then the inverse of all open sets, including the members 
of <f are open. 


Let f be a function from a topological space X into the unit interval [0,1]. Show 
that if f~'[(a,1]] and f~*[[0,b)] are open subsets of X for all 0<a,b<1, then 
f is continuous. 


Solution: 
Recall that the intervals (a,1] and [0, 6) form a subbase for the unit interval J = [0,1]. Hence 


f is continuous by the preceding problem, i.e. by Theorem 7.2. 
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10. 


11. 


12. 
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Prove: Let the functions f:X-Y and g: Y~>Z be continuous. Then the compo- 
sition function gof: X > Z is also continuous. 


Solution: 
Let G be an open subset of Z. Then g~1[G]| is open in Y since g is continuous. But f is also 
continuous, so f~![g~1[G]] is open in X. Now 


(g°A-[G) = Ft [g~*[G]] 


Thus (g°f)~![G] is open in X for every open subset G of Z, or, g°f is continuous. 


Prove: Let {Ti} be a collection of topologies on a set X. If a function f:X-Y is 
continuous with respect to each T;, then f is continuous with respect to the intersection 
topology JT = Ni Ti. 

Solution: 


Let G be an open subset of Y. Then, by hypothesis, f-1[G] belongs to each 7;. Hence f~![G| 
belongs to the intersection, ie. f~1{G] € N;T; = T, and so f is continuous with respect to T. 


Prove Theorem 7.3: A function f:X>Y is continuous if and only if the inverse 
image of every closed subset of Y is a closed subset of X. 
Solution: 

Suppose {:X-—Y is continuous, and let F be a closed subset of Y. Then F® is open, and so 
f-' [Fe] is open in X. But f-1[Fe] = (f-1[F])*; therefore f~![F] is closed. 

Conversely, assume F closed in Y implies f~![F] closed in X. Let G be an open subset of Y. 
Then G¢ is closed in Y, and so f~!(G¢] = (f-![G])«¢ is closed in X. Accordingly, f~1[G] is open and 
therefore f is continuous. 


Prove Theorem 7.4: <A function f:X->Y_ is continuous if and only if, for every 


subset A CX, f[A] C f[A]. 


Solution: ae 
Suppose {:X > Y is continuous. Now f[A] c f[A], so 


A c fu [f[A]] ¢c f71 [FAT] 


But /[A] is closed, and so f~![f[A]] is also closed; hence 
AcAc f-'!fffA]| 


and therefore f[A] c f[A} = f[f-t [f[Al]] 


Conversely, assume /[A] Cc f[A] for any A CX, and let F be a closed subset of Y. Set 
A = f-!(F|; we wish to show that A is also closed or, equivalently, that A=A. Now 


fA] = (FOF) c APF] = F =F 


Hence Ac f-{[f[A]] c flr] = A 


But AcA, so A=A and f is continuous. 


Prove: Let f:(X,T)->(Y,T*) be continuous. Then f,:(A,T,)>(Y,T*) is con- 
tinuous, where A CX and f, is the restriction of f to A. 
Solution: 

Observe that f,'(G] = ANf-1[G] for any GCY. 


Let GET*. Then f-1[GJET, andso Anf-1[G] ET, by definition of the induced topology. 
Thus An f-![@] = f,'[G]ETa4, so fa is continuous. 


CHAP. 7] CONTINUITY AND TOPOLOGICAL EQUIVALENCE 105 


CONTINUITY AT A POINT 


13. 


14. 


15. 


16. 


17. 


Under what conditions will a function f: X > Y not be continuous at a point p © X? 


Solution: 

A function f:X—>Y is continuous at pe X iff, for every open set HCY containing ftp), 
f~1[H] is a superset of an open set containing p. Hence f is not continuous at » @ X if there exists 
at least one open set H C Y containing f(p) such that f—![H} does not contain an open set containing p. 


Equivalently, f: XY is not continuous at p€ X iff 9 a neighborhood N of f(p) such that 
f-1[N] is not a neighborhood of p. 


Consider the following topology defined on X = 
{a, b, c,d}: 

T = {X, @, {a}, {b}, {a,b}, (b,c, d}} 
Let the function f:X-—>X be defined by the adjoin- 
ing diagram. 
(i) Show that f is not continuous at c. 
(ii) Show that f is continuous at d. 


Solution: 

(i) Observe that {a,b} is an open set containing f(c) = b and that f—1[{a,b}] = {a,c}. Hence f is 
not continuous at ¢ since there exists no open set containing e which is contained in {a,c}. 

(ii) The only open sets containing f(d) = c¢ are {b,c,d} and X. Note that f—1[{b,c,d}] = X and 
f-1[X] = X. Hence f is continuous at d since the inverse of each open set containing f(d) is an 
open set containing d. 


Suppose a singleton set {p} is an open subset of a topological space X. Show that for 
any topological space Y and any function f: XY, f is continuous at pE X. 
Solution: 


Let HCY be an open set containing f(p). But 
ioe S pes [Al > tercr Al 


Hence f is continuous at p. 


Prove: If f:X—Y is continuous at p € X, then the restriction of f to a subset con- 
taining p is also continuous at p. More precisely, let A be a subset of a topological 
space (X,T) such that p€ACX, and let f,:A->Y denote the restriction of 
f:X?Y to A. Then if f is T-continuous at p, f, will be T.,-continuous at p where 
T, is the relative topology on A. 


Solution: 
Let HCY be an open set containing f(p). Since f is continuous at p, 


AGET suchthat peEGcf [A] 


A 


said io pEANGCANf-![H] = fi! [A] 


But, by definition of the induced topology, AMG © T,; hence f, is T4-continuous at p. 


Prove Theorem 7.5: Let X and Y be topological spaces. Then a function f:X7>Y 
is continuous if and only if it is continuous at every point p € X. 
Solution: 

Assume f is continuous, and let H C Y be an open set containing f(p). But then pe f~1[H], 
and f—1(H] is open. Hence f is continuous at p. 

Now suppose f is continuous at every point p € X, and let H C Y be open. For every p © f—!(|H], 
there exists an open set G, C X such that p©G, Cf ![H]. Hence f-1[H] = U{G,: p € f—-! [A}} 
a union of open sets. Accordingly, f—~![H] is open and so f is continuous. 
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18. Prove Proposition 7.6: If a function f:X-—-Y is continuous at p€X, then it is 
sequentially continuous at p, ie. Qn>p > f(an) > f(p). 
Solution: 

We need to show that any neighborhood N of f(p) contains almost all the terms of the sequence 
(f(ay), f(a), .. +). 

Let N be a neighborhood of f(p). By hypothesis, f is continuous at p; hence M =f —1[Nj is a 
neighborhood of p. If the sequence (a,) converges to p, then M contains almost all the terms of the 
sequence (a, @2,...), ie. a, € M for almost all nE N. But 

a,€M > fla,) © f[M] = ff [N]] = N 


Hence f(a,) € N for almost all n € N, and so the sequence (f(a,)) converges to f(p). Accordingly, f is 
sequentially continuous at p. 


OPEN AND CLOSED FUNCTIONS, HOMEOMORPHISMS 


19. Give an example of a real function f:R-R such that f is continuous and closed, but 
not open. 
Solution: 


3 i . 
Let f be a constant function, say f(x) = 1 for all « © R. Then f(A] = {1} for any ACR. Hence 
f is a closed function and is not an open function. Furthermore, f is continuous. 


20. Let the real function f:R—R be defined by f(x) = x?. Show that f is not open. 
Solution: 
Let A = (1,1), an open set. Note that f[A] = [0,1), which is not open; hence f is not an open 
function. 
t 


21. Let B be a base for a topological space X. Show that if f: X> Y has the property 
that f[B] is open for every B € B, then f is an open function. 


Solution: 
We want to show that the image of every open subset of X is open in Y. Let GC X be open. By 
definition of a base, G = U;B; where B,E B. Now f[G] = f[U; Bi] = U;f[Bi]. By hypothesis, 


each f [B,] is open in Y and so f[G], a union of open sets, is also open in Y; hence f is an open function. 


22. Show that the closed interval A = [a,b] is homeomorphic to the closed unit interval 
I = (0,1). 
Solution: 
The linear function f:1>A defined by f(x) = (b—a)x+a_ is one-one, onto and bicontinuous. 
Hence f is a homeomorphism. 


23. Show that area is not a topological property. 


Solution: 

The open dise D = {(r,6):r <1} with radius 1 is homeomorphic to the open disc 
D* = {(r,6):r <2} with radius 2. In fact, the function f:D—>D* defined by f((r,6)) = (2r,6) 
is a homeomorphism. Here (r, 6) denotes the polar coordinates of a point in the plane R?. 


24. Let f: (X,T)>(Y¥,T*) be one-one and open, let A C X, and let f|A]=B. Show that 
the function f,:(A,T,) > (B, Tz) is also one-one and open. Here f, denotes the 
restriction of f to A, and T, and T 3 are the relative topologies. 


Solution: 
If f is one-one, then every restriction of f is also one-one; hence we need onl§ show that f, is open. 
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Let H CA be T,-open. Then by definition of the relative topology, H-= ANG where GET. 
Since f is one-one, f[4 9 G] = f[A] Nf[G], and so 


falH| = fH] = f[AnG| = f[Al sal = Ba fal 


Since f is open and GET, f[G]ET*. Thus Bn f[G]e€ T? and so f,:(A,T4) > (B, TR) is open. 


25. Let f:(X,T)>(¥,T*) be a homeomorphism and let (A,T7,) be any subspace of (X,T). 


26. 


27. 


Show that f,:(A,T,)>(B,T%) is also a homeomorphism where f, is the restriction 
of f to A, f[A]=B, and T? is the relative topology on B. 


Solution: 

Since f is one-one and onto, f,:A—->B, where B=f/A], is also one-one and onto. Hence we 
need only show that f, is bicontinuous, i.e. open and continuous. By the preceding problem f, is open. 
Furthermore, the restriction of any continuous function is also continuous; hence f,: (A,T,4) > (B, TR) 
is a homeomorphism. 


a 


Show that any interval A = (a,b) is connected as a subspace of the real line R. (See 
Example 4.3 for the definition of connectedness.) 
Solution: 


Suppose A is not connected. Then 3 open sets G,H CR such that ANG and AO ZA are non- 
empty, disjoint and satisfy (ANG)U(ANH) =A. Define the function f:A4->R by 


1 if eEAnG 
0 if e€ANA 


Then f is continuous, for. the inverse of any open set is either AN G, ANH, @ or A and so is open. 
But then the intermediate value theorem applies, so 3a)€A for which f(z) = 4. But this is 
impossible, so A is connected. 


f(x) 


ed 


Show that the following subsets of the plane R? are not homeomorphic, where the 
topologies are the relativized usual topologies: 


X = {x: d(x, po) =1 or d(x,p1)=1; po=(0,—1), pi = (0, 1} 


Solution: 
Suppose there exists a homeomorphism f: X > Y; let g = f(0), X¥* = X\ {0}, and Y* = Y\ {q}. 
Then f: X* > Y* is also a homeomorphism with respect to the relative topologies (see Problem 25). 


We show that Y* is connected. For if q = (5 + cos 6, sin @9), then the function 
g: (0,27) Y* defined by g(@) = (5 + cos (69+ 6), sin (6) + 6)) 
is a homeomorphism. But the interval (0,27) is connected, so Y* is also connected. 
On the other hand, X* is not connected; for the sets 
G = {(x,y): x > 0} and -H = {(x,y): « <0} 


are both open in R2, so G* = X*NG and H* = X*NH are open subsets of X*. Furthermore, 
G* and H* are non-empty, disjoint and satisfy G*UH* = X*. Since connectedness is a topological 
property, X* is not homeomorphic to Y* and therefore there can exist no such function f. 
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TOPOLOGIES INDUCED BY FUNCTIONS 


28. 


29, 


30. 


Let {fi: X> (Yi,Ti)} be a collection of constant functions from an arbitrary set x 
into the topological spaces (Yi,7;). Determine the coarsest topology on X with respect 
to which the functions f; are continuous. 
Solution: 

Recall (see Problem 1) that a constant function f:X—> Y is continuous with respect to every 
topology on X. Hence all the constant functions f,; are continuous with respect to the indiscrete 


topology {X,@} on-X. Since the indiscrete topology {X,@} on X is the coarsest topology on X, it is 
also the coarsest topology on X with respect to which the constant functions are continuous. 


Consider the following topology on Y = {a,b,¢,d}: 


T = £Y,Q, {ce}, {a,b,c}, {c,d}} 
Let X = {1, 2,3, 4} \und let the functions f: X > (Y,T) and g: X>(Y,T) be defined by 


g 

& 
Find the dcaniie subbase <f for the topology 7* on X induced by f and g, i.e. the 
coarsest topology with respect to which f and g are continuous. 


ry 
Solution: 


Reeall that of = {(f-'[A): HET} U (g-! (Al: HET} 
that is, of consists of the inverses under f and g of the open subsets of Y. Hence 


J = {X, QD, {1, 2, 4}, {3}, {2, 3}, {1, 2, 3}; {2, 3, 4h} “S 


Let T. be the topology on the real line R generated by the closed-open intervals [a, b), and 
let T*: be the topology on R induced by the collection of all linear functions 


f:R->(R,T) defined by f(x) =ax+b, a40ER 
Show that T* is the discrete topology on R. 


Solution: 
We want to shee that, for every p GR, the singleton set {p} is a T*-open set. Consider the 
T-open set A = [1,2) and the functions f:R->(R,T) and g:R-(R,T) defined by 
f(a) = 2«—-pt+1 and g(x) = —e—pt+1 
and illustrated below. 
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31. 


Now A €T implies 


f-1[A] = [p,p+1) and g~1[A] = (p—1,p| 
belong to the defining subbase -f for the topology T*. Hence the intersection 
(p—1,p] O [pe p+1) = {p} 


belongs to T*, and so T* is the discrete topology on R. 


Prove Theorem 7.9: Let {f,:X-~>(Y,7,)} be a collection of functions defined on an 
arbitrary non-empty set X, let 

| S = Ut [A]: HET} 
and let T be the topology on X generated by oJ. Then: 


(i) All the functions f, are continuous relative to T. 

(ii) If T* is the intersection of all topologies on X with respect to which the functions 
f, are continuous, then T = T*, 

(iii) T is the coarsest topology on X with respect to which the functions f, are continuous. 

(iv) o is a‘subbase for T. 

Solution: 


(i) For any function f;:(X,T7)>(Y,T,, if HET; then f,? [7|€-[CT. Hence all the f; 
are continuous with respect to T. 


(ii) By Problem 9, all the functions f; are also continuous with respect to T*; hence a} C T* and, 
since T is the topology generated by <f, T Cc T*. On the other hand, T is one of the topologies 
with respect to which the f; are continuous; hence T* C T and so T = T*. 


(iii) Follows from (ii). 
(iv) Follows from the fact that any class of sets is a subbase of the topology it generates. 


Supplementary Problems 


CONTINUOUS FUNCTIONS 


32. 


33. 


34. 


35. 


36. 


Prove that f: X>Y is continuous if and only if f—1[A°] c (f-1[A])° for every A CX. 


Let X and Y be topological spaces with X = EUF. Let f:E->Y and g: Fo Y, with f=g on 
ENF, be continuous with respect to the relative topologies. Note that A = fUg is a function from 
X into Y. (i) Show, by an example, that h need not be continuous. (ii) Prove: If E and F are both 
open, then kh is continuous. (iii) Prove: If HE and F are both closed, then h is continuous. 


Let f: X>Y be continuous. Show that f:X- /[X] is also continuous where f[X] has the relative 
topology. 


Let X be a topological space and let X4! X->R_ be the characteristic function for some subset A 
of X. Show that X4 is continuous at p € X, if and only if p is not an element of the boundary of A. 
(Recall x 4(@) =1 if «€A, and x42) =0 if «€ As) 


Consider the real line R with the usual topology. Show that if every function f: X > R is continuous, 
then X is a discrete space. 


OPEN AND CLOSED FUNCTIONS 


37. 


Let f:(X,T)>(Y,T*). Prove the following: 
(i) f is closed if and only if f(A] Cc f[A] for every ACX; 
(ii) f is open if and only if f[A°] C (f[A])° for every AC X. 
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38. Show that the function f: (0,%)-[-1,1] defined by f(x) = sin (1/a) is continuous, but neither open 
nor closed, where (0, ) and [—1,1] have the relativized usual topologies. 


39. Prove: Let f:(X,7)—>(Y,T7*) be open and onto, and let B be a base for TJ. Then {f[B]: BE B} 
is a base for T*. 


40. Give an example of a function f:X—>Y and a subset AC X such that f is open but fy, the 
restriction of f to A, is not open. 


HOMEOMORPHISMS, TOPOLOGICAL PROPERTIES 


41. Let f:X2Y and g:Y—>Z be continuous. Show that if gof:X—-2Z is a homeomorphism, then 
g one-one (or f onto) implies that f and g are homeomorphisms. 


42. Prove that each of the following is a topological property: (i) accumulation point, (ii) interior, 
(iii) boundary, (iv) density, and (v) neighborhood. 


43. Prove: Let f:X—2Y be a homeomorphism and let A Cc X have the property that An A’ = ~. 
Then f{[A] q (f[A])’ = @. (A subset A cC X having the property AMA’ = @ is called isolated. The 
property of being isolated is thus a topological property.) 


TOPOLOGIES INDUCED BY FUNCTIONS 


44, Consider the following topology on Y = {a,b,c,d}: T = {Y,Q@, {a,b}, {e,d}}. Let X = {1, 2,3, 4, 5} 
and let f:X->Y and g:X-Y be as follows: 


f = {(1,a), (2, a), (8, b), (4,6), 5, d)}, g = {(1,¢), (2,6), (3,4), (4,@), (5, ©} 
Find the defining subbase for the topology on X induced by f and g. 


45. Let f:X->(Y,T*). Show that if -f is the defining subbase for the topology T induced by the one 
function f, then -f = T. 


46. Prove: Let {f;: X > (Y;,T,)} be a collection of functions defined on an arbitrary set X, and let of; be 
a subbase for the topology J; on Y;. Then the class o/* = U;{f, ‘[S]:S€ of} has the following 
properties: (i) -{* is a subclass of the defining subbase <f of the topology T on X induced by the 
functions f,; (ii) -{* is also a subbase for T. 


47. Show that the coarsest topology on the real line R with respect to which the linear functions 
f:R->(R,U) defined by fiw) = axt+b, a,bER 


are continuous is also the usual topology U. 


Answers to Supplementary Problems 


33. (i) Let X = (0,2) and let EF = (0,1) and F = [1,2). Then f(#)=1 and g(*)=2 are each con- 
tinuous, but Ah = fUg is not continuous. ; 


44, {X, @, {1, 2,8, 4}, {5}, (2, 4}, {1, 3, 5}} 


45. Hint. Show that <f is a topology. 


Chapter 8 


Metric and Normed Spaces 


METRICS 


Let X be a non-empty set. A real-valued function d defined on X x X, i.e. ordered pairs 
of elements in X, is called a metric or distance function on X iff it satisfies, for every 
a,b,cE xX, the following axioms: 


[Mi] d(a,b)=0 and d(a,a)=0. 

IMz} (Symmetry) d(a,b) = d(b,a). 

[M;] (Triangle Inequality) d(a,c) = d(a,b) + d(b,c). 
[Mu] If a+b, then d(a,b) > 0. 

The real number d(a, b) is called the distance from a to b. 


Observe that [Mi] states that the distance from any point to another is never negative, 
and that the distance from a point to itself is zero. The axiom [Me] states that the 
distance from a point a to a point b is the same as the distance from b to a; hence we speak 
of the distance between a and b. 


[Ms] is called the Triangle Inequality because if a, b b 
and ¢ are points in the plane R? as illustrated on the right, 
then [Ms] states that the length d(a,c) of one side of the > Se 
triangle is less than or equal to the sum d(a,b) + d(b,c) o” 
of the lengths of the other two sides of the triangle. The 
last axiom [Mu] states that the distance between two dis- 
tinct points is positive. 


a d(a, ¢) e 


We now give some examples of metrics. That they actually satisfy the required axioms 
will be verified later. 


Example 1.1: | The function d defined by d(a,b) = |a—b|, where a and b are real numbers, is 
a metric and called the usual metric on the real line R. Furthermore, the function 
d defined by 
dp,q) = V (ay — by)? + (a2 — by)? 


where p = (@1,@2) and q = (b;,62) are points in the plane R2, is a metric and 
called the usual metric on R2. We shall assume these metrics on R and R2, respec- 
tively, unless otherwise specified. ? 


Example 1.2: Let X be any non-empty set and let d be the function defined by 
if a=—b 


x, 10 
ia G eT ees 


Then d is a metric on X. This distance function d is usually called the trivial 
metric on X. 


Example 13: Let (/0,1| denote the class of continuous functions on the closed unit interval [0, 1]. 
A metric is defined on the class ([0,1] as follows: 


1 
dif,9) = file) — g(@)| de 
“0 
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Here d(f,g) is precisely the area of the region which lies between the functions 
as illustrated below. 


mN 


d*(f,9) 


“) 


FP 


auf, 9) i is shaded 


Example 14: Again let C(0, 1 denote the collection of continuous functions on (0, 1]. Another 
~ metric is defined on ((0,1] as follows: , 
e a*(f,g) = sup {|f(x) — g(x)|: « € (0, 1}} ; 
; “Here d*(f,g) is precisely the greatest vertical gap between the functions as illus- 
ee trated above. 


Example 15: Let p = fa,,@ 2) and gq = (bj, bs) be arbitrary points in the plane R’, ie. ordered 
pairs of real numbers. The functions d, and dy defined by 


dy(p,q) = max (ja; — by], [ag — bo), d.(p,q) = |a,— 64] + |g — bal. 
are distinct metrics on R®. : 


A function p satisfying [Mi], [Me] and [Ms], ie. not necessarily [Mz], is called a 
pseudometric. Many of the results*for metrics are also true for pseudometrics. 


DISTANCE BETWEEN SETS, DIAMETERS 
Let d be a metric on a set X. The distance between a point p € X and a non-empty 
subset A of X is denoted and defined by 
-(p,A) = inf {d(p,a):a€ A} % 
i.e. the greatest lower bound of the distances from p to points of A. The distance between, 
two non-empty subsets A and B of X is denoted and defined by 
c d(A,B) = inf {d(a,b): aE A, DEB) 
i.e. the greatest lower bound of the distances from-points in A to points in B. 
The diameter of a non-empty subset A of X is denoted and defined by 
d(A) = sup {d(a,a’): a,a’ € A} . 
i.e. the least upper bound of the distances between points in A. If the diameter of A is 
finite, i.e. d(A) <o, then A is said-to be bounded; if not, ie. d(A) =, then A is said to 
be unbounded. 
Example 2.1: Let d be the trivial metric on a non-empty set X. Then for p€X and A,B CX, 
_ fl if péA 1 if ANB=Q. 
AO ey, {; if pEA’ . if ANB#O 
Example 2.2: Consider the following intervals on the real line R: A = [0,1), B = (1,2). 


If d denotes the usual metric on R, then d(A,B) = 0. On the other hand, 
: if d* denotes the trivial metric on R, then d*(A,B) =1 since A and B are disjoint. 


d(A,B) = 


The next proposition clearly follows from the above definitions: 


Proposition 8.1: Let A and B be non-empty subsets of X and let » € X. Then: 
(i) d(p, A), d(A,B) and d(A) are non-negative real numbers. 


(ii) If. peA, then d(p,A) = 0. 
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(iti) If ANB is non-empty, then d(A,B) = 0. 
(iv) If A is finite, then d(A)<~, ie. A is bounded. 


Observe that the-converses of (ii), (iii) and (iv) are not true. 


For the empty set @, the following conventions are adopted: 


OPEN SPHERES 


d(p,—) =~, aA,P)= dP, A)=~, dP) =~ 


Let d be a metric on a set X.. For any point p € X and any real number 8 > 0, we shall 
let Sa(p, 8) or simply S(p, 8) denote the set‘of points within a distance of 8 from p: 


We call S(p,8) the 


S(p,8) «= {x: d(p, x) < 8} 
aien sphere, aaa sphere, with center p and radius 8. Tt is also 


called a spherical neighborhood or ball. 


Example Bd: ? 


Example 3.2: 


c 


Example 3.3: 


Example 3.4: 


Consider the point p = (0,0) in th ‘plane R2, 


and the real number 6=1. If d is the usual 
metric on R2, then’ Sq(p, 8) is the open unit 
dise illustrated on the right. On the other 
hand, if d, and dy are the metrics on R2 
which are defined in Example 1.5, then 
Sa,(p, 8) and Sa,(P, $) are the subsets of R? 


which are illustrated below. 


Sa,(p, 8) is shaded Sa,(p, 3) is shaded 


Let d denote the trivial metric on some set X, and let »€X. Recall that the 
distance between p and every other point in X is exactly 1. Hence 


X if 6>1 
Sp, 8) = 1 if 81 


Let d be the usual metric on the real line R, i.e. d(a,b) = |a— bj]. Then the open 
sphere S(p, 8) is the open interval (p — 8, p+ 8). 


Let d be the metric on the collection C{0,1| of all continuous functions on {0,1} 


defined by 
d(f,g) = sup {|f(«) — g(a)|: « € [0,1]} 


(see Example 1.4). Given 8 >0 and a function fy€@([0,1], then thé open 
sphere S(fo, 5) consists of all continuous functions g which lie in the area bounded 
by fo— 8 and fyt 5, as indicated in the diagram below: 
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One important property of open spheres in metric 
spaces is given in.the next lemma. © 


Lemma 8.2: Let s be an open sphere with center p and 
radius 6) Then for every point q¢€S_ there 
exists an open sphere T centered at ¢ such 
that T is contained in S. (See the adjacent 
Venn diagram.) 


METRIC TOPOLOGIES, METRIC SPACES 


In general, the intersection of two open spheres need not be an open sphere. However, 
we will show.that every point in the intersection of two open spheres does belong to an - 
open sphere contained in the intersection. Namely, 


Lemma 83: Let S: and S2 be. open spheres and let p€S;MS:. Then there exists an 
open sphere S, with center p such that p € Sp C SiN S2. 


Hence by virtue of Theorem 6.1-we have 


Theorem 8.4: Thé class of open spheres in a set X with metric d is a base for a topology 
on X. 


Definition: | Let d be a metric on a non-empty set X. The topology JT on X generated by 
the class of open spheres in X is called the metric topology (or, the topology 
induced by the metric d). Furthermore, the set X together with the topology 
T induced by the metric d is called a metric space and is denoted by (X,d). 


ar 


Thus a metric space is a topological space in which the topology is induced by a metric. 
Accordingly, all concepts defined for topological spaces are also defined for metric spaces. 
For example, we can speak, about open sets, closed sets, neighborhoods, accumulation 
points, closure, etc., for metric spaces. 


Example 4.1: If d is the usual metric on the real line R, ie. d(a,b) = |a—b|, then the open 
spheres in R are precisely the finite open intervals. Hence the usual metric on R 
induces the usual topology on R. Similarly, the usual metric on the plane R2 
induces the usual topology on R?. 


Example 4.2: Let d be the trivial metric on some set X. Note that for any p€ X, S(p, 4) = {p}. 
~ Hence every singleton set is open: and so every set is open. In other words, the 
‘ trivial metric on X induces the discrete topology on X. 


Example 4.3: Let (X,d) be a metric space and let Y be a non-empty subset of X. The restriction 
of the function d to the points in the subset Y, also denoted by d, is a metric on Y. 
We call (Y,d) a metric subspace of (X,d). In fact, (Y,d) is a subspace of (X, d), 
ie. has the relative topology. 


Frequently the same symbol, say X, is used to denote both a metric space and the 
underlying set on which the metric is defined. j 


PROPERTIES OF METRIC TOPOLOGIES 


_ Since the topology of a metric space X is derived from a metric, one would correctly 
expect that the topological properties of X are related to the distance properties of X. 
For example, 


Theorem 8.5: Let p be a point in a metric space X. Then the countable class of open 
spheres, {S(p, 1), S(p, 4), S(p,4), ...} is a local base at p. 


Theorem 86: The closure A of a subset A of a metric space X is the set of points whose 


distance from A is zero, ie. A = {u: d(x, A) = 0}. 


ae Sorel 
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a Observe that ele [Mu] implies that the only point with zero distance from a singleton: 
set {p} is the point’p itself, “Le, 


ce d(z,{p}) = 0 implies « = p 
Hence by the preceding theorem, singleton sets {p} in a metric space are closed. Accord- 
ingly, finite unions of singleton sets, i.e. finite sets, are also closed. We state this result 


formally: 
Corollary 8.7: Ina metric space X all finite sets are closed. 


hus we see that a “metric space X possesses certain topological properties which do 
not hold for topological spaces in general. 


NO t follows an- “important “separation” property of metric spaces. 


Theorem ‘8.8 (Separation Axiom): Let A and B be closed disjoint subsets of a metric 
5 space X. Then there exist disjoint open sets G and H 


ae > such that ACG and BCH. (See Venn diagram 
° ‘ below.) . 
on —ee 

je a ne ra . \ 

{ \ ‘ » 

\ @ U \ I 
' H 
po ae ae hese -, Soe 


One might suspect froin: the above theorem that the distance between two disjoint 
closed sets is greater than zero. The next example shows that this is not true. 


Example 5.1: . Consider the following sets in the plane R? which are illustrated below: 
A = {(#,y): ey =-1,e<0}, B = {(x,y): ay =1, 4>0} 


Observe that A and B are both closed and disjoint. However, d(A,B) = 0. 


EQUIVALENT METRICS 


Two metrics d and d* on a set X are said to be equivalent iff they induce the same 
topology on X, ie. iff the d-open spheres and the d*-open spheres in X are bases for the 
same topology on X. 

Example 6.1: The usual metric d and the metrics d, and dg, defined in Example 1.5, all induce 


the usual topology on the plane R?, since the class of open spheres of each metric 
(illustrated below) is a base for the usual topology on R2. 


Salp, 8) Sa,(p, 8) 


Hence the metrics are equivalent. 
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Example 6.2: Consider the metric d on a non-empty set X defined by 
2 if a#b 
d(a, b 
(ape) 1; if a=6 
Observe that s,(p,1) = {p}; so singleton sets are open and d induces the discrete 
topology on X. Accordingly, d is equivalent to the trivial metric on X which also 
induces the discrete topology. 


The next proposition clearly follows from the above definition. 


Proposition 8.9: The relation “d is equivalent to d*” is an equivalence relation in any 
collection of metrics on a set X. 


METRIZATION PROBLEM 


Given any topological space (X,T), it is natural to ask whether or not there exists a 
metric d on X which induces the topology T. The topological space (X,T) is said to be 
metrizable if such a metric exists. 

Example 7.1: Every discrete space (X, ) is metrizable since the trivial metric on X induces 
the discrete topology 2D. 


Example 7.2: Consider the topological space (R,U), the real line R with the usual topology U. 
Observe that (R,U) is metrizable since the usual metric on R induces the usual 
topology on R. Similarly, the plane R? with the usual topology is metrizable. 


Example 7.38: An indiscrete space (X, 4) where X consists of more than one point is not metriz- 
able. For X and @ are the only closed sets in an indiscrete space (X, 4). But by 
Corollary 8.7 all finite sets in a metric space are closed. Hence X and @ cannot 
be the only closed sets in a topology on X induced by a metric. Accordingly, 
(X, 9) is not metrizable. 


The metrization problem in topology consists of finding necessary and sufficient topo- 
logical conditions for a topological space to be metrizable. An important partial solution 
to this problem was given in 1924 by Urysohn as a result of his celebrated Urysohn’s 
Lemma. It was not until 1950 that a complete solution to this problem was given 
independently by a number of mathematicians. We will prove Urysohn’s results later. 
The complete solution to the metrization problem is beyond the scope of this text and the 
reader is referred to the classical text of Kelley, General Topology. 


ISOMETRIC METRIC SPACES 


A metric space (X,d) is isometric to a metric space (Y,e) iff there exists a one-one, 
onto function f:X—> Y which preserves distances, i.e. for all p,q € X, 


d(p,q) = e(f(p), f(9)) 
Observe that the relation “(X,d) is isometric to (Y,e)” is an equivalence relation in any 
collection of metric spaces. Furthermore, 
Theorem 8.10: If the metric space (X,d) is isometric to (Y,e), then (X,d) is also homeo- 
morphic to (Y,e). 


The next example shows that the converse of the above theorem is not true, i.e. two 
metric spaces can be homeomorphic but not isometric. 


Example 8.1: Let d be the trivial metric on a set X and let ¢ be the metric on a set Y defined by 
if a¥b 

if a=b 

Assume that X and Y have the same cardinality greater than one. Then (X,d) 
and (Y,e) are not isometric since distances between points in each space are differ- 
ent. But both d and e induce the discrete topology, and two discrete spaces with 
the same cardinality are homeomorphic; so (X,d) and (Y,e) are homeomorphic. 


e(a,b) = {e 
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EUCLIDEAN m-SPACE 


Recall that R” denotes the product set of m copies of the set R of real numbers, i.e. 
consists of all m-tuples (a1,d2,...,@m) of real numbers. The function d defined by 


m m 


dpa) = V(ar—biP + -++ + (Gm—dm? = (ai— 6)? = > |a:— bi? 
i=1 i=1 
where p = (ai,...,@m) and g = (bi,...,0m), is a metric, called the Euclidean metric on 


R™. We assume this metric on R” unless otherwise specified. The metric space R” with 
the Euclidean metric is called Euclidean m-space and will also be denoted by E”. 


Theorem 8.11: Euclidean m-space is a metric space. 


Observe that Euclidean 1-space is precisely the real line R with the usual metric, and 
Euclidean 2-space is the plane R? with the usual metric. 


HILBERT SPACE 
The class of all infinite real sequences de 
(Q1,@2,...) such that Day < « 
n=1 


i.e. such that the series a? +az+ +--+ converges, is denoted by R”. 
Example 9.1: Consider the sequences 
p = (1,1,1,...) and q=Q454,4,4..-) 
Since 12+ 12+. ++ does not converge, p is not a point in R”. On the other 
hand, the series 1? + (4)? + (4)? + +--+ does converge; hence q is a point in R”. 


Now let p= (an) and q=(b,») belong to R®. The function d defined by 


d(p, q) = lan = b»|? 
n=1 
is a metric and called the l.-metric on R®. We assume this metric on R® unless otherwise 
specified. The metric space consisting of R” with the l-metric is called Hilbert space or 
l-space and will also be denoted by H. We formally state: 


Theorem 8.12: Hilbert space (or l:-space) is a metric space. 


Example 9.2: Let H,, denote the subspace of Hilbert space H consisting of all sequences of 


the form Oi tips ori Mae gn DAO 0h 2 38 


Observe that H,, is isometric and hence homeomorphic to Euclidean m-space by 
the natural identification 
(4, 2 +3 @my (hy, -- +> Op, 9,0, ..-) 


Hilbert space exhibits two phenomena (not occurring in Euclidean m-space) described 
in the examples below: 
Example 9.3: Consider the sequence (p,) of points in Hilbert space where pp = (@i_; Gen, ..-) IS 
defined by ay, = Si,3 Le. a, = 1 if i= k, and a, =0 if 1# k. Observe, as illus- 
trated below, that the projection (7;(p,)) of (p,). into each coordinate space con- 


verges to zero: 
Pi ae (1, 0, 0, 0, soe 


) 
Pg = (0, 1, 0, 0, 8 ) 
Pg = (0, 0, 1, 0, see) 
Pa = (0, 0, 0, 1, wee) 


Vd 
0 = (0,0,0,0,...) 


But the sequence (p,) does not converge to 0, since d(p,,0) =1 for every k EN; 
in fact, (p,) has no convergent subsequence. 


ia 
, 0,0 


118 METRIC AND NORMED SPACES [|CHAP. 8 


Example 9.4: Let H* denote the proper subspace of H which consists of all points in H 
whose first coordinate is zero. Observe that the function f:H—>H* defined by 
F((@,,@y,...)) = (0, a4, a,...) is one-one, onto and preserves distances. Hence 
Hilbert space is isometric to a proper subspace of itself. 


CONVERGENCE AND CONTINUITY IN METRIC SPACES 
The following definitions of convergence and continuity in metric spaces are frequently 
used. Observe their similarity to the usual «— 8 definitions. 
Definition: The sequence (di,a2,...) of points in a metric space (X,d) converges to 
b € X if for every « > 0 there exists a positive integer no such that 
n>mn implies d(an,b) <e 
Definition: Let (X,d) and (Y,d*) be metric spaces. A function f from X into Y is con- 
tinuous at p © X if for every «> 0 there exists a § > 0 such that 
d(p,x) <8 implies d*(f(p), M(x)) <« 


The above definitions are equivalent to the definitions of convergence and continuity 
(in the metric topology) which were given for topological spaces in general. 


NORMED SPACES 


Let V be a real linear vector space, that is, V under an operation of vector addition 
and of scalar multiplication by real numbers satisfies the axioms [Vi], [V2] and [Vs] of 
Chapter 2, Page 22. A function which assigns to each vector v € V the real number ||v|| 
is a norm on V iff it satisfies, for all v,w €V and k ER, the following axioms: 


INi]  |/v/| =O and |jvl|/=0 iff v=0 
[Ne] jv + wl] = lol] + [iro ))- 
[Na] ||ko|] = |) |e]. 
A linear space V together with a norm is called a normed linear vector space or saDIy, 
a normed space. The real number ||v|| is called the norm of the vector v. 
Theorem 8.13: Let V be a normed space. The function d defined by 
d(v,w) = ||v— w| 
where v,w €V, is a metric, called the induced metric on V. 


Thus every normed space with the induced metric is a metric space and hence is also 
a topological space. 
Example 10.1: The product set R” is a linear vector space with addition defined by 
(yy 2063 Om) + (by, +2, Om) = (y+ by, ~~~) Gin + Om) 
and scalar multiplication defined by 


k (ay, .--5@m) = (Kay, ..., kam) 


The function on R” defined by 


Il @a, we Om) || = Nr Beet itstehe Gin = > a7 = NP \a,|? 


is a norm and called the Euclidean norm on R™. Note that the Euclidean norm 
on R”™ induces the Euclidean metric on R™. If p = (a,,49,@3) is a point in R*, 
then ||p|| corresponds precisely to the “length” of the arrow (or vector) from the 
origin to the point p as illustrated below. 
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x 
“y 


Example 10.2: The following two functions are also norms on the linear space R”: 


I 


I] Qty ++ +5 Om) || max (@;|, |@9), ---, |@ml) 


[H@y, ese, Gm) |] = fay] + |@o] + ores + lay 


Let 7(X,R) be the collection of all real-valued functions on a non-empty set X. Recall 
(see Theorem 2. 9) that #(X,R) is a linear space with vector addition and scalar multipli- 
cation defined as follows: Pe D 

(f+g)(x) = f(z) + g(x) and  (kf)(a) = kf (x) 
We shall frequently want to study classes of functions with certain other properties such 
as boundedness, continuity, ete. We shall use the following result from linear algebra: 


Proposition 8. a ‘S Let c4(X,R) be a non-empty subcollection of #(X,R) satisfying the fol- 
~ 5 lowing two properties: 


Hs 


a - (i) If f,g €c4(X,R), then the sum f+g © c4(X,R). 
C (ii) If f €04(X,R) and &ER, then the scalar multiple 
kf © A(X,R). 
é Then ‘c4(X, R) is, itself, a linear vector space. ~ 
¢ 


Example 10.3: The class ([0,1] of all continuous real functions on the interval I = [0,1] is a 
linear space since the sum and scalar multiples of continuous functions are con- 
tinuous. The function on (0,1) defined by 


1 
Wil = feel ax 
0 
is a norm which induces the metric on ([0,1] defined in Example 1.3. 


Example 10.4: The function on the linear space C [0, 1} defined by 
, fl} =. sup {|f()| : & € [0, 1]} 


is also a norm. This‘norm induces the metric on C{0,1) defined in Example 1.4. 


Example 10.5: Let B(X,R) denote the subcollection of #(X,R) consisting of all bounded functions 
f:X—>R. Then B(X,R) is a linear space since the sum and scalar multiples of 
bounded functions are also bounded. The function on B(X,R) defined by 

fi] = sup {|f(@w)| : « € X} 


is a norm, c 


Example 10.6: We show later that the class R® of all real sequences (a,) such that S/a,|2 < « 
is a linear space. The function on R™ defined by 


Ia =f lanl? 


is a norm and called the l,-norm on R®. Observe that this norm induces the 
;-metric in Hilbert space. 
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Solved Problems 

METRICS 

1. Show that in the definition of a metric the axiom |M3] can be replaced by the following 


(weaker) axiom: 
[My] If a,b,¢€X are distinct then d(a,c) = d(a,b) + d(b,c). 
Solution: 
Suppose a=. Then 
d(a,c) = d(b,c) = d(b,b) + d(b,e) = d(a,b) + d(b,c) 
If b= c, the argument is similar. Lastly, suppose a = c; then 
d(a,c) = 0 = d(a,b) + d(b, ce) 
Thus the Triangle Inequality follows from [M,] if the points a, b and ¢ are not all distinct. 


Show that the trivial metric on a set X is a metric, i.e. that the function d defined by 


1 if ax#b 
iat f 

(a,b) jo ifa=b 
satisfies [Mi], [Mo], [Ms] and [Mu]. 


Solution: 
Let a,b€X. Then d(a,b)=1 or d(a,b)=0. In either case, d(a,b)=0. Also, if a=b 
then, by definition of d, d(a,b) = 0. Hence d satisfies [M,]. 


Let a,bEX. If a#b, then b¥a. Hence d(a,b)=1 and d(b,a)=1. Accordingly, d(a,b) = 
d{b,a). On the other hand, if a = b then b =a and therefore d(a,b) = 0 = d(b,a). Hence d satisfies 
[ME]. : 

Now let a,b,c X be distinct points. Then d(a,c)=1, d(a,b)=1 and d(b,c)=1. Hence 


and d satisfies [M31. AIGNER Sk eb AG DY eee) 


Lastly, let a,bE X and a#¥b. Then d(a,b)=1. Hence d(a,b) #0, and d satisfies (My,]. 


Let d be a metric on a non-empty set X. Show that the function e defined by 
e(a,b) = min(1, d(a, b)) 
where a,b € X, is also a metric on X. 


Solution: 
Let a,b€ X. Since d is a metric, d(a,b) is non-negative. Hence e(a,b), which is either 1 or 
d(a, 6), is also non-negative. Furthermore, if « = b then 


e(a,b) = min(1,d(a,b)) = min(1,0) = 0 
Hence e satisfies [M,]. 


Now let a,b EX. By definition e(a,b) = d(a,b) or e(a,b) = 1. Suppose e(a,b) = d(a,b); 
then d(a,b) <1. Since d is a metric, d(b,a) = d(a,b) < 1. Consequently, 


e(b,a) = d(b,a) = d(a,b) = e(a, b) 
On the other hand, suppose e(a,b) =1; then d(a,b) = 1. Hence d(b,a) = d(a,b) = 1. Consequently, 


e(b,a) = 1 = ef{a,b) 
In either case e satisfies [M)]. 


Now let a,b,c € X. We want to prove the Triangle Inequality 
e(a,c) = e(a,b) + e(b,c) 
Observe that e(a,c) = min(1,d(a,c)) = 1. Hence if e(a,b) = 1 or e(6,c) = 1, the Triangle 
Inequality holds. But if both e(a,b) <1 and e(b,c) <1, then e(a,b) = d(a,b) and e(b,c) = d(b,c). 
BCCORAINEN of aye = pea (dale, Bie = vans oh debe Alb, 2) “=e, BYR whe) 
Thus in all cases the Triangle Inequality holds. Hence e satisfies [Mg]. 


Finally, let a,b€X and a#b. Then d(a, b) #0. Hence e(a,b) = min(i1, d(a,b)) is also 
not zero. Thus e satisfies [M,]. pre = 
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4, 


Let d be a metric on a non-empty set X. Show that the function e defined by 


es d(a, b) 
BGO) oS aa aa 


where a,b € X, is also a metric on X. 


Solution: 
Since d is a metric, e clearly satisfies [M,], [M.] and [M,]. Hence we only need to show that 
e satisfies [M3], the Triangle Inequality. Let a,b,c € X; then 


d(a, b) d(a, b) 
1+ d(a,b) + d(b,c) ~ 1+ d(a,b) e(a, b) 
aes) (b,c) 
and 1 + d(a,b) + d(b,c) ~ 1+ d(b,c) e(b, c) 


Since d is a metric, d(a, c) = d(a,b) + d(b,c). Hence 


d(a, ¢) - d(a,b) + d(b,¢) 
1 + d{a, ec) 1 + d(a,b) + d(b,c) 


\ 


e(a, c) 


d(a, b) d(b, c) 


= + TF a,b) + db.) 


1 + d(a,b) + d(b,e) eG, Bh ctce(b, 8) 


Thus e is a metric. 


OPEN SPHERES 


5. 


Prove Lemma 8.2: Let S be an open sphere with center p and radius 8, i.e. S = S(p, 8). 
Then for every point q € S there exists an open sphere T centered at q such that T is 
contained in S. 
Solution: 
Now d(q,p)<6 since q&S=S(p,s). Hence 
e = &-d(q,p) > 0 
We claim that the open sphere T = S(qg,e), with center q 


and radius ec, is a subset of S. 


Let «€ T= S(q,ec). Then d(x%,q)<e=8—d(q,p). So, by 
the Triangle Inequality, 
d(x, p) = d(x,q) + d(q,p) < [8 — d(q,p)] + d(g,p) = 8 


Thus x €S = S(p,8) since its distance from p is less than 8. 
So x€T implies x €S, i.e. T is a subset of S (as indicated in 
the adjacent Venn diagram). 


Let 8; and 8» be real numbers such that 0 < 8; = 8. Show that the open sphere S(p, 81) 
is a subset of the open sphere S(p, 82). 


Solution: 
Let x © S(p,8,). Then d(x, p) < 8, = 83. Hence x © S(p,5,) and thus S(p,8,) C S(p, 8»). 


Show that if S and T are open spheres with the same center, then one of them is a 
subset of the other. 
Solution: 


Say S = S(p,8,) and T = S(p,8,), ie. S and T have the same center p with radii 6, and 8% 
respectively. But either 5, = 5, or 5, = 5,.. Hence by the preceding problem either Sc T or TCS. 
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8. Prove Lemma 8.3: Let S; and S2 be open spheres and let p€SiMS2. Then there 
exists an open sphere S, with center p such that p€S,CS8iM Sp. 
Solution: 
Since p©&S, and S,; is an open sphere, there exists by 
Lemma 8.2 an open sphere st with center p such that pES; CS. 
Similarly there exists an open sphere S> with center p such that 
pe S3 CS». Now St and S> each has center p; so by Problem 7 St 
one of them, say S;, is contained in the other. Thus we have 


pES;CS, and p€S; CSCS 


Accordingly, p€S;CS,n Sy. Hence we may take S, = re 
(See adjacent diagram.) 


METRIC TOPOLOGIES 

9. Prove: Let X be a metric space, and let ”, denote the class of open spheres with center 
peExX. Then ”, is a local base at p. 
Solution: 

Let G be an open subset of X containing p. Since the open spheres in X form a base for the 

metric topology, 7 an open sphere S such that p@ SCG. But by Lemma 8.2 4 an open sphere 
S, € Dy», ie. with center p, such that pES,c SCG. Hence DP, is a local base at p. 

10. Prove Theorem 8.5: Let X be a metric space. Then the countable class of open spheres 

ZF = {S(p,1), S(p, 3), S(p, 3), ---} 

with center p € X, is a local base at p. 


Solution: 
Let G be an open subset of X containing p. By the preceding problem, 3 an open sphere S(p, 8) 
with center p such that p€S(p,8)CG. Since 6 >0, 


3ny€&N  suchthat 1/n) <5 


Accordingly, p © S(p,1/n) C S(p,6) C G@ where S(p,1/n)€ FY. Hence & is a local base at p. 


11. Prove Theorem 8.6: The closure A of a_ subset A of a metric space X is the set of 
points whose distance from A is zero: A = {%: d(x,A) = 0}. 


Solution: 
Suppose d(p,A) = 0. Then every open sphere with center p, and therefore every open set G 
containing p, also contains at least one point of A. Hence p€A or p is a limit point of A, and so 


pea. 


On the other hand, suppose d(p,A) = «> 0. Then the open sphere S(p, $e) with center p contains 
no point of A. Hence p belongs to the exterior of A, and sop € A. Accordingly, A = {x: d(x, A) = 0}. 


12. Show that a subset F of a metric space X is closed if and only if {x:d(z,F)=0} CF. 


Solution: 
This follows directly from Problem 11 and the fact that a set is closed iff it is equal to its closure. 


13. If F is a closed subset of a metric space X and p € X does not belong to F, ie. p€ F, 
then d(p,F) # 0. : 
Solution: 
If d(p,F)=0 and F is closed, then by Problem 12, p€F. But by hypothesis p@F; so 
d(p, F) # 0. 


$ ¢ 
r a = 
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14. Prove Theorem 8.8: Let A and B be closed disjoint subsets of a metric space X. Then 
there exist disjoint.dpen sets G and AH such that ACG and BCH. 
Solution: 


If either\A or B is empty, say A = @, then @ and X are open disjoint sets such that AC@ 
and Bc X. Hence we may assume A and B are non-empty. 


et a€ A. Since A and B are disjoint, a ZB. 
But B is closed; hence by the preceding problem, 
d(a, B) = & > 0. aa eae if bE B, then d(b,A) = 
8p > 0. Set aS 


Sq = S(a, 48.) and Sy = S(b, $83) 
so a€ Bos and bE Sy: (See the adjacent Venn dia- 
gram.) : | nt 
We claim that the sets 
G= U{Sq:@ GA} and H = U{S,: b € B} 


satisfy the pequired conditions of the theorem, Now G and H are open since they are each the union 
of\ open spheres. Furthermore, a € S, implies A C G, and b € Sy implies BC H. We must show that 


G = 0. 


—- = te . 
Suppose GANH#Q, say pEGNH. Then’ 


Ja,cA,b,€B such that pe Sq, pESp, 
Let d(a, by) =¢ > 0. Then d(a,B) = 84, = € and d(bo, A) = 8), « But pES,, and pe Sp, so 
Aa, p) < $8q, and  d(p, bo) < $82, 


Therefore by the Triangle Inequality, 
ve d(ao, 69) = ¢€ = d(ao,p) + d(p, bo) < $8ag- + 5Sbq. = fete = Re 


an impossibility. Hence G and H are disjoint and the iheseen is true! 


EQUIVALENT METRICS 


15. Let d and e be metrics on a set X such that for each 
d-open sphere Sa with center p © X there exists an 
e-open sphere S. with center p such that S.C Su. 
Show that the topology Ta induced by d is coarser 
(smaller) than the topology T. induced: by @, ie. 
Tac Te. 


Solution: 

Let GET,. We want to show that G is also an e-open 
set. Let p€@G. Since G is d-open there exists a d-open 
sphere Sy with center p such that p€S_ycG. By hypothesis, 
there exists an e-open sphere S,(p) with center p such that 
pES.(p) Cc Sac G. Accordingly, G = U{S,(p): p © G}. 
Thus G 4 the union of e-open spheres, and so it is e-open. 
Hence Tq C T,.- 


16. Let d and e be metrics on a set X such that for each d-open sphere Sa with center 
p &© X there exists an e-open sphere S. with center p such that S.C Sa, and for each 
e-open sphere S* with center p € X there exists a d-open sphere S* such that SZ c Sz. 
Show that d and e are equivalent metrics, i.e. that they induce the same topology on X. 
Solution: 


By Problem 15, the topology Tq induced by d is coarser than the topology T, induced by e, i.e. 
T™,0T,. Also by Problem 15, T,C Tg Therefore Ty = T.. 


124 >. METRIC AND NORMED SPACES (CHAP. 8 


17. Show that the usual metric d on the plane R? is equivalent to the metrics di and dz on... 
R? defined in Example 1.5. . 


Solution: ‘ 

Observe “that we can inscribe a square in any circle as shown in Fig. (a) below, and we can 
inscribe a circle in a square as shown in Fig. (b). Now the points inside a circle form a d-open sphere 
and the points inside a square form a d,-open sphere, so the metrics d and d, are equivalent by 
Problem 16. 


Furthermore,.we can ‘inscribe a “diamond” in any circle as shown in Fig. (c), and we can inscribe 
a circle in any dianiond as shown in Fig. (d). Since the points inside a “diamond” form a d,-open 
sphere, the metrics d and d, are equivalent by Problem 16. 


Fig. (a) "Fig. (0) Fig. (c) Fig. (d) 


18 


Let C[0, 1] denote the collection of all real continuous functions defined on I = [0, 1}. 
Consider metrics d and e on ([0,1] defined by 


d(f,9) = sup {\f(z) -— g(@@)): ED, 2 ef,g) = J f(x) — g(x)| da 


(see Example 1.3 and Example 1.4). Show that the topology T, induced by d is not 
coarser than the topology T, induced by e, ie. T, (cai 8 Bs 


Solution: : , 

Let.p be the constant function p(x) = 2 and let «= a Then the sphere S4(p,¢) consists of all 
functions g for which g lies between the functions p—1 and p+1, i.e. such that 1 < g(x) <3 for 
all wel, 


It is sufficient to show that S,(p,e) contains no e-open sphere with center p; ie. for every 6 > 0, 
S.(p, 8) ¢ Sq(p,«). Let 8 > 0. Consider the function q consisting of the line segments between the 
points (0, 4) and (46,2) and between (46,2) and (1,2), ie. defined by _ 


{(-40/s)+4 if OF u< fe - 
g(x) = Sis gig tee pc 
\2 if 8 =a2=1 
(see diagram above). Observe that the “area’’ between p and q is 46, ie. e(p,q) 


qe S.(p,s). But d(p,q)=2; so qE€S(p,e). Thus S,(p,s)¢ Sa(p,e) for any 8 > 
Tag Te : 


6. Then 


a 
2g 
0. Hence 


19. Let Cla,b|] denote the collection of all continuous functions on a closed interval 
X = [a,b]. Consider the metrics d and e on (/a,b} defined by 


© dlfg) = sup (fle) ~ ole]: EX), elf) = Fife) — ole] ae 


Show that the topology T, induced by e is coarser than the topology T,, induced by d, i.e. 
ToGT. 
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Solution: 

Let S,(p,«) be any e-open sphere in C[a,b] with center p©([a,b]. Let 6 = «/(b—a). In view 
of Problem 15 it is sufficient to show that S,(p, 8), the d-open sphere with center p and radius 5, is a 
subset of S,(p,¢), ie. Sylp, 5) Cc S,(p, 6). 


Let: f € Sa(p, 8); then sup {|p(x) — f(x)j} < & = e/(b—a) 
Hence 5 eo 
erf) = (Ive) fade = fF suptipe)— fade < f ub-adr = « 


So fES,(p,e) and therefore Sa(p, 8) C S,(p,«). 


NORMED SPACES 


20. 


21. 


Prove Theorem 8.13: The function d defined by d(v,w) = ||y—wl|, where v and w 
are vectors in a normed space V, is a metric on V. 
Solution: 
Note that by [N,], 
d(v,w) = |\v—w}| = 0 and d(v,v) = ||v—v|| = |[ol] = 0 


Hence d satisfies [M,]. Also, by [Ng], 
dv,w) = |lv—wl| = |\(—1)Qw—v)\] = |-1] |lw—v}] = |]lw— ol] = d(w, v) 
Hence d satisfies [Mo]. By [Ny], ||v + w!| = |[vli+ l[wlj for all v,wEV. Accordingly if a,b,c EV, 
then substituting v= a—b and w = b-—c we have 
lla—el] = |(a—b) + (b-e)|| = |lvtw]] = lol] + lll] = |la— ol] + |]b—ell 
that is, d(a,c) = d(a,t) + d(b,c). Hence d satisfies [M3]. 


Finally, if v~ w then v—w #0; hence by [N,], d(v,w) = |iv—wi! > 0. Thus d satisfies [My]. 


Prove the Cauchy-Schwarz Inequality: For any pair of points p = (a,...,@m) and 
qd => (bi, oe ., Om) in R”, 


Sladj = jolla = YSiar YS we 


where ||p!| is the Euclidean norm. 


Solution: 
If p=0 or q=0, then the inequality reduces to 0=0 and is therefore true. So we need only 
consider the case in which p*¥0 and q¥0, ie. in which ||p|| #0 and j|q|! #0. 


Now for any real numbers 2,y€R, 0 = (x—y)? = x2—2xy+y? or, equivalently, 
Qay = w+ y? (1) 


Since x and y are arbitrary real numbers, we can let x =!a,|/|'p|| and y = [6;//|\q|! in (1). So, 
for any 1, ‘ 


ja) 15;| : ja,]2 |b,|2 (2) 
Ip! |al| pil? tall? 
But by definition of the Euclidean norm, 3 |a;2 = ||p\|2 and jb? = \|q'|2. So summing (2) with 
respect to i and using |a,b,| = {a,! |b], we have 
Slab)  -Slaz  S joe 
a; : a; > 
ge ee el? [lal 
I'p'l ‘lal! ‘lpl|? I|ql|? |pl|? tal? 
m 
= a; bj] 
it 
that is, ——__ = 
7 iiell lla 


Multiplying both sides by |!p\| ||¢j] gives us the required inequality. 


126 METRIC AND NORMED SPACES (CHAP. 8 


22. 


23. 


24. 


25, 


26. 


Prove Minkowski’s Inequality: For any pair of points p = (@,...,@m) and q = 
(bi, sey Dn) in R”, 


tall = lili tial] ie YS lato? = YX lee + yD lo? 


Solution: 

If |lp+ql| = 0, the inequality clearly holds. Hence we need only consider the case in which 
lp + al} # 0. 

Observe that, for real numbers a;,6;€R, we have /a,+6,;| = la + /d;|. Hence 


Sla+o)2 = BS la,+ 6, \a,+ 6; 
& fa; + 84] (1a) + |b;1) 
Dd la;t+ 0 la! + & la;+ 0; [b;| 


I 


\lp + q||? 


Ih 


I 


But by the Cauchy-Schwarz Inequality, 
DS ja; +64 \ol = \lp+eail ilpl| and = & ja; +6) \6| = |lp +l] {lal 
Then Ilptqi2 = jlptall |ipll] + |lp+ell fla] = llp+all (pil + tial) 


Since we are considering the case ||p+q|! « 0, we can divide by j|p+4q{|; this yields the required 
inequality. : 


Prove that the Euclidean norm, 
In|] = VD lal? where p= (a1,...,@m) € R” 
satisfies the required axioms [Ni], [N2] and [Ns]. 


Solution: 

Now [N,] follows from properties of the real numbers, and [N)] is Minkowski’s Inequality which 
was proven in the preceding problem. Hence we only need to show that [N,] holds. But for any 
vector p = (@,...,@,) and any real number k ER, 


(kp|| = ||kéay,...,@m){| =  {[kay, ..., Kay,)/I 


Vd lkal? = ay 2 le? laj? = kl? & |a,l? 


Vike 3 lai? = |k Sal? = {al lpi 


tl 


i 


Hence [Ns] also holds. 


Prove Theorem 8.11: Euclidean m-space is a metric space, ie. the Euclidean metric 
on R” satisfies the axioms J[M,Jj to [Mul]. 
Solution: 


Use Problem 23 and the fact that the Euclidean metric on R™ is induced by the Euclidean norm 
on R”. 


Let (a1,d@2,...) be a convergent sequence of real numbers with the property that 
a, <b for all nEN. Show that lima, = b. 
Solution: 

Suppose lima, =a@>b and set «=a—b> 0. Since a, a, 


3ngEN_ such that a@—a, = |a—a,)| <e=a-—b 


0 
Thus On, < —b and therefore 6 < Any) which contradicts the hypothesis. Accordingly, lim a, = b. 


Prove Minkowski’s inequality for infinite sums: If (@n),(bx) € R”, then 


Kan + bef) = [len] + IKowl] te 4f S fant ba? = 4/S la? + 4] D loa 


n=1 
Solution: 
By Minkowski’s inequality for finite sums, 
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27, 


28 


29. 


30. 


V2 aes eee i> lan\2 + {3 lanl? = 4 lan? + 5, \bal2 


Since the above is true for every m €N, by the preceding problem it is also true in the limit. 


Show that the l-norm on R”, ie. {||(an)|! = Vm |an|?, satisfies the required axioms 
[N:), [Nz] and [Ns]. 
Solution: 


This is similar to the proof in Problem 23 that the Euclidean norm satisfies the axioms [N,], [Ne] 
and [Ng]. 


Prove Theorem 8.12: Hilbert space (or lz-space) is a metric space. 


Solution: 
Use Problem 27 and the fact that the J,-metric on R® is induced by the /,-norm. 


Let a and b be real numbers with the property that a = b+e for every «>0. Show 
that a= 6. . 


Solution: 
Suppose a >b. Then a = b+68 where 8>0. Set e= 45. Now a > b+45 = b+e where 
e >0. But this contradicts the hypothesis; so a = b. 


Let J = [0,1]. Show that the following is a norm on (0,1): |/fl| = sup {|f(z)|}. 


Solution: 

Recall that a real continuous function on a closed interval is bounded; so ||f|| is well-defined. 
Since |f(x)|=0 for every x€J, |/f\| =0; also {|f\|/=0 iff [f(@)|=0 for every xeEl, ie. iff 
f=0. Thus [N,] is satisfied. 


Let « > 0. Then 3x9 €TJ such that 
lf t+g|| = sup {|f(x) + o(x)]} = |Ff(a%o) + g(ao)| + € 
= |F(%o)| + lg(eo)| + € 
<= sup {|f(x)|} + sup {lg(x)|} + ¢ 
= lfll + Ilgll + e 
Hence by Problem 29, ||f+g9\| = |\f\| + ||g|| and [No] is satisfied. 
Now let KER. Then 


\\kfl| 


i 


sup {|(kf)(x)|} = sup {\k f(z)\} = sup {\k| |F(«)|} 
|k| sup {if(a)|}_ = [| {IAI 


i} 


and [Ng] is satisfied. 


Supplementary Problems 


METRICS 


31. 


32. 


Let B(X, Y) be the collection of all bounded functions from an arbitrary set X into a metric space 
(Y,d). Show that the function ¢ is a metric on B(X, Y): 


e(f,g) = sup {d(f(x),g(x)) : « © X} 


Let d,...,dm be metrics on X,,...,Xm respectively. Show that the following functions are 
metrics on the product set X = [], X;: 


d(p, q) = max {dy (a4, b,), oe) Im (Ams Bn)}; e(p, 9) = dy(ay, by) Speen se Am(Gm; Bm) 


Here, p= (a4,...,4m), G= (by, ...,bm) © X = Th, Xj. 
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33. Let R* = RU{x,—«} be the extended real line and let f: R* > {-1,1| be defined by f(x) = 
a/Aitial) if «ER, f(<)=1 and f(-~)=-1. Show that the following function is a metric on 
R*: d(x,y) = [f(x) — fiy)l. 


34. Let R+ denote the non-negative real numbers, and let f:R*+—Rt be a continuous function such 
that (i) f(0) = 0, (i) f(e+y) = f(x) + f(y), and (iii) « < y implies f(x) < f(y). Show that if d is 
a metric on any set X then the composition function fod is also a metric on X. 


35. Let p be a pseudometric on some set X. Let ~ be the relation in X defined by 
a~b iff p(a,b)=0 
(i) Show that ~ is an equivalence relation in X. 


(ii) Show that the following function is a metric on the quotient set X/~ = {fal:a€ X}: 
d({a|,[b]) = p(a,b). Here [a] denotes the equivalence class of a € X. 


36. Let R[0,1] denote the collection of (Riemann) integrable functions on [0,1]. Show that the following 
function is a pseudometric on (0, 1]: 


+1 
fg) = { [f(a) — g(a)| da 
“0 


Also show by a counterexample that p is not a metric. 


37. Show that a function d is a metric on a set X iff it satisfies the following two conditions: 
(i) d(a,b) =0 iff a= 6; (ii) d(a,c) = d(a,b) + de, bd). 


DISTANCES BETWEEN SETS, DIAMETERS 
38. Give an example of two closed subsets A and B of the real line R such that 
d(A,B) =0 but ANB=9@ 


39. Let d be a metric on X. Show that for any subsets A,B CX: 
(i) dAUB) = d(A)+d(B)+ d(A,B) and (ii) d(A) = d(A). 


40. Let d be a metric on X and let A be any arbitrary subset of X. Show that the function f:X-R 
defined by f(x) = d(a,A) is continuous. 


41, Consider the function d:R2—>R defined by d((a,b)) = ja—b| (ie. the usual metric on R). Show 
that d is continuous with respect to the usual topologies on the line R and the plane R?. 


42, Let A be any subset of a metric space X. Show that d(A) = d{A). 


METRIC TOPOLOGIES 


43. Let (A,d) be a metric subspace of (X,d). Show that (A,d) is also a topological subspace of (X,d), i.e. 
the restriction of d to A induces the relative topology on A. : 


44, Prove: If the topological space (X¥,T) is homeomorphic to a metric space (Y,d), then (X,T) is 
metrizable. 


45. Prove Theorem 8.10: If (X,d) is isometric to (Y,e), then (X,d) is also homeomorphic to (Y, e). 


46. Give an example to show that the closure of an open sphere 


S(p,8) = {x: d(p,x) < 8} 
need not be the “closed sphere” 
S(p,8) = {x: d(p,x) = 8} 


47, Show that a closed sphere S(p,5) = {«: d(p,x) = 8} is closed. 
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48. Prove: The sequence (@,,a@,...) converges to the point p in a metric space X if and only if the 
sequence of real numbers (d(a,, p), d(ao,p), ...) converges to0 © R,ie. lima, =p iff lim d(a,,p) = 0. 


49, Prove: If lima, = p and limb, = q in a metric space X, then the sequence of real numbers 
(d(a,, by), day, by), ...) converges to d(p,q) ER, ie. lim d(a,,6,) = d(lima,, lim b,). 


EQUIVALENT METRICS 
50. Let d be a metric on X. Show that the following metric is equivalent to d: e(a,b) = min {1, d(a, b)}. 


51. Let d be a metric on X. Show that the following metric is equivalent to d: e(a,b) = ey: 
52. Let d and e be metrics on X. Suppose 3k,k’ GR such that, for every a,b EX, 
- d(a,b) = ke(a,b) and e(a,b) = k’ d(a, b) 
Show that d and e are equivalent metrics. 
EUCLIDEAN m-SPACE, HILBERT SPACE 
53. Let py = (041, Qo, ---,@1m), Po = (21, G99, .--,Gam), .-- be points in Euclidean m-space. Show that 
Pn > 7 = (by, bg, ...,bm) if and only if, for K=1,...,m, (ayn, Gx, gp, .--) converges to b,; ie. the 


projection (7;,(p,)) converges to 7;,(q) in each coordinate space. 
54. Show that if G is an open subset of Hilbert Space H, then Jp = (a,)€G such that a, #0. 


55. Let H* denote the proper subspace of Hilbert Space H which consists of all points in H whose first 
coordinate is zero. (i) Show that H* is closed. (ii) Show that H* is nowhere dense in H, i.e. 


int (H*) = @. 


56. Let py = (G41, @19,..-), Po = (yy, Ag9,...), ... be points in R™ and suppose that the sequence of real 
numbers (7%(Pn)) = (Gizs Goxs Aan, ---) converge to b, EGR for every KEN. 


(i) Show that gq = (by, bo,...) belongs to R®. 
(ii) Show that the sequence (p;,Po,...) converges to q. 


» 


HILBERT CUBE 


57. The set I of all real sequences (a,, a ,...) such that 0 =a, <-, for every nEN, is called the 
Hilbert cube. 


(i) Show that I is a subset of R®. 
(ii) Show that I is a closed and bounded subset of R™. 


NORMED SPACES 


58. Let B(X,R) denote the class of all real bounded functions f:X-—R defined on some non-empty 
set X. Show that the following is a norm on B(X,R): ||f|| = sup {|f(x)|: » © X}. 


59. Two norms, ||:--||, and ||---|l2, on a linear space X are equivalent iff they induce equivalent metrics 
on X, ie. iff they determine the same topology on X. Show that ||---||,; is equivalent to ||---||p if and 
only if 3a,, a, b;,b, © R such that, for all x € X, 


ay |lal]a < [alle < by {lolly and a ||a\|9 < {Jal], < Bg |lalle 
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60. 


61. 


62. 


36. 


38. 


46. 


58. 


60. 


61. 


Let ||---|| be the Euclidean norm and let d be the induced Euclidean metric on the plane R2. Consider ~~ 
the function e defined by 
Ke pil+ if ad 
3 a . | + Ilall i \I| Z llal\ 
as d(p, @) if |!p{| = lal! 
(i) Show that e is a metric on R?. . 


(ii) Describe an open sphere in the metric space (R?, e). 


= y 


= 1 
Show that the-following is a norm on ([0,1]:  |{f||_ = j \f(x)| da. LE 
_— 0 


Let X-be a normed space. Show that the function fF: 7B defined by f(x) =||#|| is continuous. - 


~/ = 


_ Answers to Supplementary Problems 
The function f: [0,1] >R defined by 


1 if x=0 
(Ne . if 0<@=1 


is (Riemann) integrable, i.e. belongs to Rj0,1]. The zero function g: [0,1] > R, ie. g(a) =0 for all 
x € [0,1], also belongs to R[0,1]. But p(f,g)=0 and fxg. Hence p is not a metric as it does 
not satisfy [M4]. ; 


Let A = {2,3,4,5,...} and B= (24,31, 41, ...}. 


Let d be the trivial metric on a set X containing more than one point. Then, for any p € X, 
| Sp,1) = {w: dp2) <1) = } 
Sip,1) = {«: d(p,2)=1} = X 
But d induces the discrete topology on X, and so every subset of X is both open and closed. Thus 


S(p, 1) = {p} = {p} * S(p,1) 


Hint. Proof is similar to that of Problem 30; “ 


x 


(ii) If Wall = §, then S(p, 8) is an arc of the circle {a: ||x|| = ||pi|}. If ||p|| <8, then S(p, 8) consists 
of the points interior to the circle {a: ||x|| = 8—||p/|} and the points on an arc of the circle 
{a |\al] = lili}. 


lIpi| = 8 a IIpi| < 8 


1 1 
J Wiley + ow ae =f (fe) + lo) ae 
0 0 


i] 


lf + gl 


i] 


fo eae + f° wide = Iii + toll 
0 0 


ae 


‘ 


Chapter 9 


Countability 


FIRST COUNTABLE SPACES 


A topological space X is called a first countable space if it satisfies the following axiom, 
called the first axiom of countability. 


[Ci] For each point » € X there exists a countable class B, of open sets containing p 
such that every open set G containing p also contains a member of B,. 


In other words, a topological space X is a first countable space iff there exists a 
countable local base at every point p€ X. Observe that [Ci] is a local property of a 
topological space X, i.e. it depends only upon the properties of arbitrary neighborhoods 
of the point p € X. 


Example 1.1: Let X be a metric space and let p€X. Recall that the countable-class of open 
spheres {S(p,1), S(p, 4), S(p, 4), ...} with center p is a local base at p. Hence 
every metric space satisfies the first axiom of countability. 


Example 1.2: Let X be any discrete space. Now the singleton set {p} is open and is contained 
in every open set G containing p€X. Hence every discrete space satisfies [C,]. 


First countable spaces possess the following property which was proven for the special 
case of the real line R. 


Theorem 9.1: A function defined on a first countable space X is continuous at » © X if 
and only if it is sequentially continuous at p. 


In other words, if X satisfies [Ci], then f: X > Y is continuous at p € X iff for every 
sequence (@,) converging to p in X, the sequence (f(an)) converges to f(p) in Y, ie, 


d.>p implies  f(an)> f(p) 


Remark: Let B, be a countable local base at the point » € X. Then we can index the 
members of B, by N, i.e. we can write B, = {B:, Bo,...}. (We permit repeti- 
tions in the case that B, is finite.) If, in addition, Bi > B,D BzD..., then 
we call B, a nested local base at p. We show, as a solved problem, that we 
can always construct a nested local base from a countable local base. 


SECOND COUNTABLE SPACES 


A topological space (X,T) is called a second countable space if it satisfies the following 
axiom, called the second axiom of countability. 


[C.] There exists a countable base B for the topology T. 
Observe that second countability is a global rather than a local property of a topological 


space. 


Example 2.1: The class B of open intervals (a, 6) with rational endpoints, i.e. 4,6 € Q, is count- 
able and is a base for the usual topology on the real line R. Thus R is a second 
countable space, i.e. R satisfies [C,]. 
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Example 2.2: Consider the discrete topology on the real line R. Recall that a class B is a 
base for a discrete topology if and only if it contains all singleton sets. But R, 
and hence the class of singleton subsets {p} of R, are non-countable. Accordingly, 
(R, 2) does not satisfy the second axiom of countability. 


Now if B is a countable base for a space X, and if B, consists of the members of B 
which contain the point p € X, then B, is a countable local base at p. In other words, 


Proposition 9.2: A second countable space is also first countable. 


On the other hand, the real line R with the discrete topology does not satisfy [C2] by 
Example 2.2 but does satisfy [Ci] by Example 1.2. Thus we see that the converse of 
Proposition 9.2 is not true. 


LINDELOF’S THEOREMS 


It is convenient to introduce some terminology. Let A C X and let c4 be a class of 
subsets of X such that 
A C U{E: Eé¢4} 


Then c/ is called a cover (or, covering) of A, or c4 is said to cover A. If each member 
of c4 is an open subset of X, then c4 is called an open cover of A. Furthermore, if c4 
contains a countable (finite) subclass which also is a cover of A, then c/ is said to be 
reducible to a countable (finite) cover, or <4 is said to contain a countable (finite) swbcover. 


The central facts about second countable spaces are contained in the next two theorems, 
due to Lindelof. 


Theorem 9.3: Let A be any subset of a second countable space X. Then every open 
cover of A is reducible to a countable cover. 


Theorem 9.4: Let X be a second countable space. Then every base B for X is reducible 
to a countable base for X. 


The preceding theorem motivates the definition of a Lindeléf space. <A topological 
space X is called a Lindeléf space if every open cover of X is reducible to a countable 
cover. Hence every second countable space is a Lindelof space. 


SEPARABLE SPACES 
A topological space X is said to be separable if it satisfies the following axiom. 


[S] X contains a countable dense subset. 


In other words, X is separable iff there exists a finite or a denumerable subset A of X 


such that the closure of A is the entire space, ie. A = X. 


Example 3.1: The real line R with the usual topology is a separable space since the set Q of 


rational numbers is denumerable and is dense in R, ie. Q = R. 


Example 3.2: Consider the real line R with the discrete topology 2. Recall that every subset 
of R is both D-open and J-closed; so the only J-dense subset of R is R itself. 
But R is not a countable set; hence (R, 2) is not a separable space. 


We will show that every second countable space is also separable. Namely, 
Proposition 9.5: If X satisfies the second axiom of countability, then X is separable. 
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The real line R with the topology generated by the closed-open intervals (a,b) is a 
classical example of a separable space which does not satisfy the second axiom of count: 
ability. So the converse of the previous proposition is not true in general. We do, though, 
have the following special case. 


Theorem 9.6: Every separable metric space is second countable. 


Example 3.3: Let C[0,1] denote the linear space of all continuous functions on the closed interval 
[0,1] with the norm defined by 
fi] = sup {f(x)|: 0 = « = 1} 


By the Weierstrass Approximation Theorem, for any function f € C[0, 1] and any 
e > 0, there exists a polynomial p with rational coefficients such that 


lf -—pll<e ie [f(%) — p(x)| <e for all « € [0,1] 


Hence the collection P of all such polynomials is dense in C[0,1]. But P is a count- 
able set; so C[0,1] is separable and, by Theorem 9.6, second countable. 


In our last example we show that a metric space need not be separable. 
Example 3.4: Consider the metric e on the plane R? defined by 


fill + fall if [Ipll # fall 
la, a if (lp! = |lal| 


where ||--:{| is the Euclidean norm on R2 
and d is the induced usual metric (see Prob- 
lem 60, Chapter 8). 


Recall that if p# (0,0) and 8 < |{pil, 
then the e-open sphere S(p,8) consists only 
of points on the circle 


P = {x: |x|] = |{p[}} 


and so p cannot be an accumulation point of 
any A C R? unless A contains points of the 
circle P. But there are an uncountable num- 
ber of circles with center (0,0), so A C R? 
cannot be dense in R?2 unless A is uncount- 
able. Thus the metric space (R?,e) is not 
separable. 


e(p,q) = 


HEREDITARY PROPERTIES 


A property P of a topological space X is said to be hereditary iff every subspace of X 
also possesses property P. We will show that every subspace of a second countable space 
is second countable and every subspace of a first countable space is first countable. In 
other words, the properties [Ci] and [C2] are both hereditary. On the other hand, we 
will show by a counterexample that a subspace of a separable space need not be separable, 
i.e. separability is not hereditary. 


We conclude with the following diagram which gives the only relationship between 
the three axioms in this chapter: 


separable <— second countable -> first countable 


Here an arrow denotes implication as stated in Propositions 9.2 and 9.5. 
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‘Solved Problems 


FIRST COUNTABLE SPACES 


1. 


Show that any subspace (Y,T,) of a first countable space (X,T) is also first countable. 


Solution: 

Let pe Y. Since YCX, pEX. By hypothesis, (X,7T) is a first countable space, so 3 a 
countable T-local base B, = {B,:n€N} at p. By a previous problem, B: = {YNB,: nEN} 
is a Ty-local base at p. Since BS is countable, (Y,7,) satisfies [C,]. 


Let B, = {Gi,Ge,...} be a countable local base at p € X. Show that: 

(i) There exists a nested local base at p. 

(ii) If X satisfies [C,] then there exists a nested local base at every p © X. 
Solution: 

(i) Set By =G, By =G,NGs, ..., By = Gyn-+- NG, 


Then B,>B,>--- and each B, is open and contains p. Furthermore, if G is an open set 


containing p, then 
3ny <= N — such that Bry Cc Gry CG 


Accordingly, {B,, By,...} is a nested local base at p. 


(ii) If X satisfies [C,] and p€X, then 3 a countable local base at p by [C,] and, by (i), there exists 
a nested local base at p. 


Let B, = {B:, Bz,...} be a nested local base at p € X and let (a1, a2,...) be a sequence 
such that ai € Bi, a2 € Bo, .... Show that (a.) converges to p. 
Solution: 

Let G be an open set containing p. Since B, is a local base at p, 


3an)<&N — such that Bn, CG 


But B, is nested; hence n>) implies a, © Bry CG, and so a,> p. 


Let T be the cofinite topology on the real line R, i.e. J contains @ and the complements 
of finite sets. Show that (R,T) does not satisfy the first axiom of countability. 
Solution: : 

Suppose that (R,T) does satisfy [C,]. Then 1€R possesses a tountable open local base 
B, = {B,:nEN}. Since each B, is T-open, its complement BY is T-closed and hence finite. Accord- 
ingly, A = U{B :2€EN} is the countable union of finite sets and is therefore countable. But R 
is not countable; hence there exists a point p © R different from 1 which does not belong to A, Le. 
pe Asc 

Now, by DeMorgan’s Law we have 

pEAc = (ULB: nEN}¢ = NMIBE: nENP = IB, : n EN} 


Hence p & B, for every n € N. On the other hand, {p}¢ is a T-open set since it is the complement of 
a finite set, and {p!¢ contains 1 since p is different from 1. Since B, is a local base, there exists a 
member By, € B, such that Bi, Cc {p}*. Hence p € B,,,. But this contradicts the statement that 
p © B, for every n EN. Consequently, the original assumption that (R,T) satisfies the first axiom 
of countability is false. 


Prove Theorem 9.1: Let X satisfy the first axiom of countability. Then f:X->Y is 
continuous at p © X if and only if it is sequentially continuous at p. 
Solution: 

It suffices to show that if f is sequentially continuous at p then f is continuous at p, since the 
converse has been proven for an arbitrary topological space. We shall in fact prove the contrapositive 
statement: if f is not continuous at p then f is not sequentially continuous at p. 
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4 
Let B, = {B;,By,...} be a nested local base at p and suppose f is not continuous at p. Then 
there exists an open subset H of Y such that 


fe)€H but B,¢ f-'[H| for every nEN 
Hence, for every n EN, 


Ja, © B, such that a, €f—'[H| which implies f(a,) € 


Now by a previous problem the sequence (a,,) converges to p; but the sequence (f(a,)) does not converge 
to f(p), since the open set H containing f(p) does not contain any of the terms of the sequence. 
Accordingly, f is not sequentially continuous at p. 


SECOND COUNTABLE SPACES 


6. 


Show that the plane R2 with the usual topology satisfies the second axiom of countability. 


Solution: 
Let B be the class of open discs in R2 with rational radii and centers whose coordinates are 


rational. Then & is a countable set and, furthermore, is a base for the usual topology on R®. Hence 


2 is a second countable space. 


Show that every subspace of a second countable space is second countable. 


Solution: 

Let B = {B,:n€N} be a countable base for the second countable space X, and let Y be a 
subspace of X. By a previous problem, B, = {¥1B,: nEN} is a base for Y. Since By is 
countable, Y satisfies [C.]. 


Prove Theorem (Lindeléf) 9.8: Let A be any subset of a second countable space xX. if 
G is an open cover of A, then G is reducible to a countable cover. 


Solution: 
Let B&B be a countable base for X. Since A C U{G:GEG}, for every pE A, IG,EG such 
that pE€G,. Since B is a base for X, for every pEA, 


3B,€B such that peB,cG, 


Hence A c U{B,:pEA}. But {B,: . € A} cB, so it is countable; hence 
{B,: pEA} = {B,: nEN} 
where N is a countable index set. For each n € N choose one set G, €G such that B,C G,. Then 
A c U{B,:nEN} Cc U{G,: nEN} 


and so {G,:n © N} is a countable subcover of ¢ 


Prove Theorem (Lindeléf) 9.4: Let G be a base for a second countable space X. Then 
G is reducible to a countable base for X. 
Solution: 

Since X is second countable, X has a countable base B = {B,:n EN}. Since G is also a base 
for X, for each nEN, . 

B, = WGE:Geg,} with Gg, C G 

So G,, is an open cover of B, and, by the preceding theorem, is reducible to a countable cover Ge, i.e., 
for each nEN, 


B, = UtG: GE G*} with G; Cg and gr countable 
But Ge = {@:GEGi, nEN} 


is a base for X since B is. Furthermore, G* C Gg and g* is countable. 
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SEPARABILITY eR 
10. Let T be the cofinite topology on any set X. Show that (X,T) is separable, i.e. contains 


il. 


12. 


18. 


14, 


15. 


a countable dense subset. 
ie, oes 


y 


Solution: 
If X is itself countable, then eiearey X is a countable dense subset of (X,7). On the other hand, 
suppose X isnot countable. Then X contains a denumerable, i.e. non-finite countable, subset A. 
Recall that the only T-closed sets are the finite sets and X; hence the closure of the non-tinite set A is 
the entire space X,ie. A =X. But A is countable; hence (X,T) is separable. , 
9 


Show that a discrete space X is separable if and only if X is countable. 
Solution: . “NS 

Recall that every subset of a discrete space X is both open and closed. Hence the only dense 
subset of X Is xX itself. Hence X contains a countable dense subset iff X is countable, ic. X is separable 
iff\X is countable. 


Prove Proposition 9:5: If X satisfies the second axiom of countability, then X is 
separable. 
Solution: e 

Since X satisfies [C.], X has a countable base B = B,: n€N}.. For each n EN, choose a 
point a, € B,. Then the set A = {a,:€N} is also countable. We show that A=X or, paar 
that each point » € A¢{the complement of A, is an accumulation point of A. 

Let G be an open set containing p. Then G contains: ‘at least one set B,, = B. Hence On, EB, oo G. 
Now Ang is- different from p since p € A¢ but Any EA. Accordingly, p ia an aeeiaiihation. point: of A 
since EVETY. open set-G containing p also containe a point of A different from p. 


Let T be the topology on the plane R? generated by the half-open rectangles. 
- é ja,b).x [e,d) = {(@,y):a=u4<b, c=y<d} 
4 
Show that (R?,7) is separable. 
Solution: 
Now there are always rational numbers a8 and yo such that a < a <b aga e<Yo <d, so the 
above open rectangle contains the point p = (x9,Y9) with rational coordinates. Hence the set 


A = QxXQ consisting of all points in R? with rational coordinates is dense in R*. But A is a 
countable set; thus (R?,T) is separable. 


Show by a counterexample that a subspace of a separable space need not be i a 
i.e. separability is not a hereditary property. 


Solution: 

Consider the separable topological-space (R2, T) of the pre- 
ceding problem. Recall (see Problem 25 of Chapter 6) that the 
relative topology T, on the line Y = {(x,y):a+y = 0} is the 
diserete topology since each singleton subset {p} of Y is 
T,-open. But an uncountable discrete space is not separable. 
Thus the separability of (R?,T) is not inherited. by the sub- 
space (Y, Ty). 


S(a, 8) 
Let S(p,«) be an open sphere in a metric space X, and 
let d(p,a)<4e. Show that if £e<8< #e, then 

p € S(a, 8) C S(p, «) 


Solution: 
Now d(p,a) <4e< 8, so p€S(a, 8). Accordingly, we 
need only show that: S(a, 8) C S(p, «). 
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16. 


Let «x € S(a,8). Then d(a,x) <8 and, by the Triangle Inequality, 
d(p,x) = d(p,a)+d(a,x) < de+ 8 < fe t+ Be = € 
Hence « € S(p,e), or S(a,8) C S(p,&). 


Prove Theorem 9.6: Let X be a separable metric space. Then X satisfies [C2], i.e 
X contains a countable base. 


Solution: 
Since X is separable, X contains a countable dense subset A. Let B be the class of all open 
spheres with centers in A and with rational radii, i.e., 


B = {S(a,3):a€A, 8EQ} 


Note that B is a countable set. We claim that B is a base for the topology on X, i. for every open 
set GCX andevery pEG, 
a S(a, 6) EB such that pe S(a,s) CG 
Since p © G, J an open sphere S(p,e) with center p such that p-€ S(p,e) C G. Since A is dense 
in X, 
Ja,EA such that d(p, dp) < te 


Let 59 be a rational number such that te <8) < %e. Then, by the preceding problem, 
p E Sao, 8) C S(p,e) C G 


But S(ao, 59) € B, and so B is a countable base for the topology on X. 


Supplementary Problems 


FIRST COUNTABLE SPACES 


17. 


18. 


19, 


20. 


21, 


Show that the property of being a first countable space is a topological property. 


Let B, = {B,,By,...} be a nested local base at p€ X. Show that any subsequence {B;,,B iy ree 
of B, is also a nested local base at p. 
Let T be the topology on the real line R generated by the closed-open intervals b). Show that 


la, 
(R, T) satisfies [C,] by exhibiting a countable local base at any point p € R. Le zs) aeNV 


Let T be the topology on the plane R? generated by the half-open rectangles 

ja,b) xX fed) = Ue,y):a=ua<b,ce=y<d} 
Show that (R2, 7) satisfies [C,;] by exhibiting a countable local base at any point p © R?. 
Let T and T* be topologies on X with T coarser than T*, ie. T C T*, 


(i) Show that if (X,T*) can be first countable, but (X, T) not. 
(ii) Show that (X,T) can be first countable, but (X,T*) not. 


SECOND COUNTABLE SPACES 


22. 


23. 


24, 


25. 


Show that the property of being a second countable space is a topological property. 
Show that if X has a countable subbase then X satisfies [C.]. 
Exhibit a countable base for Euclidean m-space. 


Let c4 be any collection of disjoint open subsets of a second countable space X. Show that of is a 
countable collection. 
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26. Let A be an uncountable subset of a second countable space X. Show that A has at least one point 
of accumulation. 


27, Let T be the topology on the real line R generated by the closed-open intervals [a,b). Show that 
(R, T) does not satisfy [C.]. 


28. Show that /,-space (Hilbert Space) is second countable. 


SEPARABLE SPACES 
29. Show that the property of being a separable space is a topological property. 


30. Show that Euclidean m-space is separable. 
‘31. Show that J,-space (Hilbert Space) is separable. 


32. Let T be the topology on the real line R generated by the closed-open intervals |a,b). Show that 
(R, T) is separable. 


33. Let T and T* be topologies on X with T coarser than T*, ie. T C T*. 
(i) Show that if (X,7*) is separable, then (X,T) is also separable. 
(ii) Show by a counterexample that the converse of (i) is not true. 


34. Let C[0,1] denote the class of continuous functions on [0,1] with norm 


al 
Wl =f rel ax 


Show that C[0,1] is separable and therefore second countable. 


LINDELOF SPACES 


35. Show that a continuous image of a Lindeléf space is also a Lindeléf space. 


36. Let A be a closed subset of a Lindeléf space X. Show that A, with the relative topology, is also a 
- Lindeléf space. 


37. Show that a discrete space X is Lindeléf if and only if X is a countable set. 


38. Let T be the topology on the plane R? generated by the half-open rectangles 
a,b) xX [e,d) = {@y):a=a<b,e=y<d} 
Recall (see Problem 14) that T induces the discrete topology on the line Y = {(x,y):aty=1}. 


Show that (R2,7) is not Lindeléf and thus (R2,T) is a separable first countable space which does not 
satisfy the second axiom of countability. : 


Chapter 10 


Separation Axioms 


INTRODUCTION 


Many properties of a topological space X depend upon the distribution of the open sets 
in the space. Roughly speaking, a space is more likely to be separable, or first or second 
countable, if there are “few” open sets; on the other hand, an arbitrary function on X to 
some topological space is more likely to be continuous, or a sequence to have a unique limit, 
if the space has “many” open sets. 


The separation axioms of Alexandroff and Hopf, discussed in this chapter, postulate 
the existence of “enough” open sets. 


T,;-SPACES 


A topological space X is a Ti-space iff it satisfies the following axiom: 


[T,] Given any pair of distinct points a,b © X, each belongs to an open set which does 
not contain the other. 


In other words, there exist open sets G and H such that 
aeéG, béeG and bE HH, a€¢H 
The open sets G and H are not necessarily disjoint. 


Our next theorem gives a very simple characterization of Ti-spaces. 


Theorem 10.1: <A topological space X is a Ti-space if and only if every singleton subset 
{p} of X is closed. 
Since finite unions of closed sets are closed, the above theorem implies: 
Corollary 10.2: (X,T) is a Ti-space if and only if T contains the cofinite topology on X. 
Example 1.1: Every metric space X is a T;-space, since we proved that finite subsets of X are 
closed. 


Example 1.2: Consider the topology T = {X,@, {a}} on the set X = {a,b}. Observe that X is the 
only open set containing 6, but it also contains a. Hence (X,T) does not’ satisfy 
[T,], ie. (X,T) is not a Tj-space. Note that the singleton set {a} is not closed 
since its complement {a}* = {b} is not open. 


Example 1.3: The cofinite topology on X is the coarsest topology on X for which (X,T) is a 
T\-space (Corollary 10.2). Hence the cofinite topology is also called the 7'j-topology. 


HAUSDORFF SPACES 


A topological space X is a Hausdorff space or T2-space iff it satisfies the following 
axiom: 


[T2] Each pair of distinct points a,b € X belong respectively to disjoint open sets. 
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In other words, there exist open sets G and A such that 


acG, be€HAH and GNH=% 


Observe that a Hausdorff space is always a Ti-space. 


Example 2.1: 


We show that every metric space X is Hausdorff. 

Let a,b€ X be distinct points; hence by [M,] d(a,b) = « > 0. Consider 
the open spheres G = S(a,}e) and H = S(b, 4c), centered at a and b respec- 
tively. We claim that G and H are disjoint. For if p@GodH, then d(a,p) < Le 
and d(p,6) < te; hence by the Triangle Inequality, 


d(a,b) = d(a,p) + d(p,b) < ke + de = Be 
But this contradicts the fact that d(a,b) =e«. Hence G and H are disjoint, i.e. 


a and 6b belong respectively to the disjoint open spheres G and H. Accordingly, 
X is Hausdorff. 


We formally state the result in the preceding example, namely: 


Theorem 10.3: Every metric space is a Hausdorff space. 


Example 2.2: 


Let T be the cofinite topology, i.e. T,-topology, on the real line R. We show that 
(R,T) is not Hausdorff. Let G and H be any non-empty T-open sets. Now 
G and H are infinite since they are complements of finite sets. If GOH = Q, 
then G, an infinite set, would be contained in the finite complement of H; hence 
G and H are not disjoint. Accordingly, no pair of distinct points in R belongs, 
respectively, to disjoint T-open sets. Thus T,-spaces need not be Hausdorff. 


As noted previously, a sequence (a,a2,...) of points in a topological space X could, 
in general, converge to more than one point in X. This cannot happen if X is Hausdorff: 


Theorem 10.4: If X is a Hausdorff space, then every convergent sequence in X has a 
unique limit. 


The converse of the above theorem is not true unless we add additional conditions. 


Theorem 10.5: Let X be first countable. Then X is Hausdorff if and only if every con- 
vergent sequence has a unique limit. 


Remark: The notion of a sequence has been generalized to that of a net (Moore-Smith 
sequence) and to that of a filter with the following results: 


Theorem 10.4A: X is a Hausdorff space if and only if every convergent net in 


X has a unique limit. 


Theorem 10.4B: X is a Hausdorff space if and only if every convergent filter 


in X has a unique limit. 


The definitions of net and filter and the proofs of the above theorems lie 
beyond the scope of this text. 


REGULAR SPACES 
A topological space X is regular iff it satisfies the following axiom: 


[R] If Fis a closed subset of X and p € X does not belong to F, then there exist disjoint 
open sets G and H such that FCG and ped. 


A regular space need not be a T:-space, as seen by the next example. 


Example 3.1: 


Consider the topology T = {X, @, {a}, {b,c}} on the set X = {a,b,c}. Observe 
that the closed subsets of X are also X, %, {a} and {b,c} and that (X,T) does 
satisfy [R]. On the other hand, (X,T) is not a T,-space since there are finite sets, 
e.g. {b}, which are not closed. 
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A regular space X which also satisfies the separation axiom [T:], ie. a regular 
T,-space, is called a Ts-space. 


Example 3.2: Let X be a T5-space. Then X is also a Hausdorff space, ie. a To-space. For let 
a,b€X be distinct points. Since X is a T,-space, {a} is a closed set; and since 
a and 0 are distinct, 6 ¢ {a}. Accordingly, by [R], there exist disjoint open sets 
G and Hf such that {a} CG and b€H. Hence a and b belong respectively to 
disjoint open sets G and H. 


NORMAL SPACES 


A topological space X is normal iff X satisfies the following axiom: 


[N] If Fi and F»2 are disjoint closed subsets of X, then there exist disjoint open sets 
G and 7 such that Ff; CG and F.C H. 


A normal space can also be characterized as follows: 


Theorem 10.6: A topological space X is normal if and only if for every closed set F 
and open set H containing F there exists an open set G such that 
FCGCGCH. 


Example 4.1: Every metric space is normal by virtue of the Separation Theorem 8.8. 


Example 4.2: Consider the topology T = {X, (%, {a}, {b}, {a,b}} on the set X = {a,b,c}. 
Observe that the closed sets are X, %, {b,c}, {a,c} and {c}. If F, and F, are dis- 
joint closed subsets of (X,T), then one of them, say F,, must be the empty set @. 
Hence @ and X are disjoint open sets and F,C @ and F.C X. In other words, 
(X,T) is a normal space. On the other hand, (X,T) is not a T,-space since the 
singleton set {a} is not closed. Furthermore, (X,T7) is not a regular space since 
a & {c}, and the only open superset of the closed set {c} is X which also contains a. 


A normal space X which also satisfies the separation axiom [T,], i.e. a normal T\-space, 
is called a Ty-space. 


Example 4.3: Let X be a Ty-space. Then X is also a regular Ty-space, ie. Ts-space. For sup- 
pose F’ is a closed subset of X and p€X does not belong to F. By [T,], {p} is 
closed; and since F and {p} are disjoint, by [N], there exist disjoint open sets 
G and H such that FCG and pE€ {p} CH. 


Now a metric space is both a normal space and a Ti-space, i.e. a Ta-space. The follow- 
ing diagram illustrates the relationship between the spaces discussed in this chapter. 


Topological spaces 


T,-spaces 


T.-spaces (Hausdorff) 


T3-spaces (regular T,-spaces) 


T4-spaces (normal T,-spaces) 


Metric spaces | 
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URYSOHN’S LEMMA AND METRIZATION THEOREM 


Next comes the classical result of Urysohn. 
Theorem (Urysohn’s Lemma) 10.7: Let Fi and F» be disjoint closed subsets of a normal 


space X. Then there exists a continuous function 
f:X > [0,1] such that 


f[F:] = {0} and f[F2] = {1} 


One important consequence of Urysohn’s Lemma gives a partial solution to the metri- 
zation problem as discussed in Chapter 8. Namely, 


Urysohn’s Metrization Theorem 10.8: Every second countable normal T\-space is metriz- 
able. 


In fact, we will prove that every second countable normal 7T,-space is homeomorphic 
to a subset of the Hilbert cube in R®. 


FUNCTIONS THAT SEPARATE POINTS 


Let c4 = {fi:i € 1) bea class of functions from a set X into a set Y. The class c4 of 
functions is said to separate points iff for any pair of distinct points a,b € X there exists 
a function f in c4 such that f(a) + f(b). 


Example 5.1: Consider the class of real-valued functions 
A = f{f,(%) = sin x, f(x) = sin 2x, fg(x) = sin 8x, ...} 
defined on R. Observe that for every function f, €c4, f,(0) =fn(7) = 0. Hence 
the class c4 does not separate points. 


Example 5.2: Let C(X,R) denote the class of all real-valued continuous functions on a topological 
: space X. We show that if ((X,R) separates points, then X is a Hausdorff space. 
Let a,b € X be distinct points. By hypothesis, there exists a continuous function 
f:X-R such that f(a) # f(b). But R is a Hausdorff space; hence there exist 
disjoint open subsets G and H of R containing f(a) and f(b) respectively. Accord- 
ingly, the inverses f-![G] and f~![H] are disjoint, open and contain a and b 
respectively. In other words, X is a Hausdorff space. 


ee 


We formally state the result in the preceding example. 


Proposition 10.9: If the class ((X,R) of ali real-valued continuous functions on a topo- 
logical space X separates points, then X is a Hausdorff space. 


COMPLETELY REGULAR SPACES 
A topological space X is completely regular iff it satisfies the following axiom: 
[CR] If F is a closed subset of X and p © X does not belong to F’, then there exists a 
continuous function f: X > [0,1] such that f(p)=0 and /f[F] = {1}. 
We show later that 


Proposition 10.10: A completely regular space is also regular. 


A completely regular space X which also satisfies [T,], i.e. a completely regular 
T;-space, is called a Tychonoff space. By virtue of Urysohn’s Lemma, a Tu-space is a 
Tychonoff space and, by Proposition 10.10, a Tychonoff space is a T3-space. Hence a 
Tychonoff space, i.e. a completely regular Ti-space, is sometimes called a 7'3y-space. 


One important property of Tychonoff spaces is the following: 


Theorem 10.11: The class C(X,R) of all real-valued continuous functions on a completely 
regular Ti-space X separates points. 
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Solved Problems 


T,-SPACES 


1. 


Prove Theorem 10.1: A topological space X is a T,\-space if and only if every singleton 
subset of X is closed. 
Solution: 


Suppose X is a T,-space and p© X. We show that {p}*¢ is open. Let « € {p}e. Then x # p, 


and so by [T;] : 
4d an open set G, such that xEG, but p€G, 


Hence x€G, C {p}*, and hence {p}¢ = U{G,:x€ {p}*}. Accordingly {p}¢, a union of open sets, 
is open and {p} is closed. 


Conversely, suppose {p} is closed for every pEX. Let a,bEGX with ax¥b. Now 
axb => bE {a}; hence {a}¢ is an open set containing b but not containing a. Similarly {b}< is an 
open set containing a but not containing b. Accordingly, X is a T-space. 


Show that the property of being a 7\-space is hereditary, i.e. every subspace of a 
T,-space is also a T1-space. 


Solution: 

Let (X,7) be a 7,-space and let (Y, Ty) be a subspace of (X,T). We show that every singleton 
subset {p} of Y is a Ty-closed set or, equivalently, that Y\ {p} is Ty-open. Since (X,T) is a 
T,-space, X \ {p} is T-open. But 


pEYCK > Yn(X\ {p}) = Y\ {} 


Hence by definition of subspace, Y \ {p} is a Ty-open set. Thus (Y,Ty) is also a 7y-space. 


Show that a finite subset of a T;-space X has no accumulation points. 


Solution: 

Suppose A C X has n elements, say A = {a,,...,@,}. Since A is finite it is closed and therefore 
contains all of its accumulation points. But {a ,...,a@,} is also finite and hence closed. Accordingly, 
the complement {ay,...,a@,}° of {ay,...,a,} is open, contains a,, and contains no points of A 


different from a,. Hence a, is-not an accumulation point of A. Similarly, no other point of A is an 
accumulation point of A and so A has no accumulation points. 


Show that every finite Ti-space X is a discrete space. 


Solution: 
Every subset of X is finite and therefore closed. Hence every subset of X is also open, ie. X is a 


discrete space. 


Prove: Let X be a T,-space. Then the following are equivalent: 
(i) p€X is an accumulation point of A. 
(ii) Every open set containing » contains an infinite number of points of A. 


Solution: 
By definition of an accumulation point of a set, (ii) => (i); hence we only need to prove that 
(i) > (hi). 
Suppose G is an open set containing p and only containing a finite number of points of A 
different from p; say 
B = (G \ {p}) ia) A > {ay, Qa; sey Gy} 


Now B, a finite subset of a T,-space, is closed and so B¢ is open. Set H = Gm Be. Then H is open, 
py GH and H contains no points of A different from p. Hence p is not an accumulation point of A 


and so (i) > (ii). 
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6. Let X a T1-space anid let By be a local base at p € X. Show that if ¢ € X is distinct 
from », then some member of Bp does not contain g. ‘ 


Solution: ; 
Since pq and X satisfies [T,], 7 an open set GCX containing p abut not containing gq. Now 
By is a local base at p, so G is a superset of some B € B, and B also does not contain q. ; 
\ ; as 
oo ; 
7. Let X be a Ti-space which satisfies the first axiom of countability. Show that if 
p ©X is an accumulation point of ACX, then-there: exists a sequence of distinct 
_ terms in A converging to p. - < are 
Solution: | a. : = 
Let B= {B,} -be a nested local base at p. Set Bi, = B,. Since p is a limit point of A; Bi, 


éontains a point a, A different from p. By the pasedine problem, 
a B,, EB such that ay Ez Bi, 


co 


Similarly Bi. contains a point a, A different from p and, since a, € Bi, different from a,. Again 
“by the preceding problem, ety 
eee eR a B,,€B such that © a, B, 


Furthermore, nh ay € Bi, dy ZB, >, BB 


Continuing in this manner we obtain a subsequence (Bi, B, rtrd of B and .a séquence 


(ay, ¢ ayty. .) “ot distinct terms in A with a, € Bis dy E Bi, Sesnn ss But {B, } is also a nested local 
base at p; hence (a,) converges to p. 


HAUSDORFF SPACES 
8. Show that the property of being a Hausdorff space is hereditary, i.e. every subspace 
of a Hausdorff space is also Hausdorff. . 


Solution: : geen 
Let (X,T) be a Hausdorff space and let (Y,Ty) be a subspace of (X,T). Furthermore, let 
a,bE€YCX with a#b. By hypothesis, (X,T) is Hausdorff; hence 


~ 


aGHET such that a@€G, bEH and GnH=9@ 


By definition of a dubapaces ¥ 1G and Y 4 are T,-open ‘sets. Furthermore, 
y aE€G,aEY > al&YnG ? 


bEH, DEY 3S BEYNH 
GAH=@ -> (YN@n(VNH) =Yn(GnNH)=YNG=O 


(as indicated in the diagram below). Accordingly (Y,T,) is also a Hausdorff space. 


9. Let T be the topology on the real line R generated by the open-closed intervals (a, dD]. 
Show that (R, T) is Hausdorff. 


Solution: 
Let a,b ER with a#b, say a<b. Choose G=(a—1,a| and H = (a,b]. Then 
GHET, a€G, bE€H and GNH=@ 
Hence (X,T) is Hausdorff. 
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10. 


11. 


Prove Theorem 10.4: Let X be a Hausdorff space. Then every convergent sequence 
in X has a unique limit. 
Solution: 


Suppose (a;,@,...) converges to a and b, and suppose a¥b. Since X is Hausdorff, 3 open sets 


G and H such that 
a€G, b€H and GNH=@% 


By hypothesis, (a,) converges to a; hence 
3nmEN such that n> implies a,€G 


i.e. G contains all except a finite number of the terms of the sequence. But G and H are disjoint; 
hence H can only contain those terms of the sequence which do not belong to G and there are only a 
finite number of these. Accordingly, (a,) cannot converge to b. But this violates the hypothesis; 
hence a= b. : 


Prove Theorem 10.5: Let X be a first countable space. Then the following are 
equivalent: (i) X is Hausdorff. (ii) Every convergent sequence has a unique limit. 
Solution: . 

By the preceding problem, (i) > (ii); hence we need only show that (ii) > (i). Suppose X is 
not Hausdorff. Then 3 a,b€X, a+b, with the property that every open set containing a has 
a non-empty intersection with every open set containing b. 


Now let {G,,} and {H,,} be nested local bases at a and b respectively. Then G,9H, * Q for 
every n GN, and so 


3 (a;,@,...) such that a,€G,N HA}, a.€ GN Mo, 


Accordingly, (a,) converges to both a and b. In other words, (ii) => (i). 


NORMAL SPACES AND URYSOHN’S LEMMA 


12. 


13. 


Prove Theorem 10.6: Let X be a topological space. Then the following conditions are 
equivalent: (i) X is normal. (ii) If H is an open superset of a closed set F, then there 


exists an open set G such that FCGCGCH. 


Solution: 
(i) > (ii). Let FP CH, with F closed and H open. Then He is closed, and FO He = %. But 
X is normal; hence 


Jd open sets G, G* such that FcG, HecG* and GNG* = 9 
But GNG*=@ > GCGre and HcG > G*tcH 
Furthermore, G*¢ is closed; hence FC GCGc G*¢ cH. 
(ii) > (i). Let F, and F, be disjoint closed sets. Then F, CF, and FS is open. By (ii),, 
a an open set G such that F,CGCGCRFs5 
But GCFS > Fy,cG and Gco@ => GnG=9 


Furthermore, Gc is open. Thus F, C G and F, c Ge with G,G« disjoint open sets; hence X is normal. 


Let B be a base for a normal Ti-space X. Show that for each G; € B and any point 
peEGi, there exists a member G; € B such that p € G;C Gi. 
Solution: 

Since X is a T,-space, {p} is closed; hence G; is an open superset of the closed set {p}. By 
Theorem 10.6, 
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14. 


15. 
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J an open set G such that {py cGcGc G; 


Since p€G, there is a member G; of the base B such that p€ G,CG; so pé& G, cG. But 
GCG; hence p€ Gc G,. 


Let D be the set of dyadic fractions (fractions whose denominators are powers of 2) in 
the unit interval [0,1], i-e., 


D = (3,454,838 % ve ---.78 ---} 
Show that D is dense in [0, 1}. 
Solution: 
To show that D = [0,1], it is sufficient to show that any open interval (a—8, a+ 8) centered 
at any point a€[0,1] contains a point of D. Observe that jim. i, = 0; hence there exists a 


power gq = 2% such that 0 < 1/q < 8. Consider the intervals 


val: Leal Lea], > 2S) [a] 
"@q\’ q’q|’ q’q}’ te ee qd qg , qd , 


Since [0,1] is the union of the above intervals, one of them, say 2. meh contains a, i.e. 
Me But les, hence 
qd qd g 


a~8 <<a <ats 


In other words, the open interval (a—8, a+8) contains the point m/q which belongs to D. Thus 
D is dense in [0,1]. 


Prove Theorem (Urysohn’s Lemma) 10.7: Let F1 and F»2 be disjoint closed subsets of 
a normal space X. Then there exists a continuous function f: X > [0,1] such that 
TF] — {0} and f [Fe] = {1}. 
Solution: 

By hypothesis, F, 1 F, = @; hence F, CF. In particular, since F, is a closed set, F5 is an 
open superset of the closed set F';. By Theorem 10.4, there exists an open set G,,/. such that 


Fy C Gi C Gy C FS 


Observe that G,,/. is an open superset of the closed set F,, and Fy is an open superset of the closed 
set G42. Hence, by Theorem 10.4, there exist open sets G,,4 and G3;4 such that 


Fy C Gig C Gig C Gy C Gi C Gag C Gay C Fe 
We continue in this manner and obtain for each t € D, where D is the set of dyadic fractions in 
[0,1], an open set G, with the property that if t,,t,€D and t, <t, then Gi, Cc G,. 
Define the function f on X as follows: 
inf{t:rEG)} if «€F, 
f@) = ; 
1 if xe F, 


Observe that, for every x€X, 0=f(x)=1, ie. f maps X into [0,1]. Observe also that Fy c G, 
for all t€ D; hence f[F,] = {0}. Moreover, by definition, f[F.| = {1}. Consequently, the only thing 
left for us to prove is that f is continuous. 


Now f is continuous if the inverses of the sets [0,a) and (b,1] are open subsets of X (see 
Problem 7, Chapter 7). We claim that 


f~*{[0, a)] 
#-*[(6, 1] 


i 


U{G,: t< a} (1) 


fl 


U{G!: t > db} (2) 


Then each is the union of open sets and is therefore open. 


~ 
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16. 


We first prove (1). Let « &f-![{0,a)|. Then f(x) € [0,a), ie. 0 = f(z) <a. Since D is dense 
in [0,1], there exists t, € D such that f(x) <t, <a. In other words, 


f(z) = inf{t: «EG i} <t <a 
Accordingly « € Gy. where t, <a. Hence «€ U{G,:t<a}. We have just shown that every 
element in f~1{[0,a)| also belongs to U{G,:t<a}, ie, 
1[j[0,a)} C UtG,: t< a} 


On the other hand, suppose y © U{G,:t <a}. Then 43 t,€D_ such that t,<a and y€ G,. 
: ¥ 


Therefore ; 
fy) = inf{t: yEG} = t, <a 


Hence y also belongs to f~'[[0,a@)|. In other words, 


UiG,: t<a} c f-'|[0,a)| 
The above two results imply (2). 


We now prove (2). Let «@f-1{(b,1||. Then f(x) € (b,1], ie. b< f(x) =1. Since D is dense 
in (0,1|, there exist ¢,,f,€@D such that b < t, < ty < f(x). In other words, 


f(x) = inf{t: «€G} > ty 
Hence « & G,,. Observe that t, < t) implies Gr, c G,,. Hence x does not belong to G,, either. Accord- 
ingly, « € Gi, where t, > b; hence «© UiGh: t > b}. Consequently, 


FAA) C UGE: t > b} 


On the other hand, let ye U{G: : t>b}. Then there exists t,€ D such that t, > b and 
ye Gs hence y does not belong to G,- But t <¢t, implies G,C Gr, Cc G5 hence y € G, for every t 


less than t,. Consequently, 
a 7 fly) = inf{t: yEG} = ty > b 


Hence y © f~1((b,1|). In other words, 
U{G;: t>b} Cc fr7t[(b, 1] 


The above two results imply (2). Hence f is continuous and Urysohn’s Lemma is proven. 


Prove Urysohn’s Metrization Theorem 10.8: Every second countable normal T1-space 
X is metrizable. (In fact, X is homeomorphic to a subset of the Hilbert cube I of R®.) 


Solution: 
If X is finite, then X is a discrete space and hence X is homeomorphic to any subset of H with an 


equivalent number of points. If X is infinite, then X contains a denumerable base B = {Gy, Go, Gg, .. .} 
where none of the members of B is X itself. 

By a previous problem, for each G,; in B there exists some G; in B such that G; Cc G;. The class 
of all such pairs (G;,G;), where Gj, C G,, is denumerable; hence we can denote them by P,,Po,... 
where P, = (Gi Gj). Observe that Gi, Cc Gi, implies that Gj. and Gi are disjoint closed subsets 
of X. Hence by Urysohn’s Lemma there exists a function f,:X-— [0,1] such that FAAG;, | = {4 
and f,[Gj,] = {1}. : 

Now define a function f{: X >I as follows: 


f(a) - <i, sy Lae > 


Fr (a) 
Qn 


hence f(x) is a point in the Hilbert 


, 


Observe that, for all nN, 0=f,(x) =1 implies 


n 
cube I. (Recall that I = {(a,): a, &R, nEN, 0 =a, = 1/n}, see Page 129.) 

We now show that f is one-to-one. Let x and y be distinct points in X. Since X is a Ty-space, 
there exists a member G; of the base @ such that © G,; but y €G,. By a previous problem, there 
exists a pair P,, = (G;,G) such that 2é€G,c G. By definition, f,(v) = 0 since 2 é€G,, and 
fm(y) =1 since y EG, ie yS GS. Hence f(z) f(y) since they differ in the mth coordinate. Thus 


f is one-to-one. 
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We now prove that f is continuous. Let « > 0. Observe that f is continuous at p © X if there 
exists an open neighborhood G of p such that «€G implies ||f(x)—f(p)|| < e or, equivalently, 
\|f(e) — f(p)i!2 < e&. Recall that 


2 |fy(x) — fr(p)|? 
ie — fee. = 3 RO hee 


n=1 22n 


Furthermore, since the values of f, lie in [0,1], (\fn(%) — fn (p)|?)/22" = 1/22", Note that >, 1/22" 
converges; hence there exists an 1g = No(e), which is independent of x and p, such that 


8 fal) — fxg 
Ife) — fe = 3 + € 


Now each function f,: X > [0,1] is continuous; hence there exists an open neighborhood G, of p 
such that a €©G, implies !f,(a)—f,(p)i2 < 2/2ny. Let G= Gane n Gro: Since G is a finite 
intersection of open neighborhoods of p, G is also an open neighborhood of p. Furthermore, if « € G 
then 


fa —-tMme = & < 


n=1 22n 


2 \fn() — fap)? 2 2 
(3 ) - 


Hence f is continuous. 


Now let Y denote the range of f, ie. Y = f[X] CI. We want to prove that f~1: Y>X is also 
continuous. Observe that continuity in Y is equivalent to sequential continuity; hence f—!1 is con- 
tinuous at f(p) © Y if for every sequence (f(y,,)) converging to f(p), the sequence (y,) converges to p. 


Suppose f~! is not continuous, ie. suppose (y,) does not converge to p. Then there exists an open 
neighborhood G of p such that G does not contain an infinite number of the terms of (y,). Hence we 
can choose a subsequence (2,) of (y,) such that all the terms of (x,) lie outside of G. Since pEG, 
there exists a member G; in the base B such that p€G,C G. Furthermore, by a previous problem, 
there exists a pair P,, = (Gj,G;) such that pe G; cG,C G. Observe that, for all nEN, x, €G; 
hence «x, € Gj. Accordingly, Fn{p) =90 and f(%,)=1. Then | fm(%n) —-fm(p) |? = 1 and 


a ae 2 
Ife) — fel? = 2“ = oe 
In other words, for every nEN, || f(x,)—f(p)|| > 1/2”. Therefore the sequence (f(«,)) does not 
converge to f(p). But this contradicts the fact that every subsequence of (f(y,)) should also converge 
to f(p). Hence f-! is continuous. Hence f is a homeomorphism and X is homeomorphic to a subset 
of the Hilbert cube. Accordingly, X is metrizable. 


REGULAR AND COMPLETELY REGULAR SPACES 
17. Prove Proposition 10.10: A completely regular space X is also regular. 


Solution: 

Let F’ be a closed subset of X and suppose p © X does not belong to F. By hypothesis, X is 
completely regular; hence there exists a continuous function f: X>(0,1] such that f(p)=0 and 
f|F| = {1}. But R and its subspace [0,1] are Hausdorff spaces; hence there are disjoint open sets 
G and H containing 0 and 1 respectively. Accordingly, their inverses f~1[G| and f—1[H] are disjoint, 
open and contain p and F respectively. In other words, X is also regular. 


18. Prove Theorem 10.11: The class ((X,R) of all real-valued continuous functions on a 
completely regular Ti-space X separates points. 


Solution: 

Let a and b be distinct points in X. Since X is a T;-space, {b} is a closed set. Also, since a and 6 
are distinct, a € {b}. By hypothesis, X is completely regular; hence there exists a real-valued con- 
tinuous function f on X such that f(a)=0 and f[{o}] = {1}. Accordingly, f(a) ~ f(6). 


19. Let (Y,T,) be a subspace of (X,T) and let p€ Y and ACYCX. Show that if p 
does not belong to the T,-closure of A, then p ¢ A, the T-closure of A. 


Solution: 
Now, by a property of subspaces (see Problem 89, Chapter 5), 
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Ty-closure of A = YonA 


But p€ Y and p € Ty-closure of A; hence p Z A. (Observe that, in particular, if F is a Ty-closed 
subset of Y and p € F, then p & F.) 


20. Show that the property of being a regular space is hereditary, i.e. every subspace of a 
regular space is regular. 
Solution: 

Let (X,T7) be a regular space and let (Y,Ty) be a subspace of (X,7). Furthermore, let p ¢ Y 
and let F be a Ty-closed subset of Y such that p¢F. Now by Problem 19, p¢F, the T-closure 
of F. By hypothesis, (X,7) is regular; hence 

3 G,HET such that FcG, p€H and GNH=90 
But YONG and YOU are Ty-open subsets of Y, and 
FCY,FcFcG > FCYNG 
pEeY, peH > pEeEYndH 
GnH=@ > (YANG n(YnA) = @ 
Accordingly, (Y,Ty) is also regular. 
Supplementary Problems 
T,-SPACES 
21. Show that the property of being a T ;-space is topological. 
22. Show, by a counterexample, that the image of a T,-space under a continuous map need not be T;. 
23. Let (X,7) be a T,-space and let T <~ T*. Show that (X,T*) is also a T,-space. 
24. Prove: X is a T,-space if and only if every p © X is the intersection of all open sets containing it, 
ie. {p} = N{G: G open, p € G}. . 
25. A topological space X is called a Ty-space if it satisfies the following axiom: - 
[fT] For any pair of distinct points in X, there exists an open set containing one of the points 
but not the other. 
(i) Give an example of a Ty-space which is not a T,-space. 
(ii) Show that every T,-space is also a To-space. 
26. Let X be a T,-space containing at least two points. Show that if B is a base for X then BN {X} is 


also a base for X. 


HAUSDORFF SPACES 


27. 


28. 


Show that the property of being a Hausdorff space is topological. 
Let (X,T) be a Hausdorff space and let T <T*. Show that (X,T7*) is also a Hausdorff space. 


Show that if a,,...,@m are distinct points in a Hausdorff space X, then there exists a disjoint class 
{Gy,-.-,Gm} of open subsets of X such that a,;€@G), ..., d,€ Gy. 


Prove: Let X be an infinite Hausdorff space. Then there exists an infinite disjoint class of open 
subsets of X. 
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31. 
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Prove: Let f:X~>Y and g:X-—Y_ be continuous functions from a topological space X into a 
Hausdorff space Y. Then A = {x: f(x) = g(x)} is a closed subset of X. 


NORMAL SPACES 


32. 


~ 33. 


34, 


35. 


~ 36. 


37. 


Show that the property of being a normal space is topological. 


Let T be the topology on the real. line R generated by the closed-open intervals (a,b). Show that 
. sop til Abe Oy a a eon 
(R, T) is a nonyal Space. obs ee bs + . ta. Ceclnr: ¢ > rs & a, a 


* a } - Ny 
te es 4 ‘ ra , 


Win 
@ hey day4 


Let T be the topology on the plane R? generated by the half-open rectangles, 
fa,b) x fe,d) = {(t,y):a=a<b, c=y<d} 

Furthermore, let A consist of the points on the line Y = {(x,y):“#+y = 1} C R? whose coordinates 

are rational and let B= Y\A. 

(i) Show that A and B are closed subsets of (R?, T). 


(ii) Show that there exist no disjoint T-open subsets G and H of R? such that AcG and Bcd; 
and so (R2,7) is not normal. 


Let A be a closed subset of a normal T-space. Show that A with the relative topology is also a 
normal T',-space. 


Let X be an ordered set and let T be the order topology on X, ie. T is generated by the subsets of X 
of the form {x:«%<a} and {a:a2 >a}. Show that (X,T) is a normal space. 


Prove: Let X be a normal space. Then X is regular if and only if X is completely regular. 


URYSOHN’S LEMMA 


38. Prove: If for every two disjoint closed subsets F'; and F of a topological space X, there exists a 
continuous function f: X > [0,1] such that /[F\] = {0} and f[/,] = {1}, then XY is a normal space. 
(Note that this is the converse of Urysohn’s Lemma.) 
39. Prove the following generalization of Urysohn’s Lemma: Let F and F, be disjoint closed subsets of 
a normal space X. Then there exists a continuous function f: X > [a,b] such that f[F,] = {a} and 
f([F2] = {5}. 
40. Prove the Tietze Extension Theorem: Let F be a closed subset of a normal space X and let 
f:F > [a,b] be a real continuous function. Then f has a continuous extension f*: X > [a, bf. 
..41. Prove Urysohn’s Lemma using the Tietze Extension Theorem. 
A 
REGULAR AND COMPLETELY REGULAR SPACES Y- es D : 
42. Show that the property of being a regular space is topological. 5 QV % ais 4 , 
43. Show that the property of being completely regular is topological. - 
44. Show that the property of being a completely regular space is hereditary, that is, every subspace of 
a completely regular space is also completely regular. 
-~ 45. Prove: Let X be a regular Lindeléf space. Then X is normal. 
Answers to Supplementary Problems 
25. (i) Let X = {a,b} and T = {X, {a}, Q}. 
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Com pactness 


COVERS be 


Let c4 = {Gi} bea class of subsets of X such that A C UiG: for some A CX. Recall 
that c4 is then called a cover of A, and an open cover if each G; is open. Furthermore, if 
a finite subelass of e4.is also a cover of A, i.e. if ‘ 


/ 3 Gi, -.+,Gi, ed such that” A CG,U+-- UG, 


then c4\is said te ‘be reducible to a finite cover, or contains a finite subcover. 


ene: 11: Consider the class e4 = = {Dy: pEZX Zh,” 
. Where D,.is the open disc in the plane R2 
ke with radius 1 and center p= (m,n), m and » : 
_n integers. Then c4 is a cover of R%, ie. ~~ 
every, point in R?, belongs to at least one 
& member of 04, On the other hand, the class 
of open discs B = iD, peEZx Zi, ae ; 
D, has center p se 4, is not a cover 


c 


\of R2. For example) the point (4,4) € R? 


v “does not belong to ahy~member of B, as «| " 
3 shown in the figure. | ‘ ; B is displayed 
Example 1.2: Consider the classical . . 
: ” Heine-Borel Theorem: Let A = [a,b] be a closed and bounded interval 
i and let {G;} be a class of open sets such that AC U,;G;. Then one 
can select a finite number of the open sets, say Gi Gs so that 


AcG, Urs UG, 


By virtue of the above terminology, the Heine- Bore: Theorem can be restated as 
x follows: 
Heine-Borel Theorem: Every | open cover of a closed and bounded interval 
A = [a,b] is reducible to : a finite cover. 


COMPACT SETS 
The-concept of compactness is no doubt motivated by the property of a closed and 
pounded interval as stated in the classical Heine-Borel Theorem. Namely, 


A subset A of a topological space X is compact if every open cover of A is 
reducible to a finite cover. 


In other words, if A is compact and A C U;Gi, where the G; are ie then one 
can select a finite number of the open sets, say Gi,,...,Gi,,, so that A C G; -U Gi, 


ty? 
Example 2.1: . By the Heine-Borel Theorem, every closed and bounded interval [a,b] on the real 
line R is compact. 


4 


age 


Example 2.2: Let. A be any finite subset of a topological space X, say A = {ay,...,a@m}. Then 
A is necessarily compact. For if ¢G = {G} is an open cover of A, then each point 
: in A belongs to one of the members of G, say a, € Gi, way On = Gi Accord- 
* ingly, Ac Gi, U Gi, Ute Uae ; 


151° 


ers 
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Since a set A is compact iff every open cover of A contains a finite subcover, we only 
have to exhibit one open cover of A with no finite subcover to prove that A is not compact. 


Example 2.3: The open interval A = (0,1) on the real line R with the usual topology is not 
compact. Consider, for example, the class of open intervals 


G = {t($,1), Gd, G, 4) Gb, -. 3 
Observe that A = U%_,G,, where G, = ( ~, 4) ; hence g is an open cover 
of A. is we 
6 G3 
eee O00 
iene 1 
G. 
Po) o-—————o 


ja 


: as 
4 : 
But g¢ contains no finite subcover. For let 
G* = {(ay, By), (do, By), --., (Amy Bm)} 
be any finite subclass of G. If e« & min(a,,...,a,,) then e>0 and 


(a, b;) Urs U (ams Bin) C (e, 1) 


But (0,e] and (e,1) are disjoint; hence g* is not a cover of A, and so A is not 
compact, 


Example 2.4: | We show that 4 continuous image of a compact set is also compact, i.e. if the func- 
tion f: X > Y is continuous and A is a compact subset of X, then its image f[A] 
is a compact subset of Y. For suppose G = {G,} is an open cover of FIA], ie. 
FIA] Cc U; Gj. Then 

Ac f-'[f[A]] Cc fl [U,G@] = vu; f-' [4G] 
Hence 4 = {f~1[Gj|} is a cover of A. Now f ig continuous and each G; is an 


open set, so each f~1[G] is also open. In other words, .4{ is an open cover of A. 
But A is compact, so .4/ is reducible to a finite cover, say 


ACSUG) UU PG, | 
Accordingly, 
fA] C APG] UU G TC GU UG, 
Thus f[A] is compact. 


™m 


We formally state the result in Example 2.4: 
Theorem 11.1: Continuous images of compact sets are compact. 


Compactness is an absolute property of a set. Namely, 
Theorem 11.2: Let A be a subset of a topological space (X,T). Then A is compatt with 
respect to T if and only if A is compact with respect to the relative 
topology T, on A. 


Accordingly, we can frequently limit our investigation of compactness to those topo- 
logical spaces which are themselves compact, i.e. to compact spaces. 


SUBSETS OF COMPACT SPACES 


A subset of a compact space need not be compact. For example, the closed unit interval 
[0,1] is compact by the Heine-Borel Theorem, but the open interval (0, 1) is a subset of [0, 1] 
which, by Example 2.3 above, is not compact. We do, however, have the following 


Theorem 11.3: Let F be a closed subset of a compact space X. Then F is also compact. 
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Proof: Let G = {Gi} be an open cover of F, ie. FC UiGi. Then X = (UiGi) U F*, 
that is, G* = {Gi} U {F*} is a cover of X. But F* is open since F is closed, so G* is an 
open cover of X. By hypothesis, X is compact; hence G* is reducible to a finite cover 
of X, say 

X = G,U-+:- UG, UF, Gi, © G 
But F and F* are disjoint; hence 


BG GaSe ees Gi, Gi, E G 


m 


U 
We have just shown that any open cover G=({G;} of F contains a finite subcover, i.e. 
F is compact. 


FINITE INTERSECTION PROPERTY 


A class {Aj} of sets is said to have the finite intersection property if every finite sub- 


class {Aj,,...,Ai,,} has a non-empty intersection, ie. Ai, +--+: MN Ai, ~ @. 
Example 3.1: Consider the following class of open intervals: 
A = {(0,1), (0, $), (0, 4), (0,4), .. 3 


Now c4 has the finite intersection property, for 
(0, ay) 1 (0,ag) N ++: ON (O,ayn) = (0,6) 


where b = min (ay,..., @m) > 0. Observe that c4 itself has an empty intersection. 


Example 3.2: Consider the following class of closed infinite intervals: 
B _ icy (—%, —2], (-, —1], (—%, 0}, (—%, 1], (—%, 2], sed 


Note that B has an empty intersection, ie. N{B,: nEZ} = D where B, =(—», n}. 
But any finite subclass of B has a non-empty intersection. In other words, B satis- 
fies the finite intersection property. 


~ 


With the above terminology, we can now state the notion of compactness in terms of 
the closed subsets of a topological space. 


Theorem 11.4: A topological space X is compact if and only if every class {F;} of closed 
subsets of X which satisfies the finite intersection property has, itself, a 
non-empty intersection. 


COMPACTNESS AND HAUSDORFF SPACES 


Here we relate the concept of compactness to the separation property of Hausdorff 
spaces. 


Theorem 11.5: Every compact subset of a Hausdorff space is closed. 


The above theorem is not true in general; for example, finite sets are always compact 
and yet there exist topological spaces whose finite subsets are not all closed. 


Theorem 11.6: Let A and B be disjoint compact subsets of a Hausdorff space X. Then 
there exist disjoint open sets G and H such that ACG and BCH. 


In particular, suppose X is both Hausdorff and compact and F: and F2 are disjoint 
closed subsets of X. By Theorem 11.8, fF: and F2 are compact and, by Theorem 11.6, 
F, and F.2 are subsets, respectively, of disjoint open sets. In other words, 


Corollary 11.7: Every compact Hausdorff space is normal. 
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Thus metric spaces and compact Hausdorff spaces are both contained in the class of 
T's-spaces, i.e. normal T-spaces. 


compact 
Hausdorff 
spaces 


metric 
spaces 


T,-spaces (normal 7’,-spaces) 


The following theorem plays a very important role in geometry. 


Theorem 11.8: Let f be a one-one continuous function from a compact space X into a 
Hausdorff space Y. Then X and f[X] are homeomorphic. 


The next example shows that the above theorem is not true in general. 


Example 4.1: Let f be the function from the half-open interval X = [0,1) into the plane R2 
defined by f(t) = (cos 2zt, sin 27t). Observe that f maps X onto the unit circle and 
that f is one-one and continuous. 


But the half-open interval [0,1) is not homeomorphic to the circle. For 
example, if we delete the point t = 4 from X, X will not be connected; but if we 
delete any point from a circle, the circle is still connected. The reason that 
Theorem 11.8 does not apply in this case is that X is not compact. 


Example 4.2: Let f be a one-one continuous function from the closed unit interval J = [0,1] into 
Euclidean‘n-space R®. Observe that I is compact by the Heine-Borel Theorem and 
that R” is a metric space and therefore Hausdorff. By virtue of Theorem 11.8, 
I and f[I| are homeomorphic. 


SEQUENTIALLY COMPACT SETS 


A subset A of a topological space X is sequentially compact iff every sequence in A 
contains a subsequence which converges to a point in A. 


Example 5.1: | Let A be a finite subset of a topological space ¥. Then A is necessarily sequen- 
tially compact. For if (s,,89,...) is a sequence in A, then at least one of the 
elements in A, say a), must appear an infinite number of times in the sequence. 
Hence (ao, a9, a ,...) is a subsequence of (s,), it converges, and furthermore it 
converges to the point ay belonging to A. 


Example 5.2: The open interval A = (0,1) on the real line R with the usual topology is not 
sequentially compact. Consider, for example, the sequence (s,) = (4, 4, i, ei) 
in A. Observe that (s,) converges to 0 and therefore every subsequence also con- 
verges to 0. But 0 does not belong to A. In other words, the sequence (s,,) in A 
does not contain a subsequence which converges to a point in A, ie. A is not 
sequentially compact. 


In general, there exist compact sets which are not sequentially compact and vice versa, 
although in metric spaces, as we show later, they are equivalent. 


Remark: Historically, the term bicompact was used to denote a compact set, and the 
term compact was used to denote a sequentially compact set. 
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COUNTABLY COMPACT SETS 


A subset A of a topological space X is countably compact iff every infinite subset B 
of A has an accumulation point in A. This definition is no doubt motivated by the 
classical : 


Bolzano-Weierstrass Theorem: Every bounded infinite set of real numbers has an ac- 
cumulation point. 


Example 6.1: | Every bounded closed interval A = |a, b| is countably compact. For if B is an 
f infinite subset of A, then B is also bounded and, by the Bolzano-Weierstrass 
Theorem, B has an accumulation point p. Furthermore, since A is closed, the 

accumulation point p of B belongs to A, i.e. A is countably compact. 


Example 6.2: The open interval A = (0,1) is not countably compact. For consider the. infinite 
subset B= ({4,4,4,...} of A= (0,1). Observe that B has exactly one 
limit point which is 0 and that 0 does not belong to A. Hence A is not countably 
compact. 


The general relationship between compact, sequentially compact and countably compact 
sets is given in the following diagram and theorem. 


compact — countably compact <—_ sequentially compact 


Theorem 11.9: Let A be a subset of a topological space X. If A is compact or sequentially 
compact, then A is also countably compact. 


The next example shows that neither arrow in the above diagram can be reversed. 


Example 6.3: Let T be the topology on N, the set of positive integers, generated by the following 
sets: 
{1, 2}, {3, 4}, {5, 6}, 


Let A be a non-empty subset of N, say vy) GA. If mp is odd, then m+1 isa 
limit point of A; and if mp is even, then m)—1 is a limit point of A. In either 
case, A has an accumulation point. Accordingly, (N,7) is countably compact. 


On the other hand, (N,T) is not compact since 


cA = {{1,2}, {8,4}, {5,6}, ...} 


is an open cover of N with no finite subcover. Furthermore, (N, 7) is not sequen- 
tially compact, since the sequence (1, 2,3, ...) contains no convergent subsequence. 


LOCALLY COMPACT SPACES 


A topological space X is locally compact iff every point in X has a compact neighborhood. 


Example 7.1: Consider the real line R with the usual topology. Observe that each point pER 
is interior to a closed interval, e.g. [p—~ 5,p+ 5], and that the closed interval is 
compact by the Heine-Borel Theorem. Hence R is a locally compact space. On the 
other hand, R is not a compact space; for example, the class 


cA = {s oy (—83, ~1), (—2, 0), (-1, 1), (0, 2), (A 3), oe ay 
is an open cover of R but contains no finite subcover. 
Thus we see, by the above example, that a locally compact space need not be compact. 


On the other hand, since a topological space is always a neighborhood of each of its points, 
the converse is true. That is, 


Proposition 11.10: Every compact space is locally compact. 


. Theorem. 


= 
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COMPACTIFICATION “A 


A topological space X is said to be embedded in a topological spac® Y if X is homeo- 
morphic t6 a subspace of Y. Furthermore, if Y is a compact space, then Y is called a 
compactification of X. Frequently, the compactification of a space X is accomplished by 
adjoining one or more points to X and then defining an appropriate topology on the 
enlarged set so.that the enlarged space is compact and contains X as a subspace. ‘ 


Example 8.1:,° Consider the real line R with the usual topology U. We adjoin two new points, 
. denoted by » and —, to R and call the enlarged set R* = RU {—~, »} the 

; extended real line. The order relation in R can be extended to R* by defining 

? Pre cade for‘any a€R. The class of subsets of R* of the form : 


AG { one = {w:a<a<b}, (4,%] = {s:a<a} and [-»,a) = = {eta < a} 


is a base for a topology T/* on R*. Furthermore, (R*,U*) is a compact space and 
. contains (R,U) as a subspace, and so it is a compactification of (R, U). 2° 


Recall that the real line R with the usual topology is homeomorphic to any open 
_ interval (a,b) of real numbers. The above space (R*,U*) can, in fact, be showi to be 
homeomorphic® to: ‘any closed interval [a,b| which is compact by the classical Heine-Borel” 


.  O 

Example 8.2: Leo denote ‘the («, y)-plane in Eu- 

“clidian 3-space R3, and let S denote 

“the sphere with center (0,0,1) on 

the z-axis and radius 1. The line 

~ passing through the “north pole” 

e «© =(0,0,2)ES and any point pEC 

cS intersects the sphere S in-exactly 

os * one point p’ distinct from ~, as 

shown in the. igure. ~ A 

Let f: C ~S-=be defined . 

4 _ f(p) =p’. Then fis, in fact, a 

homeomorphism from the plane C, 

which is not compact, onto the sub- 

Ie «get S\,{~} of the sphere S, and S 

: is compact. Hence S is a compacti- 
fication of C. ; 


> Now let (X,T) be any topological space. We shall define the Alexandrov or one-point 
compactification of (X,T) which we denote by (X.,T.). Here: 


(1) X,.= XU{~}, where , called the Pome at infinity, is distinct from every 
: othier point in X. > 


(2) I consists of the following sets: 
(i) each member of the topology T on X, 


(ii) the complement in X,, of any closed and compact subset of X. / “A 
We formally state: : . 
Proposition I1.11: The above class T ~ is a topology on X,, and (X., T..) is a compactifica- 


tion of (X,T). 


In general, the space (e4 T..) may not possess properties similar to those of the original 
space. There does exist one important. relationship between the two spaces; namely, 
Theorem 11.12: If (X,7) is a locally.compact Hausdorff space, then (X., 7.) is a compact 

Hausdorff space. 


Using Utyaobn’ Ss lemma we obtain an important result used in measure and integration 
theory: : 


Corollary 11.13: Let EF be a compact subset of a locally compact Hausdorff space X, and 
let E’ be a subset of an open set G#X. Then there exists a continuous 
‘function f: X > [0,1] such that f[#] = {0} and f[G*| = {1}. 


» 


a wv 
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COMPACTNESS IN METRIC SPACES 


Compactness in metric spaces can be summarized by the following 
Theorem 11.14: Let A be a subset of a metric space X. Then the following statements 
are equivalent: (i) A is compact, (ii) A is countably compact, and 
(ili) A is sequentially compact. 


Historically, metric spaces were investigated before topological spaces; hence the above 
theorem gives the main reason that the terms compact and sequentially compact are some- 
times used synonymously. : 


The{proof of the above theorem requires the introduction of two auxiliary metric 


concepts which are interesting in their own right: that of a totally bounded set and that 
of a Lebesgue number for a cover. 


} 
4 


TOTALLY BOUNDED SETS “ 


Let A be a subset of a metric space X and let «>0. A finite set of points N = 
{@1, €2,...,@m}~is called an -net for A if for every point p€A there exists an e; EN 


Exarmiple. 9.1: Let A = {(x,y):2?+y? <4}, ie. A is the open disc centered at the origin and 
= of radius 2. If e« = 3/2, then the set 


7 Re N = {(1, —)), (1, 0), (1, 1), (0, —1), (0, 0), (0, 1), (-1, —1), ES, 0), (-1, 1y} 


is an e-net for A. ‘On the other hand, if ex 4, then N is not an e-net for A. 


ie For example, p = (4, 3) + belongs to A but the distance between p and any point 
; ~) in N is greater than $. 
« A is shaded 
: N is displayed 
) , : Sas 


Recall that the diameter of A, d(A), is defined by d(A) = sup {d(a,a’):a,a’ EA} and 
that A is bounded if d(A) < ~. 


A subset A of a metric space X is totally bounded-if A possesses an «-net for 
every «> 0. 


A totally bounded set can also be described as follows: 


Proposition 11.15: A set A is totally bounded if and only if for every <« > 0 there exists a 
. decomposition of A into a finite number of sets, each with diameter 
less than «. 


We first show that a bounded set need not be totally bounded. 
Example 9.2: Let A be the subset of Hilbert Space, ie. of I,-space, consisting of the following 
points: ee : 
ey = ,0,0,...) > 
eg = (0, 1, 0, rae} 


e, = (,0,1,...) 
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Observe that d(e;,e)) = V2 if i#j. Hence A is bounded; in fact, 
d(A) = sup {d(e;,e,): e,e;€ A} = V2 


On the other hand, A is not totally bounded. For if e=4, the only non-empty 
subsets of A with diameter less than e are the singleton sets, i.e. sets with one 
point. Accordingly, the infinite set A cannot be decomposed into a finite number 
of disjoint subsets each with diameter less than 1. 


The converse of the previous statement is true. Namely, 


Proposition 11.16: Totally bounded sets are bounded. 


One relationship between compactness and total boundedness is as follows: 


Lemma 11.17: Sequentially compact sets are totally bounded. 


LEBESGUE NUMBERS FOR COVERS 


Let c4 = {Gi} be a cover for a subset A of a metric space X. A real number 8 > 0 


is called a Lebesgue number for the cover if for each subset of A with diameter less than 8 
there is a member of the cover which contains A. 


One relationship between compactness and Lebesgue number for a cover is as follows: 


Lemma (Lebesgue) 11.18: Every open cover of a sequentially compact subset of a metric 


space has a (positive) Lebesgue number. 


Solved Problems 


COMPACT SPACES 


1. 


Let T be the cofinite topology on any set X. Show that (X,T) is a compact space. 


Solution: 
Let g = {G;} be an open cover of X. Choose Gy€G. Since T is the cofinite topology, Gp is a 
finite set, say Gj = {a1,...,@,}. Since Gg is a cover of X, 


foreach a,€G) 43 G,€G suchthat a, € Gi, 


Hence G)CG,U-+:- UG, and X = Gu Gy = Go U G,U-++; UG. Thus X is compact. 


Show that any infinite subset A of a discrete topological space X is not compact. 


Solution: 

Recall that A is not compact if we can exhibit an open cover of A with no finite subcover. 
Consider the class c4 = {{a}:a€ A} of singleton subsets of A. Observe that: (i) c4 is a cover of A; 
in fact A = Uf{{a}:a GA}. (ii) ef is an open cover of A since all subsets of a discrete space are 
open. (iii) No proper subclass of <4 is a cover of A. (iv) of is infinite since A is infinite. Accordingly, 
the open cover e4 of A contains no finite subcover, so A is not compact. 


Since finite sets are always compact, we have also proven that a subset of a discrete space is 
compact if and only if it is finite. 
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3. 


Prove Theorem 11.2: Let A be a subset of a topological space (X,T). Then the 
following are equivalent: 


{i) A is compact with respect to T. 
(ii) A is compact with respect to the relative topology T, on A. 


Solution: 
(i) > (ii): Let {Gj} be a T,4-open cover of A. By definition of the relative topology, 


a H,ET such that G, = ANH,cCH,; 


Hence Ac U;G; C U;A; 


and therefore {H;} is a T-open cover of A. By (i), A is T-compact, so {H;} contains a finite sub- 


cover, say 
A cH ,U+: UH, Hi, © {Hj} 
But then 
Ac An (H,,U-+:UH;,,) = (AN H;)U ++ U(ANH;,) = Gj Ur UG; 


m 


Thus {G;} contains a finite subcover {Gi es Git and (A, T,) is compact. 


(ii) > (i): Let {H;} be a T-open cover of A. Set G; = ANH;; then 
AcU,;H, > A CAN(U,;H) = Uj (ANA) = VU;{G; 
But G,€T,, so {G;} is a T,4-open cover of A. By hypothesis, A is T4-compact; thus {G,} contains 
a finite subcover {Gip 11 Gt Accordingly, 
Ac GU 8 UG, = (ANH) U ++ U(ANH;,) = An (Hj,Us: UH;,) C Ayu U Ai 


Thus {H;} is reducible to a finite cover {Hi ie »» Hi} and therefore A is compact with respect to T. 


Let (Y,T*) be a subspace of (X,T) and let AC YCX. Show that A is T-compact 
if and only if A is T*-compact. 


Solution: 
Let T, and T oi be the relative topologies on A. Then, by the preceding problem, A is T- or 
T*-compact if and only if A is T,- or T,-compact; but T, = Ts. 


Prove that the following statements are equivalent: 
(i) X is compact. 
(ii) For every class {Fi} of closed subsets of X, NiFi=@ implies {Fi} contains a 
finite subclass {Fi,,...,Fi,} with Fi, ++: A Fi, = Q. 
Solution: 
(i) > (ii): Suppose N,F, = @. Then, by DeMorgan’s Law, 
X = @ = (n,Fye = UFI 
so {FG} is an open cover of X, since each F, is closed. But by hypothesis, X is compact; hence 


a Fi. ...F; € {Fi} suchthat X = Fi, UrerU Fr 


m 
Thus by DeMorgan’s Law, 
@ = Xe= (FEY tee UF; je gl 8e* nF. = F,9a-: nF, 


m 


and we have shown that (i) > (ii). 
(ii) > (i): Let (G,} be an open cover of X, i.e. X = U;G; By DeMorgan’s Law, 
@ = Xe = (U; Ge = 1,Gf 
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Since each G; is open, {Gj} is a class of closed sets and, by above, has an empty intersection. Hence 
by hypothesis, 
c a 
q Gi a2 HG & {Gi} such that Gi Neen Gi = @ 
Thus by DeMorgan’s Law, 
X= @ = (Gin NG Ye = Gifu tee UG = G; 


Accordingly, X is compact and so (ii) > (i). 


Prove Theorem 11.4: A topological space X is compact if and only if every class {Fi} 
of closed subsets of X which satisfies the finite intersection property has, itself, a 
non-empty intersection. 


Solution: 
Utilizing the preceding problem, it suffices to show that the following statements are equivalent, 
where {F} is any class of closed subsets of X: 


(i) Pe Cee eg Viy,-.-sim D> OF, ~OD 
(ii) WF, =D D> 4t,...,tm st. Ron ah =e 


But these statements are contrapositives. 


COMPACTNESS AND HAUSDORFF SPACES 


7. 


Prove: Let A be a compact subset of a Hausdorff space X and suppose p€ X\A. 
Then J open sets G,H such that pEG,ACH,GNH=9 


Solution: 
Let a€A. Since p€A, pHa. By hypothesis, X is Hausdorff; hence 


43 open sets G,, Hy such that pEG, a€H, GgNH,=@ 
Hence A Cc U{H,:a€ A}, ie. {H,:a€ A} is an open cover of A. But A is compact, so 
a Ay) i » Ay, € {H,} such that A C Hy, Ure U H,,, 


Now let H = Ha, Ure Hg, and G = Ga, Anse Ga," H and G are open since they are 
respectively the union and finite intersection of open sets. Furthermore, ACH and p€@ since 
p belongs to each Ga, individually. 


Lastly we claim that GN H = %. Note first that Ga, nN Fg, = @ implies that GN Ag, = @. 
Thus, by the distributive law, 


GoH = Gn (Hy,U++ UH) = (GNA) Uo: U (GN Ag) = MU°:-UG = @ 


Thus the proof is complete. 


Let A be a compact subset of a Hausdorff space X. Show that if p € A, then there 
is an open set G such that pEGCA*. 


Solution: 
By Problem 7 there exist open sets G and H such that p€G, ACH and GNA = Q. 


Hence GNA = QY, and pEGCAES 


Prove Theorem 11.5: Let A be a compact subset of a Hausdorff space X. Then A is 
closed. 


Solution: 
We prove, equivalently, that A‘ is open. Let p€ A‘, ie. p¢A. Then by Problem 8 there exists 
an open set G, such that pEG,C A*%. Hence At = U{G,: pe A‘}. 


Thus A¢ is open as it is the union of open sets, or, A is closed. 
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10. Prove Theorem 11.6: Let A and B be disjoint compact subsets of a Hausdorff space X. 
Then there exist disjoint open sets G and H such that ACG and BCH. 


Solution: 
Let a€ A. Then a¢B, for A and B are disjoint. By hypothesis, B is compact; hence by 
Problem 1 there exist open sets G, and H, such that 


aeG, BCH, and G,NnH, =@% 


Since a€G,, {G,:a€A} is an open cover of A. Since A is compact, we can select a finite number 
of the open sets, say Gay cag Ga,» so that AC Ga, Use) Ga," Furthermore, BC Hg, neon Hi, 
since B is a subset of each individually. 


Now let G = Ga, Urs: UG, and H = Ay, Meera Hy Observe, by the above, that ACG 
and BCH. In addition, G and H are open as they are the union and finite intersection respectively 
of open sets. The theorem is proven if we show that G and H are disjoint. First observe that, for 
each 2, Ga, a Ay, = @ implies Ga, .H = @. Hence, by the distributive law, 


GQNH = (Gg, Utt'UGa,) OH = (Gq, A) U +++ U (Gq A) = MU:::UY = @ 


Thus the theorem is proven. 


11. Prove Theorem 11.8: Let f be a one-one continuous function from a compact space X 
into a Hausdorff space Y. Then X and f{X] are homeomorphic. tr fv; fhe bee Nb be 


Solution: 

Now f:X- f[X] is onto and, by hypothesis, one-one and continuous, so f~!: f[X] > X exists. 
We must show that f—! is continuous. Recall that f-! is continuous if, for every closed subset F 
of X, (f~1!)~![F] = f[F] is a closed subset of f[X]. By Theorem 11.3, the closed subset F of the 
compact space X is also compact. Since f is continuous, f[F] is a compact subset of /[X]. But the 
subspace /[X] of the Hausdorff space Y is also Hausdorff; hence by Theorem 11.5, f[F] is closed. 
Accordingly, f~1 is continuous, so f: X > f[X] is a homeomorphism, and X and f[X] are homeomorphic. 


12. Let (X,T) be compact and let (X,7*) be Hausdorff. Show that if T* C T, then T* =T. 


Solution: 

Consider the function f: (X,T)—>(X,T*) defined by f(x) = 2, ie. the identity function on X. 
Now f is one-one and onto. Furthermore, f is continuous since T* CT. Thus by the preceding 
problem, f is a homeomorphism and therefore T* = T. 


SEQUENTIALLY AND COUNTABLY COMPACT SETS 


13. Show that a continuous image of a sequentially compact set is sequentially compact. 


Solution: 

Let f: X > Y be a continuous function and let A be a sequentially compact subset of X. We 
want to show that f[A] is a sequentially compact subset of Y. Let (b;,b.,...) be a sequence in 
f[A]. Then 

FT aj,d9,... EA such that f(a,) =b, Wren 
But A is sequentially compact, so the sequence (a,,4@2,...) contains a subsequence (is Gigs ++) which 
converges to a point ag A. Now f is continuous and hence sequentially continuous, so 


(F(@i,)s f(@i,)s ---) = (bi,,0;,,---) converges to f(a) € f[A] 


Thus f[A] is sequentially compact. 
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14. 


a) 


16. 


17. 


Let T be the topology on X which consists of % and the complements of countable sub- 
sets of X. Show that every infinite subset of X is not sequentially compact. 


Solution: 
Recall (Example 7.3, Page 71) that a sequence in (X,T) converges iff it is of the form 


(a4, Ag, way Ano» P,P, Ps . +) 


that is, is constant from some term on. Hence if A is an infinite subset of X, there exists a sequence 
(b,) in A with distinct terms. Thus (b,) does not contain any convergent subsequence, and A is not 
sequentially compact. 


Show that: (i) a continuous image of a countably compact set need not be count- 
ably compact; (ii) a closed subset of a countably compact space is countably 
compact. 


Solution: 


(i) Let X= (N,T) where T is the topology on the positive integers N generated by the sets 
{1, 2}, {3, 43, {5,6},.... By Example 6.3, X is countably compact. Let Y =(N,.2) where D 
is the discrete topology on N. Now Y is not countably compact. On the other hand, the function 

-f +X Y which maps 2n and 2n—1 onto n for n EN is continuous and maps the countably com- 
pact set X onto the non-countably compact set Y. 


(ii) Suppose X is countably compact and suppose F' is a closed subset of X. Let A be an infinite subset 
of F. Since F CX, A is also an infinite subset of X. By hypothesis, X is countably compact; then 
A has an accumulation point p€X. Since ACF, pis also an accumulation point of F. But F is 
closed and so contains its accumulation points; hence p€F. We have shown that any infinite 
subset A of F has an accumulation point p € F, that is, that F is countably compact. 


Prove: Let X be compact. Then X is also countably compact. 


Solution: 
Let A be a subset of X with no accumulation points in X¥. Then each point p& X belongs to an 
open set G,, which contains at most one point of A. Observe that the class {GpipeE X} is an open 


cover of the compact set X and, hence, contains a finite subeover, say {Gpp ea Gy 
Hence AcxXcG, Us: UG, 
1 m 
But each Gy, contains at most one point of A; hence A, a subset of G), Ure YW Gp can contain at 


most m points, ie. A is finite. Accordingly, every infinite subset of X contains an accumulation point 
in X, ie. X is countably compact. 


Prove: Let X be sequentially compact. Then X is also countably compact. 


Solution: 
Let A be any infinite subset of X¥. Then there exists a sequence (1, dy, .--) in A with distinct 
- terms. Since X is sequentially compact, the sequence (a,) contains a subsequence (Gi,» Bigs ...) (also 


with distinct terms) which converges to a point p © X. Hence every open neighborhood of p contains 
an infinite number of the terms of the convergent subsequence (ai) But the terms are distinct; hence 
every open neighborhood of p contains an infinite number of points in A. Accordingly, p€ X is an 
accumulation point of A. In other words, X is countably compact. 


Remark: Note that Problems 16 and 17 imply Theorem 11.9. 
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18. 


; 


Prove: Let A CX be sequentially compact. Then every countable open cover of A is 
reducible to a finite cover. 
Solution: 

We may assume A is infinite, for otherwise the proof is trivial. We prove the contrapositive, i.e. 
assume 3 a countable open cover {G;:i€@N} with no finite subcover. We define the sequence 
(Q4/d9,...) as follows. we 


“Let 2, be the smallest positive integer such that AN Gri # YQ Choose a4,EAN Gai Let n 
be the least positive integer larger than n, such that AN Gny # &. Choose 


ay © (ANG) \(AN Gy) 


‘Such a point always exists, for otherwise Gr, covers A. Continuing in this manner, we obtain the 


sequence (44,9, >) with the property that, for every iG N, 
a,EANG,, a, € UG (AN Gy) and 7, > 4-4 


me We claim that (a; has no convergent subsequence in A. Let p€@ A. Then 
4 A a Gi, € {G;} such that pé Gi, 


Now An G, ~ @, since peEAn Gig: hence 


tel a I joEN  suchthat Gnj, = Gi, 


But by the choice of the sequence (a1, dy, ...) 

2 . i> Jo > a; EZ Gi, 
Accordingly, since Gi, is an open set containing p, no subsequence of (a;) converges to p. But p was 
arbitrary, so A is not sequentially compact. 


ko, 


COMPACTNESS IN METRIC SPACES 


19. 


Prove Lemma 11.17: Let A be a sequentially compact subset of a metric space X. 
Then ‘A is totally bounded: 


% Solution: 


we prove the contrapositive of the above statement, i.e. if A is not totally bounded, then A is not 
sequentially compact. If A is not totally bounded then there exists an e > 0 such that A possesses 
no (finite) enet. Let a,€A.° Then there exists a point ag€A with d(a,,@s) =e, for otherwise 
{a,} would be an enet for, A. Similarly, there exists a point a3€A with d(a,,a3)=e« and 


— A(dg, a3) = e, for otherwise. fay, ay} would be-an e-net for A. Continuing in this manner, we arrive at 


“a sequence (@1,d9,:..) with the property that d(a; ,;) =e for i#j, Thus the sequence (a,) cannot 


20. 


this contradicts the fact that Bin, F G; for every G; in the 


contain any subsequence which converges. In other words, A is not sequentially compact. 

Prove Lemma (Lebesgue) 11.18: Let c4=(Gi} be an open cover of a sequentially 
compact set A. Then c4 has a (positive) Lebesgue number. 

Solution: 


Suppose e4 does not have a Lebesgue number. Then for each positive integer »€©N_ there exists 
a subset B, of A with the property that 


0<d(B,)<1/n: and B,¢G, for every G; in of 
For each n EN, choose a point b, © B,. Since A is sequen- 


tially compact, the sequence (bj, by, ...) contains a subsequence 
(bi, bi, i -) which converges to a point pe A, 


Since p€ A, p belongs to an open set G, in the cover c4. 
Hence “there exists an open sphere S(p,«), with center p and 
radius «, such that p € S(p,e) C Gp. Since (bi, converges to p, 


there exists a positive integer ing such that 
dp, bing) < de, bin, E Bin, and d(Bin,) < de 
Using the Triangle Inequality we get Bin, C S(p,e) C Gp. But 


Bi, ‘ is shaded 


cover c4, Accordingly <4 does possess a Lebesgue number. 
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21. Prove: Let A be a countably compact subset of a metric space X. Then A is also 
sequentially compact. 

Solution: 

Let (@,,@9,...) be a sequence in A. If the set B = {a,,ao,...} is finite, then one of the points, 
say aj), satisfies Ai = Oj for infinitely many j©N. Hence (ins Ain ...) is a subsequence of (a,) 
which converges to the point Gi, in A. 

On the other hand, suppose B = {a,,a@,...} is infinite. By hypothesis, A is countably compact. 
Hence the infinite subset B of A contains an accumulation point p in A. But X is a metric space; 
hence we can choose a subsequence (iss Gigs +) of the sequence (a,) which converges to the point p 
in A. In other words, A is sequentially compact. 


22. Prove Theorem 11.14: Let A be a subset of a metric space X. Then the following are 
equivalent: (i) A is compact, (ii) A is countably compact, and (iii) A is sequentially 
compact. 


Solution: 

Recall (see Theorem 11.8) that (i) implies (ii) in every topological space; hence it is true for a 
metric space. In the preceding problem we proved that (ii) implies (iii), Accordingly, the theorem is 
proven if we show that (iii) implies (i). 


Let A be sequentially compact, and let c4 = {G;} be an open cover of A. We want to show 
that A is compact, ie. that: c4 possesses a finite subcover. By hypothesis, A is sequentially compact; 
hence, by Lemma 11,18, the cover c4 possesses a Lebesgue number 5 > 0. In addition, by Lemma 11.17, 
A is totally bounded. Hence there is a decomposition of A into a finite number of subsets, say 
B,,...,Bm, with d(B) <6. But & is a Lebesgue number for c4; hence there are open sets 


Gi, ...,G; ©cA such that 
vs By CG, --6) Bn CG, 


Accordingly, Ac B,UB,U +: UByn C GG, UG,U++:+ UG, 


Thus c/4 possesses a finite subcover {Gi ately Git ie, A is compact. 


23. Let A be a compact subset of a metric space (X,d). Show that for any BC X there 
is a point p€A such that d(p,B) = d(A, B). 
Solution: 
Let d(A,B) =e. Since d(A,B) = inf {d(a,b):a€ A, b € B}, for every positive integer n EN, 
3 4,€A, b,E€B such that e = d(dy, bn) < e+1/n 
Now A is compact and hence sequentially compact; so the sequence (@1,@2,...) has a subsequence 
which converges to a point p€ A. We claim that d(p,B) = d(A,B) = «. 


Suppose d(p,B) > c«, say d(p,B) = «+8 where §>0. Since a subsequence of (a,) converges 


to p, 
JI mEN such that d(p, Any) < $6 and dan» bn) < et 1/ng < e+ $6 


Then Ad(p, dy) + Any bng) < Fo+e+48 = e+ 3 = d(p,B) = d(p,d,,) 


But this contradicts the Triangle Inequality; hence d(p,B) = d(A, B). 


24. Let A be a compact subset of a metric space (X,d) and let B be a closed subset of X 
such that AN B = @. Show that d(A,B) > 0. 


Solution: 
Suppose d(A,B) = 0. Then, by the preceding problem, 


a pcA such that d(p,B) = d(A,B) = 0 


But B is closed and therefore contains all points whose distance from B is zero. Thus p@€B and 
so p€ ANB. But this contradicts the hypothesis; hence d(A,B) > 0. 
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25. Prove: Let f be a continuous function from a compact metric space (X, da) into a metric 


space (Y,d*). Then f is uniformly continuous, i.e. for every « > 0 there exists a 8 > 0 
such that 
d(xz,y)<8 > d*(f(x),fly)) <« 


(Remark: Uniform continuity is a stronger condition than continuity, in that the 8 
above depends only upon the « and not also on any particular point.) 


Solution: 
Let « > 0. Since f is continuous, for each point p © X there exists an open sphere S(p,5,) such 


that 
x € S(p,8)) > f(x) © S(f(p), de) 


Observe that the class c4 = {S(p,5,): p © X} is an open cover of X. By hypothesis, X is compact 
and hence also sequentially compact. Therefore the cover c4 possesses a Lebesgue number §& > 0. 


Now let 2,y€X with d(x,y) < & But d(x,y) = d{z,y} < 8 implies {x,y} is contained in a 
member S(p9, 3p) of the cover A. Now 


x,y € S(Po; 3p) > f(x), fy) € S(f (Po), 4) 


But the sphere S(f(po), «) has diameter «. Accordingly, 
Ua,y<8s > ad*(f(x),fly)) < € 


In other words, f is uniformly continuous. 


Supplementary Problems 


COMPACT SPACES 


26. 


27. 


28. 


29. 


30. 


Prove: If EF is compact and F is closed, then ENF is compact. 


Let A,,...,A,, be compact subsets of a topological space X. Show that A,U--- UA, is also 
compact. 


Prove that compactness is a topological property. 


» 
Prove Proposition 11.11: The class T,, is a topology on X,, and (X,,,T,,) is a compactification of 
(X,T). (Here (X,,,T,,) is the Alexandrov one-point compactification of (X,T).) 


Prove Theorem 11.12: If (X,T) is a locally compact Hausdorff space, then (X,,T7,,) is a compact 
Hausdorff space. 


SEQUENTIALLY AND COUNTABLY COMPACT SPACES 


31. 


32. 


33. 


34. 


35. 


Show that sequential compactness is a topological property. 

Prove: A closed subset of a sequentially compact space is sequentially compact. 

Show that countable compactness is a topological property. 

Suppose (X,T) is countably compact and T*=T. Show that (X,7*) is also countably compact. 


Prove: Let X be a topological space such that every countable open cover of X is reducible to a finite 
eover. Then X is countably compact. 
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36. 


37. 
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Prove: Let X be a T,-space. Then X is countably compact if and only if every countable open cover 
of X is reducible to a finite cover. 


Prove: Let X be a second countable T,-space. Then X is compact if and only if X is countably 
compact. 


TOTALLY BOUNDED SETS 


38. 


39. 


40. 


41. 


42. 


Prove Proposition 11.15: A set A is totally bounded if and only if for every « > 0 there exists a 
decomposition of A into a finite number of sets each with diameter less than «. 


Prove Proposition 11.16: Totally bounded sets are bounded. 
Show that every subset of a totally bounded set is totally bounded. 
Show that if A is totally bounded then A is also totally bounded. 


Prove: Every totally bounded metric space is separable. 


COMPACTNESS AND METRIC SPACES 


43. 


44. 


45. 


46. 


47. 


48. 


Prove: A compact subset of a metric space X is closed and bounded. 


Prove: Let f:X-Y be a continuous function from a compact space X into a metric space Y. 
Then f[X| is a bounded subset of Y. 


Prove: A subset A of the rea) line RF is compact if and only if A is closed and bounded. 
Prove: Let A be a compact subset of a metric space X. Then the derived set A’ of A is compact. 
Prove: The Hilbert cube I = {(a,): 0 =a, =1/n} is a compact subset of R”™. 


Prove: Let A and B be compact subsets of a metric space X. Then there exist a€G A and bE B 
such that d(a,b) = d(A, B). 


LOCALLY COMPACT SPACES 


49. 


50. 


51, 


52. 


53. 


Show that local compactness is a topological property. 


Show that every discrete space is locally compact. 


Show that every indiscrete space is locally compact. 


Show that the plane R*% with the usual topology is locally compact. 


Prove: Let A be a closed subset of a locally compact space (X,7). Then A with the relative topology 
is locally compact. 


Cy 


- Chapter 12 


Product Spaces 


PRODUCT TOPOLOGY 


Let (Xi:i €1 }- be any class of sets and let X denote the Cartesian product of these 
sets, ie. X = [],X, Note that X consists of all points p = (ai::i€1) where a € Xi. 
Recall that, for each WE 1, we defined the projection ~;, from the product set X to the 
coordinate space Xj,, ie. 7j,: X > Xj, by ey 
a mia: tel) = ay 
These. epson are used to define the product topology. 


Let {(Xi,T))} bea collection of topological spaces and let X be the product, 
of the sets Xi, i.e. X =[],X,. The coarsest topology T on X with respect to 
which all the projections 7,: X > X, are continuous is called the (Tychonoff) 
product topology. The product set X with the product topology T, ie. (X,T), 
\_ is ealled the product topological space or, simply, product space. 


In other words, the product topology T onthe product set X = IL X, is the topology 
generated by the projections (see Chapter 7). 
. Example 1.1: Pounder the Cartesian plane R? = RXR. Recall that the inverses 7 ~ (a, db) 


and 7, la, b) are infinite open strips which form a subbase for the usual tanoloey 
on R2, 


* 
at (a, b) a5 (a, b) BS 
a ‘ 
Thus the usual topology on R? is the topology generated by the projections from 
R2 into R. 
In view of the above definition, we can state the result in Example 1.1.as follows: 
Theorem 12.1: The usual topology on R*? = RXR is the product topology. 


Example 1.2: Let {X;:7€ J} be a collection of Hausdorff spaces and let X be the product soles 

ie X = [];X; We show that X is also a Hausdorff space. Let p = (a,:i€ 1) 

“\ and g = (b;:1€ 1) be distinct points in X. Then p and q must differ in at least 
one coordinate space, say Xjq> Le. a4, # bj, “By hypothesis, Xj, is Hausdorff; 

hence there exist disjoint open subsets G and H of Xi, such that ay, € G and 

bj, EH. By definition of the product space, the projection Tip? x> Xi, is con- 
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tinuous. Accordingly 75.) [G] and Tip 1TH] are open disjoint subsets of X contain- 
ing p and gq. respectively. Hence X is also a Hausdorff space. 


x 
Tig a Xjq 


BASE FOR A FENITE PRODUCT TOPOLOGY 
The Cartesian product A x B of two open finite intervals A and B is an open rectangle 
in R? as illustrated below. 


; | al | 


X | | 


2 


As noted previously, the open rectangles form a base for the usual topology on R? ( 
which is also the product topology on R2. A similar statement is true for every finite 
product topology. Namely, 

Proposition 12.2: Let Xi,:--,Xm be a finite number of topological spaces, and let X be 
the product space, ie. X = X1X +--+ X Xm. Then the following sub- 


2 sets of the product space X, 
Gi X Ge X +++ X Gin 
where Gi is an open subset of X;, form a base for the product benolony 
on X. 


As we shall see in the next section, the above proposition is not true in the cage of an 
infinite product space. 


DEFINING SUBBASE AND DEFINING BASE FOR THE PRODUCT TOPOLOGY 

. Let {X;:i€J} bea collection of topological spaces and let X denote the product space, 
ie. X = IL X,. If Gj, is an open subset of the coordinate space X;,, then an 1(G;,| consists 
of all points p = (a:i€1) in X such that 7x,(p) € Gj. In other words 


73, [Gig] = [T] i: ¢4 3,3 x Gi, 
In particular, if we have a denumerable collection of topological spaces, say {X1, X2,..-55 


then the product space ie 
xX = []X, = Xi X Xo X X3 X 
consists of all sequences 

p = (O1, Ma, As, ...) where an € Xn 


and, furthermore, 
mit[G] = Xi X +++ X Xia X Gig X Kiger X 
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By definition, the product topology on X is the ‘‘smallest’’, i.e. coarsest, topology on X 
with respect to which all the projections are continuous, i.e. the topology generated by 
the projections. Accordingly, the inverse projections of open sets in the coordinate spaces 
form a subbase for the product topology (Theorem 7.8). Namely, 


Theorem 12.3: The class of subsets of a product space X = [],X, of the form 
Ti, [Gi] = II {Xi tH jy} x Gi, 
where Gj, is an open subset of the coordinate space Xj,, is a subbase and 
is called the defining subbase for the product topology. 
Furthermore, since finite intersections of the subbase elements form a base for the 
topology, we also have 
Theorem 12.4: The class of subsets of a product space X = [],X, of the form 


wy (Ga) 49s Page * (Gian = [[ (Xi: t43,,...,5,} * Gi, xX -++ x Gi, 


where Gj, is an open subset of the coordinate space Xj,, is a base and is 
called the defining base for the product topology. 
Using the above properties, we can prove the following central facts about product 


spaces. 


Jp 


Theorem 12.5: <A function f from a topological space Y into pee ee x 
a product space X = [[,X, is continuous if 
and only if, for every projection 7,, the com- 
position mapping 7,of: Y> X, is also con- 
tinuous. 

Theorem 12.6: Every projection 7,: X > X, on a product space X = [],X, is both open 
and continuous, i.e. bicontinuous. 


7 
op 
x; 


Theorem 12.7: A sequence 1, p2,... of points ina product space X = [],X, converges to 
the point q in X if and only if, for every projection 7,:X>X,, the se- 
quence 7,(p,),7(P,),... converges to 7,(q) in the coordinate space X.,. 


In other words, if pi = (a1,), P2 = (a2), ... and q=(bi) are points in a product space 


X = [],X,, then 
Pr>qin X iff dn, 6: in every coordinate space Xi 


EXAMPLE OF A PRODUCT SPACE 


Let R; denote a copy of R, the set of real numbers 
with the usual topology, indexed by the closed unit 
interval I = |0,1]. Consider the product space 
xX = I] {Ri:t E13}. We can represent X graphically 
as in the adjoining figure. Here the horizontal axis 
denotes the index set J = [0,1], and each vertical line 
through a point, say j,, in J denotes the coordinate 
space #j,. Consider an element p = (a;:i1€J) in the 
product space X. Observe that p assigns to each num- 
ber i€/J the real number ai, i.e. p is a real-valued 
function defined on the index set I = [0,1|. In other 
words, the product space X is the class of all real- 
valued functions defined on J, i.e., 

X = {p: p:I>R} 
Some of the elements of X are also displayed in the 
figure. Members of X 
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We now describe one of the members of the defin- 
ing subbase < for the product topology on X. Recall 
that <f consists of all the subsets of X of the form 


7, [Gi] = Il {Ri 114 dq} x Gi, 
where Gj, is an open subset of the coordinate space Ri. 
Suppose Gj, is the open interval (1,2). Then 7z;, * [Gig] 
consists of all points p = (a::i€J) in X such that 
a;, € Gi, = (1,2), ie. all functions p:J>R such that 
1 < p(j,) < 2. Graphically, Ti, "[G;,] consists of all those 


functions passing through the open interval G;, = (1, 2) ats Ri, 
on the vertical line representing the coordinate space 
R;,, as illustrated in the adjacent diagram. Members of 7; 1[Gj,] 


Lastly we describe one of the open sets, say B, of 
the defining base @ for the product topology on X. 
Recall that B is the intersection of a finite number of 
the members of the defining subbase <J for the product 
topology, say, 

B= 51 [Gi] a 7, [Gi] A 13," [Gig] 

= []{R,: 143,555} X Gi X Gi, X Gig 
Graphically, then, B consists of all functions passing 
through the open sets Gj,, Gj, and G;, which lie on the 
vertical lines denoting the coordinate spaces Rj,, Ri, 
and R;,. Some of the members of B are displayed in 
the diagram on the right. Members of B 


Consider the following proposition. 


Proposition 12.8: Let {(Xi,T;)} be a collection of topological spaces and let X denote the 
product of the sets Xi, ie. X = [[,X,. Then the subsets of X of the form 


Il {Gi: tET} 
where G; is an open subset of the coordinate space Xi, form a base for 
a topology on the product set X. 


Remark: The topology on the product set X = IL X, appearing in Proposition 12.8 is 
not always identical to the product topology on X as defined in this chapter. 
On the other hand, Proposition 12.2 shows that the two topologies coincide in 
the case of a finite product space. Historically, the topology in Proposition 12.8 
appeared and was investigated first. Tychonoff is credited with defining the 
(Tychonoff) product topology and proving for it one of the most important 
and useful theorems in topology, the Tychonoff Product Theorem. It is because 
of this theorem that the product topology is considered the “right” topology 
on the product set. 


TYCHONOFF’S PRODUCT THEOREM 

A property P of a topological space is said to be product invariant if a product space 
X = [],X, possesses P whenever each coordinate space X; possesses P. For example, the 
property P of being a Hausdorff space is product invariant since, in view of Example 1.2, 
the product of Hausdorff spaces is also Hausdorff. The celebrated Tychonoff Product 
Theorem states that compactness is also a product invariant property: 
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Theorem (Tychonoff) 12.9: The product of compact spaces is compact. 


The proof of Theorem 12.9 which is given in the solved problem section relies on the 
set-theoretic lemma which follows; the proof of the lemma requires Zorn’s Lemma. This 
is not too surprising since it has been shown that the Tychonoff Product Theorem is, in 
fact, equivalent to Zorn’s Lemma. 


Lemma 12.10: Let c4 be a class of subsets of a set X with the finite intersection property. 
Consider the collection P of all superclasses of c4 which have the finite 
intersection property. Then P, ordered by class inclusion, contains a 
maximal element ™. 


Recall (see Chapter 11) that a class ec4 = {Ai:i€J} possesses the finite intersection 
property iff every finite subclass of c4, say {Ai,,...,Ai,,}, has a non-empty intersection, 
ie. Ai, ++: N Ai, ¥ @. 


METRIC PRODUCT SPACES 


Let {(Xi,di)} be a collection of metric spaces and let X denote the product of the sets 
Xi, ie. X = EG X,. Since the metric spaces (Xi, dj) are also topological spaces, we can speak 
of the product topology on X. On the other hand, it is natural to ask whether or not it is 
possible to define a metric d on the product set X so that the topology on X induced by 
the metric d is identical to this product topology. The next two propositions give a positive 
answer to this question in the case of a finite or a denumerable collection of metric spaces. 
The metrics given are in no way unique. 
Proposition 12.11: Let (Xi,d:), ..., (Xm,dm) be metric spaces and let p = (a1,...,@m) and 


m 


= (bi,...,bm) be arbitrary points in the product set X = |] Xi. 
i=1 


Then each of the following functions is a metric on the product set X: 


dp, qa) = V di(q, b1)? oe n(n, Bm) 
d(p, q) 7; max {di(ai, bi), sey din(Am, Dm)} 
d(p, q) = di(a, D1) ee ee 2 in(Am, Dm) 


Moreover, the topology on X induced by each of the above metrics is 
the product topology. 


Proposition 12.12: Let {(X1,d1), (X2,d2), ...} be a denumerable collection of metric spaces 
and let p = (a1,d2,...) and q = (b1,b2,...) be arbitrary points in the 


product set X = ia Xn. Then the function d defined by 


oa dn(Gn, b 
d(p,q) = 2 x Geeky 
X and 


L+ di(an, bn) 
is a metric on the product set the topology induced by d is the 
product topology. 


CANTOR SET 
We now construct a set T of real numbers, called the Cantor or ternary set, which has 
some remarkable properties. Trisect the closed unit interval J = [0,1] at the points 


4 and % and then delete the open interval (4, 3), called the “middle third”. Let 7: denote 
the jeniindes of the points in /, ie., 


Ti = (0,3) UV [3,1] 
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We now trisect each of the two segmenis in 7, at 4 and 2 and { and 8, and then delete the 


7 
3 F 
“middle third” from each segment, i.e. (4,3) and (3,8). Let T2 denote the remainder of the 
points in 71, i.e., 
T. = [0,4] U [24] U BE UY 
If we continue in this manner we obtain a descending sequence of sets 
T, D T2 D T3 D 
where T;» consists of the points in T,-1 excluding the “middle thirds”, as shown. 


 —————— ee 


1 
Py —_—_—_______- $< ______ 
0 4 3 1 
T, -——e_____o—_ o—___»_____»—_____-e 
0 4 2 1 
a aeici ae o—o-_o—e o—e—_o—* oe 
iL 2 
3 3 


Observe that 7, consists of 2” disjoint closed intervals and, if we number them con- 
secutively from left to right, we can speak of the odd or even intervals in Tm. 


The Cantor set T is the intersection of these sets, ie. T = M {Ti: 1 EN}. 


PROPERTIES OF THE CANTOR SET 


We define a function f on the Cantor set T as follows: 


- Fas =: anaes cath 
where 


_ 0 if x belongs to an odd interval in Tm 
Bene op 2 if « belongs to an even interval in Tn 


The above sequence corresponds precisely to the “decimal expansion” of x written to the 
base 8, i.e. where 


ss il pedal ate Aces aaa ic 
wv = ay 6) Qe 9 a3 oT Om 3m 


Consider now a discrete space of two elements, say A = {0,2}, and let A, denote a 
copy of A indexed by 1 EN, the positive integers. 


Proposition 12.13: The Cantor set T is homeomorphic to the product space 
xX = I] {Ai:t EN} 
In particular, the function f: 77> X defined above is a homeomorphism. 


Remark: The Cantor set T possesses the following interesting properties: 


(1) T is non-denumerable. For T is equivalent to the set of sequences 
(@1,@2,...), where ai=0 or 2, which has cardinality 2% = e. 


(2) T has “measure” zero. For the measure of the complement of T relative 
to I = [0,1], ice. the union of the middle thirds, equals 


pe ett ie ela = 1 


But the measure of J = [0,1] is also 1. Hence the measure of T is zero. 
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Solved Problems 


PRODUCT SPACES 
1. Consider the topology T = {X, (, {a}, {b,c}} on X = {a,b,c} and the topology 


= {Y,9, {u}} on Y = {u,v}. 
(i) Determine the defining subbase <) of the product topology on Xx Y. 
(ii) Determine the defining base B for the product topology on X x Y. 


Solution: 
Note first that XxY = {(@,u), (a,v), (b,u), (B,v), (6, x), (6, v)} 


is the product set on which the product topology is defined. 


(i) The defining subbase <f is the class of inverse sets 7,'[G] and z,'[H| where G is an open 
subset of X and H is an open subset of Y. Computing, we have 
a! [X] = rwlly]) = XxKY 
x yu 
r(9} = a9] = @ 
7 i {{a}] = {(a,u), (a, v)} 
7 1 [{b,c}] =  {(b,u), (b, v), (c, u), (e, v)} 
ie [{a}] = {(a, u), (b, u), (C, uy} 


Hence the defining subbase =f consists of the subsets of X x Y above. 


(ii) The defining base @ consists of finite intersections of members of the defining subbase <f. Tl.at is, 


B = {XX Y, @, {(a,u}, {(b,u), (e,u)}, (a, uw), (a, v)}, 
¥ {(b, u), (B, v), (e, u), (e, v)}, {(a, u), (b, u), (ec, u)}} 
Prove Theorem 12.5: A function f: Y¥>X from a topo- Y f x 
logical space Y into a product space X = [],X, is con- |* 
tinuous if and only if, for every projection ti PX i, "op pA 


the composition 7,°f: Y > X, is continuous. 


Solution: 
By definition of the product space, all projections are continuous. So if f is continuous, then 
a,°f, the composition of two continuous functions, is also continuous. 


On the other hand, suppose every composition function 7,°f:Y-X, is continuous. Let G be 
an open subset of X;. Then, by continuity of 7;°f, 


(of [G] = ff aly 


is an open set in Y. But the class of sets of the form 


z,1[G] where G is an open subset of X; 


is the defining subbase for the product topology on X. Since their inverses under f are open subsets 
of Y, f is a continuous function by Theorem 7.2. 


Let B be a member of the defining base for a product space X = IL X, Show that 
the projection of B into any coordinate space is open. 


Solution: 
Since B belongs to the defining base for X, 


Bo = [[{X,: t4#9,,...,5m} X G;, X see & G, 


Im 
where G;, is an open subset of Xj, So, for any projection zy: X > Xq, 

[Xy if aA dye. .sdm 

7B) “ae ; 
\Gy if @€ {i .. 55m} 


In either case, 7,(B) is an open set. 
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4, Prove Theorem 12.6: Every projection 7,:X > X, on a product space X = IL X, is 
both open and continuous, i.e. bicontinuous. 


Solution: 
By definition of the product space, all projections are continuous. So we need only show that 
they are open. 


Let G be an open subset of the product space X = [],X;. For every point p€G there is a 
member B of the defining base of the product topology such that p€ BCG. Thus, for any projection 
The x> X;, 

a(p) © a [B] C 7G] 


By the preceding problem, 7,/B] is an open set. In other words, every point 7,(p) in 7[G] belongs to 
an open set 7,|B| which is contained in 7,[G|. Thus 7,[G] is an open set. 


5. Prove Theorem 12.7: A sequence 1, 2,... of points in a product space X = IL X, 
converges to the point qEX if and only if, for every projection 7«,:X->X,, the 
sequence 7,(p,),7(p,),... converges to =,(q) in the coordinate space X,. 

Solution: 

Suppose p,—-> gq. Then, since all projections are continuous, 7;,(p,) > 7;(q). 

Conversely, suppose 7;(p,) > z(q) for every projection 7; In order to prove that p,q, it is 
sufficient to show that if B is a member of the defining base of the product space X = [];X;, that 
contains the point q © X, then 


Jn EN suchthat n>rnm D> prEB 


By definition of the defining base for the product space X = [], X;, 
Bo= 7 [Gj] Mets A wt [G;,,,] 


i I 


_ 


where Gj, is an open subset of the coordinate space Xin. Recall that q € B; hence 73,9) E 7;,[B] = 


Gis sds 749) E 7,18] = G; By hypothesis, 7 j,(Pn) > 7 j,(q)- Hence, for each i = 1,...,m, 
¥n,EN suchthat n>n D> mmr) EG D> Pr€ 7 '[G;] 
v 
Let vg = max (n,...,%»). Then 
n> D> PrEr [Gj] V+ O77 [G | = B 
J 1 Im m 
Consequently, py q. 3 


w 


TYCHONOFF THEOREM 


6. Prove Lemma 12.10: Let c4 be a class of subsets of a set X with the finite intersection 
property. Consider the collection P of all superclasses of c4 each with the finite inter- 
section property. Then P, ordered by class inclusion, contains a maximal element ™. 
Solution: 

Let T= {B;} be a totally ordered subcollection of P, and let B = U;B; We show that B 
belongs to P, i.e. that B is a superclass of c4 with the finite intersection property. It will then follow 
that B is an upper bound for T and so, by Zorn’s Lemma, P contains a maximal element ¢1/. 


Clearly B = U,B;, is a superclass of e4 since each B; is a superclass of <4. To show that B 
has the finite intersection property, let {A,,...,A} be any finite subclass of B. But B = U;B;; 


hence 
q Bi» 5B ET such that A,€ Bi es AS Bi, 


Recall that T is totally ordered; hence one of the classes, say Bij, contains all the sets A; and, further- 
more, since it has the finite intersection property, 
A, NAQN +: NAn ¥ @ 


We have just shown that each finite subclass {A,,...,A4,} of B has a non-empty intersection, i.e. 
B has the finite intersection property. Consequently, B belongs to P. 
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7. 


Prove: The maximal element 7 in Lemma 12.10 possesses the following properties: 
(i) Every superset of a member of also belongs to «7. 


(ii) The intersection of a finite number of members of / also belongs to 1. A if frbher 


(iii) If AN M # @, for every ME, then A belongs to -W. 
Solution: 
We only prove (ii) here. The proofs of (i) and (iii) will be left as supplementary problems. 


(ii) We prove that the intersection of any two sets A,B€-ew also belongs to -¥%. The theorem 
will then follow by induction. Let C = AnB. If we show that ei U {C} has the finite 
intersection property, then ¢%%U{C} will belong to P and, since ew is maximal in P, 
eM = of U{C}. Thus C will belong to -17, as was to be proven. 


Let {A ;,Ao,...,Am} be a finite subclass of -wU{C}. There are two cases: 


Case I. C does not belong to {Ay,...,Am} C eM U{C}. Then {A,,...,A,,} is a finite subclass 
of - alone. But -%7 has the finite intersection property; hence A,;N-°::N A, ¥ @. 


Case II. C does belong to {Aj,..., Am}, say C= A,. Then 
AyN s+ NAm = CNAQN*'!NAn = ANBNAQN+::NAmn # @ 
since A,B,Ay,...,Am E eI. 


In either case, {A;,...,A,,} has a non-empty intersection. So «17 U{C} € P and, for reasons 
stated above, CG e¥. 


Prove Theorem (Tychonoff) 12.9: Let {Ai:7 EJ} bea collection of compact topological 
spaces. Then the product space X = [[{Ai:i€J} is also compact. 


Solution: 
Let c4=({F;} be a class of closed ‘subsets of X with the finite intersection property. The 


theorem is proven if we show that c4 has a non-empty intersection, i.e., 


JI pEX suchthat pEF, forevery F,€ A 


Let «wv = {M,:k © K} be a maximal superclass of c4 with the finite intersection property 
(see Lemma 12.10). Define «Ww = {M,:k€K}. Observe that 


F,€éA > Fj=F, and F,EM > F/EM 


So if we prove that -77 has a non-empty intersection, then c4 will also have a non-empty intersection. 
In other words, the proof is complete if 
3pEX suchthat peM, forevery kEK 
or, equivalently, 
apex such that pEB > BOM, - % forevery KEK (1) 


where B is a member of the defining base for the product topology on X = [],A4,, since p is then an 
accumulation point of each of the sets M;, and so is contained in M,. 


Recall that «Ww = {M,:k € K} has the finite intersection property; so, for each projection 
a: X2A,, the class 
{7;[My| :ke Kk} 
of subsets of the coordinate space A, also has the finite intersection property. Hence the class of 
closures = 

{7[M),| 1 k © Ky 

is a class of closed subsets of A; with the finite intersection property. By hypothesis, A; is compact; 
so {7|M,|:k €K} has a non-empty intersection, ie., 


3a,€A; suchthat a,;€7M,| forevery KEK 
or, equivalently, 


a a,€A, such that @,€G,; > G,O7{M,] ~A @ forevery KEK (2) 


where G; is any open subset of the coordinate space Aj. 


176 PRODUCT SPACES [CHAP. 12 


Define p = (a;:i€ 1). We want to show that p satisfies the condition (1). Let » € B, where 
B is a member of the defining base for the product topology on X = [J]; A, ie., 


B= atlG,| no 9 eG] 
where Gig is an open subset of Aig. 


Observe that p€B implies 7i,(p) =a, belongs to 7;,[B] ca G;,. So, by (2) above, 
‘ Gin Ti, [M,;| *# @ forevery kEK 


which implies that 


a G,]9M, = (II {A;:t #4} X Gi) aM, #« © for every M,, € 
By the property (ili) of <7, stated in the preceding problem, 7 (Gi,] belongs to -¥. Similarly, 
eo} [Gig], --.7 {G; also belongs to -4/. But -¥W satisfies the finite intersection property; so 
2 a On y 
BoM, = «wz! [G;,] Nee w,-* (Ge aM, # @ for every k EK 
Ny 4 


m 


Thus (1) is satisfied and the theorem is proven. 


CANTOR SET 
9. Show that the Cantor set T is a closed subset of R. 
Solution: 


Recall that T,,, is the union of 2” closed intervals. So T,,, the union of a finite number of closed 
sets, is also closed. But T = 1 {T,:i©@N}; hence T is closed, as it is the intersection of closed sets. 


10. Show that T is compact. 


Solution: 
Since T is a closed and bounded set of real numbers, it is compact. 


11. Let X = [[{Ai:i'@N} where Ai= {0,2} with the discrete topology. Show that 
X is compact. 
Solution: 
Observe that A; is compact since it is finite. So, by the Tychonoff Product Theorem, X = I]; 4; 
is also compact. 


12, Let X = []{Ai:*€@N} where A; = {0,2} with the discrete topology. 
(i) Prove that the function f: X>T defined by : 
f((a1,d2,...)) =  aa(h) + olf) + dah) +e = 2 ai($)' 
is continuous. 


(ii) Prove that X is homeomorphic to Tf. 


Solution: 
(i) Let p = (@,,@9,...)€ X and let « > 0. We need to show that there is an open subset B of X 


containing p such that 
*x€B implies |f(x)—f(p)| <« 


in] 
Note that & (2)! converges. Hence 
i=1 


oO 
3njEN ~ such that > (Z)i<e 
i=notl 
Consider the subset 
B = {a,} X {ag} X +++ X {ant x Anj+1 x An +2 X ose 


of X. Observe that » € B and B is a member of the defining base of the product topology on 
X =[],;4; and so is open. Furthermore, 


CHAP. 12] PRODUCT SPACES VT 


a (ay, rey Gn bag ti bayta icy S B 
. 4 Pe 
implies \f(a) — f(p)| = = &-adbi]} = 3 i < « 
i=ngtt i=ngtl 


Thus f is continuous. 


(ii) The function : f:X-T ig a one-one continuous function from the compact space X onto the 
metric space T. By Theorem 11.8, f is a homeomorphism. 


oS 


oS 


SM Supplementary Problems 


PRODUCT SPACES 


13. 


17. 


Show that the property of being a Ty-space is product invariant, ie. the product of T,-spaces is ‘ 
T \-space. 


& 
Show that the property of being a regular space is product invariant. : i 
property g a reg P. Pp po 


Show thatthe property of being a completely regular space is product invariant. 


Prove: Let p = (a;:i€ 1) be any point in a product space X = []{X;:iE J}. Then, for any jo €/, 5 
: Xj, x J] {a,;: 274 jo} is homeomorphic to Xj, : 


(In the special case of Euclidean 3-space R°, this theorem states that the line, say _, 
\ 
‘ Y = {a} X fag} X Rg = {(a4,d9,"): 2 © R} i 


through p =-(@1,4,@3), is homeomorphic to R.) See Fig. (a). 
c 


ee 


is 
Beets 
» 


Ry ey 
Fig. (a) Fig. (b) 


Prove: Let p = (a,;:i€1) be any point in a product space X = [[{X;:i1E 1}. Then, for any io € I, 
{a;,} x []{X;: 7A jo} is homeomorphic to II {X,: 1 Ajo} 


d 


(In the special ‘case of Euclidean’ 3-space R, this theorem states that the plane, say 
Y = R, X Ry X {as} = {(a,y, 3): 2, y © R} 
through p = (a1, d9,43), is homeomorphic to R? = RXR.) See Fig. (6). 


Prove the converse of the Tychonoff Product Theorem, ie. if a product space X = [],X; is compact, 
then each coordinate space X; is also compact. 


Let A be a subset of a product space X = [[{X,;:i€ 3 and let 7; AC A-X, denote the restriction 
of the projection z;: XX, to A. Show that the relative topology on A is the coarsest topology 
with respect to which the functions 7; , are continuous. 
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20. (i) Prove that a countable product of first countable spaces is first countable. 
(ii) Show that an arbitrary product of first countable spaces need not be first countable. 


21. Show that an uncountable product space X = [],X; is not metrizable (unless all except a countable 
number of coordinate spaces are singleton sets). 


22. (i) Prove that a countable product of second countable spaces is second countable. 
(ii) Show that an arbitrary product of second countable spaces need not be second countable. 


23. Let A; be an arbitrary subset of a topological space X;; thus J]; A; is a subset of the product space 
X = [],X; Prove that (i) [],4; =I1,4;, (ii) T,4? > (1;4)°. Give an example to show that 
equality does not hold for (ii) in general. 


24. Let A; be an arbitrary subspace of X;. Show that the product topology on [],;A; is equal to the 
relative topology on [],A; as a subset of the product space []; X;. 


ARBITRARY TOPOLOGIES ON PRODUCT SETS 


25. Prove Proposition 12.8: Let {(X;,T;):i1€I} be a collection of topological spaces and let X be the 


product of the sets Xj, ie. X = [];X; Then the subsets of X of the form []{G,;:iG€J} where 
G,; is an open subset of the coordinate space X;, form a base for a topology T on the product set X. 


26. Show that the product topology on a product set X = ]J;X,; is coarser than the topology JT on X 
defined in the preceding problem (Proposition 12.8). 


27, Give an example of a topology T on a product set X = [];X; which is coarser than the product 
topology on X. 


28. Let T be the topology on a product set X = |], X; defined in Problem 25 (Proposition 12.8). Show 
that (X,T) is discrete if each coordinate space X; is discrete. 


FINITE PRODUCTS 


29. Prove Proposition 12.2: The subsets of a product space X = X;,xX-+-+- x X,, of the form G; X ++: XG, 
where G; is an open subset of X;, form a base for the product topology on X. 


30. Prove: If B is a base for X and B* is a base for Y, then {G X H: GE @B, H € B*} is a base for 
the product space X x Y. 


31. Prove: If B, is a local base at a © X and ®, is a local base at DEY, then {GX H:GEB,, HE By} 
is a local base at p = (a,b) EC XX Y. 


32. Prove that the product of two first countable spaces is first countable. 
33. Prove that the product of two second countable spaces is second countable. 
34. Prove that the product of two separable spaces is separable. 


35. Prove that the product of two compact spaces is compact (without using Zorn’s Lemma or its 
equivalents). 


36. Let B* be the topology on the plane R? generated by the half-open rectangles 
a,b) x [e,d) = (la, y)i:a=u<b e=y<d} 


Furthermore, let T be the topology on the real line R generated by the closed-open intervals [a, 6). 
Show that (R2, 7“) is the product of (R, T) with itself. ; 
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37. 


38. 


39. 


40. 


41. 


Show, by a counter-example, that the product of two normal spaces need not be normal. 


Let ACX and BCY and hence AX BCXX/Y. Prove that 
(i) AxB=AXB (ii) A° xX B° = (Ax B)° 


(Recall [see Problem 23] that equality does not hold in general.) 


Let f:X—>Y and let F:X-X xX Y be defined by F(a) = (x,f(x)). Prove that f is continuous if 
and only if F is a homeomorphism of X with F[X]. (Recall that F[X] is called the graph of f.) 


Let X be a normed vector space over R. Show that the function f:X xX X—>X defined by 
f(p,q)) = p+q is continuous. 


Let X be a normed vector space over R. Show that the function f:RxX-X defined by 
f(k, p)) = kp is continuous. 


METRIC PRODUCT SPACES 


42. Prove: Every closed and bounded subset of Euclidean m-space R™ is compact. 


43. 


44. 


Prove Proposition 12.11: Let (X,d;), ...,(Xmsdm) be metrie spaces and let p = (a;,...,@ ,) and 


m 
q = (6;,...,6,) be arbitrary points in the product set X = qT X; Then each of the following 
functions is a metric on X: i= 


(i) d(p, q) = V d,(a4, b,)? Fe dm (Gms bm)? 
(ii) d(p, q) = max {d,(ay, by), ny din(Qms bm)} 
(iii) d(p, q) = dy(ay, b1) oe fe oe dm (Ams bm) 


Moreover, the topology on X induced by each of the above metrics is the product topology. 


Prove Proposition 12.12: Let {(X,,d,), (X»9,d.), ...} be a denumerable collection of metric spaces 


ioe) 
and let p = (a,,@ ,...) and q = (b,,6b9,...) be arbitrary points in the product set X = Ul >. ae 
Then the function d defined by mod 
1 dy (Gn; b,) 


dpd = 2 w+ dab) 


n 


is a metric on X and the topology induced by d is the product topology. 


Chapter 13 


Connectedness 


SEPARATED SETS 


Two subsets A and B of a topological space X are said to be separated if (i) A and B 
are disjoint, and (ii) neither contains an accumulation point of the other. In other words, 
A and B are separated iff 7 : 

ANB=9@% and ANB=9% 
Example 1.1: Consider the following intervals on the real line R: 
A = (0,1), B = (1,2) and C = [2,8) 
Now A and B are separated since A = [0,1] and B = [1,2], and so AN B ‘and 


A‘nB are empty. On the other hand, B and C are not separated since 2€C 
is a limit point of B; thus: 


Bonc = [1,2] (2,8) = {23 # @ 


Example 1.2: | Consider the following subsets of the plane R?: 
A = {0,y): $= y=1} 
B {it,y): y =sin (1/x), 0 < w = 1} 


Now each point in A is an accumulation point of B; hence A and B are not sepa- 
rated sets. 


CONNECTED SETS 


A subset A of a topological space X is disconnected if there exist open sub- 
sets G and H of X such that ANG and AG are disjoint non-empty sets 
whose union is A. In this case, G U H is called a disconnection of A. A set is 
connected if it is not disconnected. 


Observe that A =(ANG)U(ANH) iff ACGUH 
and Q = (ANG)N(ANH) iff GNHCA 


Therefore GUH is a disconnection of A if and only if 
ANG #9, ANH #Q, ACGUH, and GNHCA* 


Note that the empty set % and singleton sets {p} are always connected. 


180 
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Example 2.1: The following subset of the plane R? is disconnected: ) 
A = {(s,y): 2? — y? = 4} 


For the two open half-planes 
? G = {(e,y):"<—-1} and H = {(a,y):a> 1} 


form a disconnection of A as indicated in the diagram above. 


Example 2.2: Consider the following topology on X = {a,b,¢, d, e}: 
i T = {X, @, {a,b,c}, {e,d,e}, {e}} 
Now A = {a,d,.e} is disconnected. For let G = {a,b,c} and H = {e,d,e}; then 
=X A QG= = {a} and ANA = {d,e} are non-empty disjoint sets whose union is A. 
(Observe that G and H are not disjoint.) 


f 
J 


The basic relationship between snncsededs and separation follows:, 
Theorem 13.1: <A set is connected if and only if it is not the union of two none 
separated sets. me 
The following proposition is very agetany ° 
Proposition 13.2: 0 A and B are connected sets which are not separated, then A U B is 
connected. ) é 


EXample 23: Let A and B be the subsets of the plane R? defined and illustrated in Example %.2. 
We show later that A.and B are each connected. But A and B are not separated; 
hence, by the previous proposition, A U B is a connected set. Ee 

o ¢ 


CONNECTED SPACES. 


Connectedness, like compactness, is an absolute property of a set; namely, 


Theorem 43.8: Let A be a subset of a topological space (X,7). Then A is connected with 
respect to T if and only if A is connected with respect to the relative 
topology T, on A. 


Accordingly, we can frequently limit our investigation of connectedness to those topo- 
logical spaces which are themselves connected, i.e. to connected spaces. 
Example 3.1: Let X be a topological space which is disconnected, and let GUH bea discontiee: 


tion of x; then 8 
= (XNG)U(XNH) and (XNG)N(XNA) = O 


But XNG=G and XNH = A; thus X is disconnected if ‘and only if there 
exist non-empty open sets G and H such that 
X=GUH and GNH=9 


In view of the discussion in the above example, we can give a simple characterization 
of connected spaces. 


Theorem 13.4: <A topological space X is connected if and only if (i) X is not the union 
of two non-empty disjoint open sets; or, equivalently, (ii) X and ? are 
the only subsets of X which are both open and closed. 


e 
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Example 3.2: Consider the following topology on X = {a,b,c,d, e}: 
T = {X, @, ta}, {c,d}, {a,¢,d}, {b,¢,d, e}} 
Now X is disconnected; for {a} and {b, c,d, e} are complements and hence both open 


and closed. In other words, 
X = {a} U {b,e,d,e} 


is a disconnection of X. Observe that the relative topology on the subset 
A = {b,d,e} is {A,@, {d}}. Accordingly, A is connected since A and @ are the 
only subsets of A both open and closed in the relative topology. 


Example 3.3: The real line R with the usual topology is a connected space since R and @ are the 
only subsets of R which are both open and closed. 


Example 3.4: Let f be a continuous function from a connected space X into a topological space Y. 
Thus f: X > f[X] is continuous (where /[X] has the relative topology). 


We show that /[X] is connected. Suppose f[X] is disconnected; say G and H 
form a disconnection of f[X|. Then 


f[X| = GUH and GnNH = @ 
and so X = f-\[(G)Uuf-'[H] and f-'[aj)nf-'|A] = @ 
Since f is continuous, f-![G] and f—1[H] are open subsets of X and hence form 


a disconnection of X, which is impossible. Thus if X is connected, so is f[X]. 


We state the result of the preceding example as a theorem. 


Theorem 13.5: Continuous images of connected sets are connected. 


Example 3.5: Let X be a disconnected space; say, GUH is a disconnection of X. Then the 


; 0 if «EG, ; ‘ : 
function f(x”) = ; is a continuous function from X onto the dis- 
1 if «E€H 


crete space Y = {0,1}. 
On the other hand, by Theorem 13.5, a continuous image of a connected space X cannot 
be the disconnected discrete space Y = {0,1}. In other words, 


Lemma 13.6: <A topological space X is connected if and only if the only continuous func- 
tions from X into Y = {0,1} are the constant functions, f(z) = 0 or 


f(x) = I. 


CONNECTEDNESS ON THE REAL LINE 
The connected sets of real numbers can be simiply described as follows: 


Theorem 13.7: A subset F of the real line R containing at least two points is connected 
if and only if # is an interval. 


Reeall that the intervals on the real line R are of the following form: 
(a, b), (a, b|, [a, db), [a, b], finite intervals 
(—~,a), (—», a], (a, ©), [a, 2), (—%, »), infinite intervals 
An interval E can be characterized by the following property: 
a, bE€H,a<u“«<b > EE 


Since the continuous image of a connected set is connected, we have the following generali- 
zation of the Weierstrass Intermediate Value Theorem (see Page 53, Theorem 4.9): 


Theorem 13.8: Let f: X >R bea real continuous function defined on a connected set X. 
Then f assumes as a value each number between any two of its values. 
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Example 4.1: An interesting application of the theory of connectedness is the following “fixed- 
point theorem”: Let J = [0,1] and let f:1—-J be continuous; then 4p €J such 
that f(p) = p. 


This theorem can be interpreted geometrically. Note first that the graph of 
f:I-T lies in the unit square 


P= wy: 0H=e=1,0=y=1} 
The theorem then states that the graph of f, which connects a point on the left 


edge of the square to a point on the right edge of the square, must intersect the 
diagonal line A at, say, (p, p) as indicated in the diagram. 


y 


COMPONENTS 


A component E of a topological space X is a maximal connected subset of X; that is. 
E is connected and EF is not a proper subset of any connected subset of X. Clearly FE is 
non-empty. The central facts about the components of a space are contained in the 
following theorem. 


Theorem 13.9: The components of a topological space X form a partition of X, i.e. they 
are disjoint and their union is X. Every connected subset of X is con- 
tained in some component. 


Thus each point p € X belongs to a unique component of X, called the component of :p. 
Example 5.1: If X is connected, then X has only one component: X~-itself, 


Example 5.2: Consider the following topology on X = {a,b,e,d, e}: 


T = {&, @, {a}, {c,d}, {a,c,d}, {b,¢,d, e}} 
The components of X are {a} and {b,c,d,e}. Any other connected subset of X, 
such as {b,d,e} (see Example 3.2), is a subset of one of the components. 


The statement in Example 5.1 is used to prove that connectedness is product invariant; 
that is, 


Theorem 13.10: The product of connected spaces is connected. 


Corollary 13.11: Euclidean m-space R” is connected. 


LOCALLY CONNECTED SPACES 


A topological space X is locally connected at p © X iff every open set containing p 
contains a connected open set containing p, i.e. if the open connected sets containing p 
form a local base at p. X is said to be locally connected if it is locally connected at each 
of its points or, equivalently, if the open connected subsets of X form a base for X. 


Example 6.1: Every discrete space X is locally connected. For if p€X, then {p} is an open 
connected set containing p which is contained in every open set containing p. 
Note that X is not connected if X contains more than one point. 
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Example 6.2: Let A and B be the subsets of the plane R* of Example 1.2. Now. AUB is a con- 
nected set. But A UB is not locally connected at p = (0,1). For example, the 
open disc with center p and radius 1 does not contain any connected neighbor- 
hood of p. ; d 


PATHS 


‘Let 7 = [0,1], the closed unit interval. A path from a point a to a point Db in a 
topological space X is a continuous function f:J> X with f(0) =a and f(1) = b. Here 
a is called the initial point and 6 is called the terminal point of the path. se. 

Example 7.1: For any p€X, the constant function.e,:1—>X defined by e,(s) =p is continu- 
: ous and hence a path, It is called the constant path at p. 

‘Example 7.2: Let f:I1->X be a path from a to 6b. Then the function f: I-X defined by 
f(s) = f—s) is a path from b to a. : 

Example 7.3: Let /: TeX be a path from a to b ‘and let g:I>X be a path from 6 to e. 


ies Then the juxtaposition of the two paths f and g, denoted by f*g, is the function 
f*g:I>X defined by 
f (28) if O=s=4 


‘a : VADER, = = les “if g<e=1 


; which is a path from a to ¢ obtained by aout the path f from a to b and ther 
NL following g from b.to ec. 4 \ Q 


ARCWISE CONNECTED SETS 


A subset EF’ of a topological space X is said to be arcwise connected if for any two 
points a,b € E there isa path f:1> X from ato b which is contained in L£, i.e. f[J] C EL. 
The maximal arcwise connected subsets of X, called arcwise connected components, form 
a partition of X. The relationship between connectedness. and arcwise connectedness 


follows: - eS 
‘ Theorem 13.12: Arcwise connected sets are connected. 


5 


The converse of this. theorem is not true, as seen in the next example. 
Example 8.1: Consider the following subsets. of the Slane R?: 
; A = {m@,y): 0=a2=1, y=a/n, nEN} 
B= {w#,0):422=1 


Here A consists of the points onthe line seg- 
ments joining the origin (0,0) to the points 
(1,1/n), n GN; and B consists of the points on 
the a-axis between $ and 1. Now A and B are 
both arewise connected, hence also connected. 
‘Furthermore, A and B are not separated since 
each p © B is a limit point of A; and so AUB 
is connected. But AUB. ig not arewise con- 
nected; in fact, there exists no path from any 
' point in A to any point in B. 


i 


Example 8.2: Let A and B be the subsets of the plane R? defined in Example 1.2. Now A and B 
are continuous images of intervals and are therefore connected. Moreover, A and 
B are not separated sets and so AUB ig connected. But A UB is not arewise 

connected; in fact, there exists no path from a point in A to a point in B. 


_— 
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The topology of the plane R? is an essential part of the theory of functions of a complex 
variable. In. this case, a‘region is defined as an open connected subset of the plane. The 
following theorem plays an important role in this theory. 


Theorem 13.13: An open connected subset of the plane R? is arcwise connected. 


HOMOTOPIC PATHS 


Let f:1>X and g:I1>X be two paths with the same initial point » @ X and the 
. same terminal point g¢ X. Then f is said to be homotopic to g, written f= g, if there 
exists a-continuous function 

¢ A: P-xX 
such that = 


H(s,0).= f(s) H(0,t) = p 
H(s,1) = 9(s) H(1,t) = 4 


as indicated in the adjacent diagram. We 
then say that f can be continuously deformed 
‘into g. The function H is called: a homotopy 
from f to g. 


Example 9.1: Let X be the set of points between two concentric {circles (called an. annulus), 


. Then the paths f and g,in the diagram on the left below are homotopic, whereas 
S the paths f’ and g’ in the diagram on the right below are not homotopic. 
—~ | k 


a) 


Example 9.2: | Let f:J—>X_ be any path. Then f~f, ie. f is: homotopic to itself. For the 
function H:12>X defined by 
H(s,t) = f(s) 
is a homotopy‘from f to f. 
Example 9.3: Let fg and, say, A: PX isa 1 homotopy from f to g. Then the function 
“A A: I2>X defined by 
¢ Ais, t) = H(s,1-t) 
. is a homotopy from g to f, and so g=f. 
Example 9.4: Let f=g and gh; say, F:I2-X is.a homotopy from f tog and G:P2-X 
isa homotopy from g to h. The function H: 12> X defined by 


F(s, 2t) if O=t=4 
Gs,2t-1) if f=t< 


is a homotopy from f to h, and so f~h. The homotopy 1 can be interpreted 
geometrically as compressing the domains of F and G into one square. 


? 
p . h 


H(s, t) 


1 


domain of G —» 


: g 
domain of F =» 
f 


~— domain of H 
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The previous three relations imply the following proposition: 


Proposition 13.14: The homotopy relation is an nOUINAIEnCS relation in the collection of 
all paths from a to 6. 


SIMPLY CONNECTED SPACES 


A path f:1- X with the same initial and terminal point, say (0) = f(1) = p, is called 
a closed path at p€X. In particular, the constant path ep:I> X defined by eép(s) = p 


is a closed path at p. A closed path f:1>X is said to be contractable to a point if it is 
homotopic to the constant path. 


S, 


5 


) 


A topological space is simply pounce iff every closed path i in X is ebuteactapte to a 
point. oN = 


Example 101: An open dise in the sa R2 is simply connécted, whereas an annulus is not simply 


connected since there are closed curves, as indicated in the diagram, that are not 
contractable to a point. 


a ; 
simply connected t not simply connected 
fe Sy, * “ 


Solved Problems 


SEPARATED SETS 


1. Show that if A and B are non-empty separated sets, then A U B is’ disconnected. 


Solutions 


Since A and B are separated, AN B= mn and ANB=9. Let G@= Be and H = A’. Then 
G and H d 
a aa ac (AUB)NG =A and (AUB)NH =B 


are aaa disjoint sets whose union is A UB. Thus G and H form a disconnection of A U B, 
and so A U B is disconnected. 


\ 
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2. 


Let G UZ be a disconnection of A. Show that ANG and ANH are separated sets. 


Solution: 

Now ANG and AH are disjoint; hence we need only show that each set contains no accumu- 
lation point of the other, Let p be an accumulation point of AMG, and suppose »€AMH. Then 
H is an open set containing p and so H contains a point of AN G distinct from p, ie. (ANG) OH # @. 
But 

(ANG N(ANA) = @ = (ANG) NH 
Accordingly, pZA NH. 


Similarly, if p is an accumulation point of ANH, then p@ANG. Thus ANG and ANH 
are separated sets. 


foe 


Prove Theorem 13.1: A set A is connected if and only if A is not the union of two 
non-empty separated sets. 


Solution: 

We show, equivalently, that A is disconnected if and only if A is the union of two non-empty 
separated sets. Suppose A is disconnected, and let G UH be a flisconnection of A. Then A is the 
union of non-empty sets AMG and ANH which are, by the preceding problem, separated. On the 
other hand, if A is the union of two non-empty separated sets, then A is disconnected by Problem 1. 


- 


CONNECTED SETS 


4, 


Let G UH be a disconnection of A and let B be a connected subset of A. Show that 
either BNOH=9% or BNG=Q, and so either BCG or BCH. 


Solution: 
Now BCA, and so 


ACGUH > BcGUH and GNHCAC > GNHcBe 


Thus if both BG and BOA are non-empty, then G UH forms a disconnection of B. But B is 
connected; hence the conclusion follows. 


Prove Proposition 13.2: If A and B are connected sets which are not separated, then 
A UB is connected. 
Solution: 

Suppose A U B is disconnected and suppose G UH igs a disconnection of A UB. Since A is a 


connected subset of AU B, either ACG or ACH by the preceding problem. Similarly, either 
BcGorBcd. 


Now if ACG and BCH (or BCG and AC QA), then, by Problem 2, 
(AUB)NG = A and (AUB)NH = B 


are separated sets. But this contradicts the hypothesis; hence either AUBCG or AUBCH, 
and so G UAH is not a disconnection of A U B. In other words, A U B is connected. 


Prove: Let c4 = {A;} bea class of connected subsets of X such that no two members 
of c4 are separated. Then B = U;A; is connected. 


Solution: 

Suppose B is not connected and G U H is a disconnection of B. Now each A; €c/4 is connected 
and so (Problem 4) is contained in either G or H and disjoint from the other. Furthermore, any two 
members Ai Ai, € cA are not separated and so, by Proposition 13.2, Ai, U Ai, is connected; then 
Ai, U Ai, is contained in G or H and disjoint from the other. Accordingly, all the members of 4, 
and hence B = U;A;, must be contained in either G or H and disjoint from the other. But this 
contradicts the fact that GU H is a disconnection of B; hence B is connected. 
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7. Prove: Let c4 = {Ai} be a class of connected subsets of X with a non-empty inter- 
section. Then B = VU: A: is connected. 
Solution: 


Since m,A; * @, any two members of ¢/ are not disjoint and so are not separated; hence, by 
the preceding problem, B = U,A; is connected. 


8 Let A be a connected subset of X and let AC BCA. Show that B is connected and 
hence, in particular, A is connected. 
‘Solution: 
Suppose B is disconnected and suppose GU H is a disconnection of B. Now A is a connected 
subset of B and so, by Problem 4, either ANH =@ or ANG =@Q; say, AN H = @. Then 
He is a closed superset of A and therefore AC BcCACH¢. Consequently, BN H = %. But this 
contradicts the fact that G U H is a disconnection of B; hence B is connected. 


CONNECTED SPACES... ‘ 

9. Let X be a topological space. Show that the following conditions are equivalent: 
(i) X is disconnected. ; 
(ii) There exists a non-empty proper subset of X which is both open ae ‘closed. 


Solution: : 
(i) > (ii): Suppose X = GUH where G and H are non-empty and open. Then G is a non-empty - 
proper subset of X and, since G =H‘, G is both open and closed. 


(ii) > (i): Suppose A is a non-empty proper subset of X which is both open and closed. Then A°¢ 
is also non-empty and open, and X = AUA¢. Accerdingly, X is disconnected. 


10. Prove Theorem 13.3: Let A be a subset of a topological space (X,T) and let T, be the 
relative topology on A. Then A is T-connected if and only if A is T,-connected. 


Solution: 

Suppose A is disconnected with G U H forming a T-disconnection of A. Now G,H€&T and so 
AnNG,ANH €T,. Accordingly, ANG and AQH form a T,-disconnection of A; hence A is 
T ,-disconnected. 

On the other hand, suppose A is T,-disconnected, say G* and H* form a T,-disconnection of A. 
Then G*,H* ET, and so eA 


aG,HET such that G* =AOQG and H* =~ANH 


But ANG*=ANANG=ANG and ANH* =ANANH=ANH 


Hence GUH is a T-disconnection of A and so A is T-disconnected. 


11. Let p,q @X. The subsets Ai,...,Am of X are said to form a simple (finite) chain 
joining p to q if Ai (and only A:) contains p, Am (and only Am) contains q, and 
Ain A; = @ iff 9 > 1. 

Prove: Let X be connected and let c4 be an open cover of X. Then any pair of 
points in X can be joined by a simple chain consisting of members of o4. 
Solution: 

Let p be any arbitrary point in X and let H consist of those points in X which can be joined 


to p by some simple chain consisting of members of c4. Now H#Q, since pGH. We claim that 
H is both open and closed and so H = X since X is connected. 
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12. 


13. 


Let hEH. Then 3G,,...,G,€ce4 which form a simple chain from h to p. But if 
wv € G)\G, then G,,...,G, form a simple chain from x to p; and if y € G, NG, then Gy,...,Gin 
form a simple chain from y to p, as indicated in the diagram below. 


Thus G, is a subset of H, ie. hCG,CH. Hence H is a neighborhood of each of its points, and 
so H is open. 

Now let g © H*. Since e4 is a cover of X, 3GEc4 such that g€G, and G is open. If 
GNH # %, JhREGNHCH and so 4G,,...,GmEc4 forming a simple chain from h to p. 
But then either G,G,,...,Gm, Where we consider the maximum k for which G intersects G,, or 
G,..-,Gm form a simple chain from g to p, and so g € H, a contradiction. Hence GN H = @, and 
so 9 €GCH°. Thus H< is an open set, and so H°¢ = His closed. 


Prove Theorem 13.7: Let E be a subset of the real line R containing at least two 
points. Then £ is connected if and only if EF is an interval. 
Solution: P 

Suppose £F is not an interval; then , 


3a,b€H, p€E such that ax<p<b 


Set G = (—~,p) and H = (p,~). Then’ a€G@ and bE€H, and hence ENG and EFA are 
non-empty disjoint sets whose union is E. Thus F is disconnected. 

Now suppose £ is an interval and, furthermore, assume EF is disconnected; say, G and H form a 
disconnection of ZF. Set A=EOQG and B=EQH; then E = AUB. Now A and B are non- 
empty; say, a€ A, bE B,a<b and p = sup{An [a,b]}. Since [a,b] is a closed set, pe [a, b] 
and hence p € E. 

Suppose p© A = EHEOG. Then p<b and p€G. Since G is an open set 


35>0 such that p+ésEG and p+é<b 


Hence p+6€H and so p+8€A. But this contradicts the definition of p, i.e. p = sup {A A [a, b]}. 
Therefore p € A. 
On the other hand, suppose p€ B = EH. Then, in particupar, p © H. Since H is an open set, 


3 5*>0 such that [p—8*,p] CH and a< p—6* 


Hence [p—56*,p] CE and so [p—6*,p| CB. Accordingly, [p—s8*,p] NA = @. But then 
p—6é* is an upper bound for An [a,b], which is impossible since p = sup {AN [a,b]}. Hence 
p€B. But this contradicts the fact that p € EF, and so E is connected. 


Prove (see Example 4.1): Let J = [0,1] and let f:J>J be continuous. Then 3p €/ 
such that f(p) = p. 


Solution: 
If f(0) =0 or f(1)=1, the theorem follows; hence we 


ean assume that f(0) >0 and f(i) <1. Since f is continu- 
ous, the graph of the function 
F:I>R defined by F(x) = (a, f(x)) 

is also continuous. 

Set G = {i,y):«<y}, H = {x,y):y <2}; then 
(0, f(0)) € G, (1,f(1))€ H. Hence if F{J] does not contain a 
point of the diagonal 

A= {(a,y):2=y} = R2\ (GUA) 

then GUH is a disconnection of F[I]. But this contradicts 
the fact that F[I], the continuous image of a connected set, is 
connected; hence FJ] contains a point (p,p)€A, and so 
f(p) = p. 
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COMPONENTS 
14. Show that every component £ is closed. 


15. 


16 


° 


17. 


18 


Solution: 
Now E is connected and so, by Problem 6, EF is connected, E CE. But E, a component, is a 
maximal connected set; hence FE = EB, and so EF is closed. 


Prove: Let p€X and let c4, = {Ai} be the class of connected subsets of X con- 
taining p. Furthermore, let C, = UiAi. Then: (i) Cp is connected. (ii) If B is a 
connected subset of X containing p, then BCCy,. (iii) Cp is a maximal connected 
subset of X, i.e. a component. 

Solution: 

(i) Since each A;€c4, contains p, p€n;A; and so, by Preblem 7, C, = U;,A; is connected. 
(ii) If B is a connected subset of X containing p, then BEec4, and so BCC, = U {A;: A; € Ap}. 


(iii) Let C, C D, where D is connected. Then p€D and hence, by (ii), DC C,; that is, Cp, = D. 
Therefore C, is a component. 


Prove Theorem 13.9: The components of X form a partition of X. Every connected 
subset of X is contained in some component. 
Solution: ° 

Consider the class C = {C,:p€X} where Cy is defined as in the preceding problem. We claim 
that C consists of the components of X. By the preceding problem, each C,€( is a component. On 
the other hand, if D is a component, then D contains some point py G X and so DC Cy: But D is a 
component; hence D = Cp): 


We now show that ( is a partition of X. Clearly, X = U {C,: p © X}; hence we need only show 
that distinct components are disjoint or, equivalently, if C, C,* @, thenC,=C,. Let a€C,n Cy. 
Then C, Cc C, and C,C Cy, since C, and C, are connected sets containing a. But C, and C, are 
components; hence C, = C, = C,. 

Lastly, if EF is a non-empty connected subset of X, then E contains a point pp © X and so EC Cy, 
by the preceding problem. If # = @, then E is contained in every component. 


Show that if X and Y are connected spaces, then X x Y is connected. Hence a finite 
product of connected spaces is connected. 9» 
Solution: . 

Let p = (#,y1) and q = (#9,Y2) be any pair of points in XX Y. Now {a#,} X Y is homeo- 
morphic to Y and is therefore connected. Similarly, X X {yg} is connected. 

But {a} x YOOX {yo} = {(e1,y0)}; hence {x} X Y UX X {yo} is connected. Accordingly, 
p and q belong to the same component. But p and q were arbitrary; hence X X Y has one component 
and is therefore connected. 


Prove Theorem 13.10: The product of connected spaces is connected, i.e. connectedness 
is a product invariant property. 
Solution: 

Let {X;:i€I} be a collection of connected spaces and let X = [],;X; be the product space. 
Furthermore, let p = (a;:i1€ 1) € X and let EH CX be the component of p. We claim that every 
point # = (x;:i€@ I) € X belongs to the closure of H and hence belongs to EF since # is closed. 


Now let 
Go= [{Ki: tA tye -ptm} X Gy xX oo X G,, 


be any basic open set containing « € X. Now 
H = [lah : i 4 ty, 20,4} X Xi, X c++ X Xi, 
is homeomorphic to Xi, ee 4 Xi, and hence connected. Furthermore, p © H and so H is a subset 


of E, the component of p. But GOH is non-empty; hence G contains a point of E. Accordingly, 
2€H=EH. Thus X has one component and is therefore connected. 
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ARCWISE CONNECTED SETS : 


19. 


20. 


21. 


22. 


23. 


24. 


Let f:1>X be any path in X. Show that fl/], the range of f, is connected. 


Solution: 
I = [0,1] is connected and f is continuous; hence, by Theorem 13.5, f[J] is connected. 


Prove: Continuous images of arcwise connected sets are arcwise connected. 


Solution: 

Let E c X be arewise connected and let f: X > Y be continuous. We claim that f[E] is arcwise 
connected. For let p,qg€f[E].. Then Jp*,q*GE such that f(p*)=p and f(q*)=q. But F is 
arcwise connected and so 


3 apath g:I-X such that g(0) = p*, g1) = q* and gfI] CE 


Now the composition of continuous functions is continuous and so feg:I>Y _ is continuous. 


Furthermore, - : 
fog) =fp*)=p, fegd)=fa*)=q and fegll] = f[glN] ¢ fz] 


Thus f[E] is arewise connected. 


Prove Theorem 13.12: Every arcwise connected set A is connected. 


Solution: 
If A is empty, then A is connected.® Suppose A is not empty; say, pG A. Now A is arcwise 
connected and so, for each a € A, there is a path f,:I1->A from p to a. Furthermore, 


a@Efi{I]cA andso A = Uff, [I]: a€ A} 


But peEf, [7], for every a€A; hence NM{f,[I]:4€ A} is non-empty. Moreover, each f,[J] is 
connected and so, by Problem 7, A is connected. 


Prove: Let c4 be a class of arcwise connected subsets of X with a non-empty inter- 
section. Then B= U{A:A €c4} is arcwise connected. 
Solution: 
Let a,b © B. Then 
3 A,,A, EA such that a€GA,, bE A, 


Now c4 has a non-empty intersection; say, pE N{A: AEA}. Then peA, and, since A, is 
arewise connected, there is a path f:I1>A,CB from a to p. Similarly, there is a path 
g:I17A,CcB from p to b. The juxtaposition of the two paths (see Example 7.3) is a path from 
a to b contained in B. Hence B is arcwise connected. 


Show that an open disc D in the plane R? is arcwise connected. 


Solution: 
Let p = (ay, 61), q = (@g,b9) € D. The function f:7— R? defined by 


f® = (a + tay — ay), 6, + (bz — b,)) 


is a path from p to q which is contained in D. (Geometrically, f[I] is the line segment connecting 
p and q.) Hence D is arcwise connected. 


Prove Theorem 13.13: Let E be a non-empty open connected subset of the plane R’. 
Then E is arcwise connected. 


Solution: 
Method 1. 

Let p © E and let G consist of those points in E which can be joined to p by a path in EF. We 
claim that G is open. For let q€@ GCE. Now E is open and so J an open disc D with center q 
such that q@ DCE. But D is arewise connected; hence each point «© D can be joined to g which 
can be joined to p. Hence each point x € D can be joined to p, and so q@DcG. Accordingly, 
G is open. 
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Now set H = ENG, ie. A consists of those points in # which cannot be joined to FE by a path 
in BE. We claim that H is open. For let q* €@HcCE. Since EF is open, 3 an open disc D* with 
center q* such that q*€D* CE. Since D* is arewise connected, each x € D* cannot be joined 
to p with a path in EF, and so g* € D* c A. Hence H is open. 


But EF is connected and therefore EF cannot be the union of two non-empty disjoint open sets. 
Then AH = @, and so & = G is arewise connected. 


Method 2. 
Since E is open, E is the union of open discs. But E is connected; hence, by Problem 11, 3 open 
dises S,...,S,C HE which form a simple chain joining any pE€ # to any qe. Let a, be the 


center of S; and let b; € S; S,;,,. Then the polygonal are joining p to a, to b, to ag, etc., is contained 
in the union of the discs and hence is contained in EF. Thus F is arcwise connected. 


TOTALLY DISCONNECTED SPACES 


25. 


26. 


27. 


A topological space X is said to be totally disconnected if for each pair of points 
p,q€X there exist8 a disconnection G UH of X with p€G and q€H. Show that 
the real line R with the topology T generated by the open closed intervals (a, b] is 
totally disconnected. ° 
Solution: 

Let p,qGR; say, p<q. Then G = (—~,p| and H = (p,~) are open disjoint sets whose 


union is R, ie. GUH is a disconnection of R. But p€G and q€H; hence (R,T) is totally dis- 
connected. 


Show that the set Q of rational numbers with the relative usual topology is totally 
disconnected. 
Solution: 

Let p,qg& gf say, p<q. Now there exists an irrational number a such that p<a<q. 


Set G = {xE€Q:u<a} and H = {x€Q:u>a}. Then GUA is a disconnection of Q, 
and p&G and gE AH. Thus Q is totally disconnected. 


Prove: The components of a totally disconnected space X are the singleton subsets of X. 


Solution: 

Let EF be a component of X and suppose p,gG EH with pxq. Since X is totally disconnected, 
there exists a disconnection GUHA of X such that pG@G and q€H. Consequently, EG and 
EH are non-empty and so G U H is a disconnection of E. But this contradicts the fact that FE is 
a component and so is connected. Hence E consists of exactly one point. 


LOCALLY CONNECTED SPACES 


28. 


Prove: Let E be a component in a locally connected space X. Then E is open. 


Solution: 
Let p€ E. Since X is locally connected, p belongs to at least one open connected set G,. But 
E is the component of p; hence 


peG,ckE and so E = U{G,:p€ BE} 


Therefore E is open, as it is the union of open sets. 
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29. 


30. 


Prove: Let X and Y be locally connected. Then X x Y is locally connected. 
Solution: 
Now X is locally connected iff X possesses a base B consisting of connected sets. Similarly, 
Y possesses a base B* consisting of connected sets. But X X Y is a finite product; hence 
{Gx H:GE€ES8, HE B*} 


is a base for the product space X x Y. Now each G Xd is connected since G and H are connected. 
In other words, X X Y possesses a base consisting of connected sets and so X X Y is locally connected. 


Prove: Let {Xi} be a collection of connected locally connected spaces. Then the 
product space X = [[,X, is locally connected. 


Solution: 
Let G-be an open subset of X containing p = (a;:iG€1) © X. Then there exists a member of 
the defining base - 
—— Gi Pe GK [1 {X,;: t4# it, ..., tn} 


such that p€ BCG, and so a € Gi, Now each coordinate space is locally connected, and so there 
exists connected open subsets Hi, Cc Xi, such that 
ai, € Ai,, Cc Gi, sey, hf E A, ie Gin 
‘ 
Set H = Hy, Xx ++ X Hy, x [LX 14 t,o tnd 


Since each X; is connected and each Hi, is connected, H is also connected. Furthermore, H is open 
and p€HcBcG. Accordingly, X is locally connected. 


Supplementary Problems 


CONNECTED SPACES 


31. Show that if (X,T) is connected and T* < T, then (X,T*) is connected. 
32, Show that if (X,T) is disconnected and T < T*, then (X, T*) is disconnected. 

33. Show that every indiscrete space is connected. 

34. Show, by a counterexample, that connectedness is not a hereditary property. 

35. Prove: If A,,Ao,... is a sequence of connected sets such that A, and Ap» are not separated, Ay, and 
Ay, are not separated, etc., then A,;UA,U--- is connected. ‘ 

36. Prove: Let E be a connected subset of a 7',-space containing more than one element. Then FE is infinite. 

37. Prove: A topological space X is connected if and only if every non-empty proper subset of X has a 
non-empty boundary. 

COMPONENTS 

88. Determine the components of a discrete space. 

39. Determine the components of a cofinite space. 

40. Show that any pair of components are separated. 
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41. Prove: If X has a finite number of components, then each component is both open and closed. 
42. Prove: If EF is a non-empty connected subset of X which is both open and closed, then E' is a component. 


43. Prove: Let E be a component of Y and let f:X—-Y be continuous. Then f—![#] is a union of 
components of X. % 


44. Prove: Let X be a compact space. If the components of X are open, then there are only a finite 
number of them. 


ARCWISE CONNECTED SETS 


45. Show that an indiscrete space is arcwise connected. 
46. Prove: The arcwise connected components of X form a partition of X. 


47. Prove: Every component of X is partitioned by arcwise connected components. 


MISCELLANEOUS PROBLEMS 


48. Show that an indiscrete space is simply connected. 
49. Show that a totally disconnected space is Hausdorff. 


50. Prove: Let G be an open subset of a locally connected space X. Then G is locally connected. 


51. Let A = {a,b} be discrete and let J = [0,1]. Show that the product space X = []{A;:4,;=4,1€]} 
is not locally connected. Hence locally connectedness is not product invariant. 


52. Show that “simply connected” is a topological property. 


538. Prove: Let X be locally connected. Then’X is connected if and only if there exists a simple chain of 
connectedgsets joining any pair of points in X. 


Chapter 14 


Complete Metric Spaces 


CAUCHY SEQUENCES 


Let X be a metric space. A sequence (ai,@2,...) in X is a Cauchy sequence iff for 


every «> 0, 
dm€EN  suchthat 2n,m>m > d(an, An) <e 


Hence, in the case that X is a normed space, (an) is a Cauchy sequence iff for every «> 0, 


JmEN  suchthat n,m>no > ||dn—aml| <« 


Example 1.1: Let (a@,) be a convergent sequence; say a, —p. Then (a,) is necessarily a Cauchy 
sequence since, for every « > 0, 


I mEN such that n>" > d(a,,p)< de 
Hence, by the Triangle Inequality, 
NM> Ny > Alay, Gm) = Alan, p)+ dam, p) < get dese 
In other words, (a,) is a Cauchy sequence. 


We state the result of Example 1.1 as a proposition. 
Proposition 14.1: Every convergent sequence in a metric space is a Cauchy sequence. 


The converse of Proposition 14.1 is not true, as seen in the next example. 


Example 1.2: Let X = (0,1) with the usual metric. Then (4,4,4,...) is a sequence in X which 
is Cauchy but which does not converge in X. P 


Example 1.3: Let d be the trivial metric on any set X and let (a,,) be a Cauchy sequence in (X, d). 
Recall that d is defined by 


ala, b _ 0 if a=6 
DO Ne ae vaeaa 


Let «= 4. Then, since (a,) is Cauchy, 37% €N such that 
2M>NM D> Ady dm)< $ DP a, = Ay 


In other words, (a,) is of the form (a, a@y,..., Ong: Ps Ps Dy ++ +)s i.e. constant from 
some term on. 


Example 14: Let (p;,2,...) be a Cauchy sequence in Euclidean m-space R”™; say, 
Dy = (ay, ...,0{™), De = (ag, ...,a6™), 
The projections of (p,) into each of the m coordinate spaces, i.e., 
Gr tg Ga sede: eety COT Oa, Ga aa} (1) 
are Cauchy sequences in R, for, let e >0. Since (p,) is Cauchy, 4) © N such that 
r,8> 1% > dPy ps)? = las? —afPP +--+ + lam —ayme < & 


Hence, in particular, 
1 (m) 
(82> ty > [a PaaY P< 2. ley al p< 2 


In other words, each of the m sequences in (1) is a Cauchy sequence. 
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COMPLETE METRIC SPACES 


A metric space (X, d) is complete if every Cauchy sequence (a,) in X converges 


toa point p € X. 


Example 2.1: By the fundamental Cauchy Convergence Theorem (see Page 52), the real line R 
with the usual metric is complete. 


Example 2.2: Let d be the trivial metric on any set X. Now (see Example 1.3) a sequence (a,) 
in X is Cauchy iff it is of the form (a, a9,..., Ong Pr Pr Ds - ++), which clearly con- 
verges to p© X. Thus every trivial metric space is complete. 


Example 2.3: The open unit interval X = (0,1) with the usual metric is not complete since 
(see Example 1.2) the sequence ($,4,4,...) in X is Cauchy but does not converge 

_ to a point in X. 
Remark: Examples 2.1 and 2.3 show that completeness is not a topological property; 
for R is homeomorphic to (0,1) even though R is complete and (0,1) is not. 
Example 2.4: Euclidean m-space R™ is complete. For, let (p,,p9,...) be a Cauchy sequence in 


R”™ where 


= a — (1) 
Pi = (a ,, toes al™), Pz = (a poeesy as™), 
1 1 2 2 


Then (see Example 1.4) the projections of (p,) into the m coordinate spaces are 
Cauchy; and since R is complete, they converge: 
(al, a," Lee Dis Saks ara”, A)? by 


Thus (p,) converges to the point q = (b;,...,5m) € R™, since each of the m pro- 
jections converges to the projection of g (see Page 169, Theorem 12.7). 


PRINCIPLE OF NESTED CLOSED SETS 


Recall that the diameter of a subset A of a metric space X, denoted by d(A), is defined 
by d(A) = sup {d(a,a’): a,a’€ A} and that a sequence of sets, A:,A2,..., is said to be 
nested if Ai1DA2,D-:-. 


The next theorem gives a characterization of complete metric spaces analogous to the 
Nested Interval Theorem for the real numbers. 


Theorem 14.2: A metric space X is complete if and only if every nested sequence of 
non-empty closed sets whose diameters tend to zero has a non-empty 
intersection. 


In ether words, if A: A2>--- are non-empty closed subsets of a complete metric 
space X such that lim d(A,) = 0, then Mv, An ~ @; and vice versa. 


The next examples show that the conditions lim d(A,) = 0 and that the A; are 
closed, are both necessary in Theorem 14.2. 7 ~ 


Example 3.1: Let X be the real line R and let A, = [n,~). Now X is complete, the A, are closed, 
and A; DA,D---. But Mp1 4, is empty. Observe that lim d(A,) ~ 0. 


n= co 


Example 3.2: Let X be the real line R and let A, = (0,1/n}. Now X is complete, A, D Ag D°°+, 
and lim d(A,) = 0. But ny, A, is empty. Observe that the A, are not closed. 


N—> oo 


COMPLETENESS AND CONTRACTING MAPPINGS 


Let X be a metric space. A function f:X->X is called a contracting mapping if 
there exists a real number a, 0=a< 1, such that, for every p,q © X, 


a(f(p), f(a) = ad(p,q) < d(p,¢q) 


Thus, in a contracting mapping, the distance between the images of any two points is 
less than the distance between the points. 
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Example 4.1: Let f be the function on Euclidean 2-space R?, ie. f: R? > R?, defined by f(p) = dp. 
Then f is contracting, for 


d(f(p), f(q)) = |lf(w) - f(@I] = lldp — Sell 
= fHlp—all = $4(p,@) 
Pp 
f(p) 


If X is a complete metric space, then we have the following “fixed point” theorem which 
has many applications in analysis. 


Theorem 14.3: If f is a contracting mapping on a complete metric space X, then there 
exists a unique point p@€X such that f(p) =p. 


COMPLETIONS 


A metric space X* ts called a completion of a metric space X if X* is complete and 
x is igsometric to a dense subset of X*. 


Example 5.1: The set R of real numbers is a completion of the set Q of rational numbers, since R 
: is complete and Q is a dense subset of R. 


We now outline one particular construction of a completion of an arbitrary metric 
space X. Let C/X] denote the collection of all Cauchy sequences in X and let ~ be the 
relation in C[X] defined by 

(an) ~ (bn) iff lim (an, bn») = 0 
Thus, under “~” 
‘imit”, 


Lemma 14.4; The relation ~ is an equivalence relation in C[X]. 


we identify those Cauchy sequences which “should” have the same 


Now let X* denote the quotient set C[X]/~, i.e. X* consists of equivalence classes [(an)] 
of Caychy sequences (an) € C[X]. Let e be the function defined by 


e({(an)]}, [(bn)]) = lim d(an, bn) 
where [(@n)],[(bn)] € X*. nts 


Lemma 14.5: The function ¢ is well-defined, ie. (@n)~(a*) and (bn) ~ (bx) implies 
lim d(@n, bn) = lim d(a*, b*). 


nw 


In other words, e does not depend upon the particular Cauchy sequence chosen to 
represent any equivalence class. Furthermore, 


Lemma 14.6: The function e is a metric on X*. 
Now for each p © X, the sequence (p,p,p,...) &€ C[X], ie. is Cauchy. Set 
D = Lp,p,...)) and X = (p:p EX) 
Then X is a subset of X*. 


Lemma 14.7: X is isometric to x , and R is dense in X*. 


Lemma 14.8: Every Cauchy sequence in X* converges, and so X* is a completion of X. 
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Lastly, we show that 
Lemma 14.9: If Y* is any completion of X, then Y* is isometric to X*. 


The previous lemmas imply the following fundamental result. 


Theorem 14.10: Every metric space X has a completion and all completions of X are 
~jsometric. 


In other words, up to isometry, there exists a unique completion of any metric space. 


BAIRE’S CATEGORY THEOREM 


Recall that a subset A of a topological space X is nowhere dense in X iff the interior 
of the closure of A is empty: 


int(A) = @ 
Example 6.1: The set Z of integers is a nowhere dense subset of the real line R. For Z is closed, 
ie. Z= Z, and its interior is empty; hence 
int (Z) = int(Z) = @ 
Similarly every finite subset of R is nowhere dense in R. 


On the other hand, the set Q of rational numbers is not nowhere dense in R 
since the closure of Q is R and so 


int(Q) = int(R) = R ¥ @ 


A topological space X is said to be of first category (or meager or thin) if X is the 
countable union of nowhere dense subsets of X. Otherwise X is said to be of second 
category (or non-meager or thick). 


Example 6.2: The set Q of rational numbers is of first category since the singleton subsets {p} 
of Q are nowhere dense in Q, and Q is the countable union of singleton sets. 


In view of Baire’s Category Theorem, which follows, the real line R is of second 
category. 


Theorem (Baire) 14.11: Every complete metric space X is of second category. 


CQMPLETENESS AND COMPACTNESS 


Let A be a subset of'a metric space X. Now A is compact iff A is sequentially compact 
iff every sequence (dn) in A has a convergent subsequence (ai,). But, by Example 1.1, (ai,) 
is a Cauchy sequence. Hence it is reasonable to expect that the notion of completeness is 
related to the notion of compactness and its related concept: total boundedness. 


We state two such relationships: 


Theorem 14.12: A metric space X is compact if and only if it is complete and totally 
bounded. 


Theorem 14.13: Let X be a complete metric space. Then A CX is compact if and only if 
A is closed and totally bounded. 


CONSTRUCTION OF THE REAL NUMBERS 


The real numbers can be constructed from the rational numbers by the method 
described in this chapter. Specifically, let Q be the set of rational numbers and let R be 
the collection of equivalence classes of Cauchy sequences in Q: 
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R = {f{{a,)]: (an) isa Cauchy sequence in Q} 
Now R with the appropriate metric is a complete metric space. 


Remark: Let X be a normed vector space. The construction in this chapter gives us 

a complete metric space X*. We can then define the following operations of 

. vector addition, scalar multiplication and norm in X* so that X* is, in fact, a 
complete normed vector space, called a Banach space: 


(i) [(an)] + (bn) ] = [ant bn)] (ii) KL(@n)] = [kan)] (iii) || [an] || = lim ||aa!| 


Solved Problems 


CAUCHY SEQUENCES 


1. Show that every Cauchy sequence (a,) in a metric space X is totally bounded (hence 
also bounded). 
Solution: 
Let « > 0. We want to show that there is a decomposition of {a,} into a finite number of sets, 
each with diameter less than «. Since (a,) is Cauchy, 4%)€N_ such that 


nM>Ny > day, Am) <€ 


Accordingly, B = fa, ,+1 ny +2» ...} has diameter at most e« Thus {a,},..., {a}, B is a finite 
decomposition of {a,} into sets with diameter less than e«, and so (a,) is totally bounded. 


2. Let (a1, d2,...) be a sequence in a metric space X, and let 
A, = {Q1, Qe, oe ‘35 Az, = {@2, As, ize -}5 A3 = {d3, 4, oe ae 


Show that (an) is a Cauchy sequence if and only if the diameters of the A, tend to zero, 
ie. lim d(An) = 0. 


4 nro 
Solution: 
Suppose (a,) is a Cauchy sequence. Let «> 0. Then 


Jn EN such that n,m > Ny => day, Am) < € 


Accordingly, n>” > d(A,)<e  andso lim (A,) = 0 


no 


On the other hand, suppose lim d(A,) = 0. Let «>0. Then 
n= oOo 


InEN such that aA, +1) <e 


Hence NM>Ny DP Gy, Om € Anti > dan, am) < € 


and so (a,) is a Cauchy sequence. 


3. Let (ai1,a2,...) be a Cauchy sequence in X and let (ai,,ai,,...) be a subsequence of 
(ax). Show that lim d(an,ai,) = 0. 


n= 29 


Solution: 
Let «> 0. Since (a,) is a Cauchy sequence, 


3mCN  suchthat nm>m—-1 D> d(an,am) <e 


Now iy >= > ny—1 and therefore da,» Ging) <e. In other words, lim d(a,, a) = 0. 


n> © 
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4. Let (a1,@2,...) be a Cauchy sequence in X and let (ai,,@:,,...) be a subsequence of 
(dn) converging to p € X. Show that (a,) also converges to p. 
Solution: 
By the Triangle Inequality, d(a,,p) = d(a,, a) + da; , p) and therefore 


lim d(a,,p) = lim d(a,,a;) + lim d(a,_,p) 
noo n no n 


no 


Since a Ps lim d(a; p) = 0 and, by the preceding problem, lim d(a,, a; ) = 0. Then 
nc 


no 


lim d(a,,p) = 0 andso a,—>p 


n+2 


5. Let (bi,b2,...) be a Cauchy sequence in a metric space X, and let (ai,a2,...) bea 
sequence in X such that d(a@n,bn) < 1/n for every n EN. 
(i) Show that (an) is also a Cauchy sequence in X. 
(ii) Show that (a,) converges to, say, p € X if and only if (b») converges to p. 


Solution: 
(i) By the Triangle Inequality, 


AG; On) = A(Any Bm) + A(Oms bn) + A(bq, An) 


Let « >0. Then 3n,€N such that 1/n, < ¢/3. Hence 
nm>ny D> d(dm,dn) < €/8 + Adm, by) + €/3 


By hypothesis, (b,, b2,...) is a Cauchy sequence; hence 
J nEN such that N,M> Ng > A(bm, bn) < €/8 


Set mg = max {m,,7}. Then 
nm>N P Adm, an) < (/B+ 3+ 3 = € 


Thus (a,) is a Cauchy sequence. 


(ii) By the Triangle Inequality, d(b,,p) = d(b,,@,) + d(ay, p); hence 
lim d(b,,p) = lim d(b,,a,) + lim (ay, p) 
nro n= 


n> 00 


But lim d(b,,a,) = lim (1/n) = 0. Hence, if a,>p, lim d(bz,p) = lim (a,,p) = 0 and so 
n> oO n> oO nmr oO 


n> 2 
(6,) also converges to p. 
i} 


Similarly, if 6, —- p then a, p. 


COMPLETE SPACES 
6. Prove Theorem 14.2: The following are equivalent: (i) X is a complete metric space. 
(ii) Every nested sequence of non-empty closed sets whose diameters tend to zero has 
a non-empty intersection. : 
Solution: 
G@) > ii): 
Let A,;2A,>--- be non-empty closed subsets of .X such that lim d(A,) = 0. We want to 


prove that ,A, ~ @. Since each A; is non-empty, we can choose a sequence 


(@y, Ag, ..-) such that a, € Aj, dy © Ag, 


We claim that (a,) is a Cauchy sequence. Let « > 0. Since lim d(A,) = 0, 


ns 
J nEN such that a(A,,) <e 
But the A; are nested; hence 
mM>ng D> AyAmC Ang ZS Oy, Om E An, > dan, Am) <€ 


Thus (a,) is Cauchy. 
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Now X is complete and so (a,) converges to, say, p€ X. We claim that pEen,A,y. Suppose 


not, i.e. suppose 
JkKEN such that péA, 


Since A, is a closed set, the distance between p and A, is non-zero; say, d(p,A;) = 8 > 0. Then 
A,, and the open sphere S = S(p, 46) are disjoint. Hence 


n>k > Gy, € Ay > a, € S(p, 38) 
This is impossible since a, p. In other words, pEn,A, and so A,A, is non-empty. 
Gi) > GW: 
Let (a,,@ ,...) be a Cauchy sequence in X. We want to show that {a,) converges. Set 
A, = {@1,@,...}, Ay = {do,a3,...}, 


ie. Ay = {€,:2 =k}. Then A,DA_Q>--+ and, by Problem 2, lim a(A,) = 0. Furthermore, 
since d(A) = d(A), where A is the closure of A, A,DAg>D::: is a sequence of non-empty closed 
sets whose diameters tend to zero. Therefore, by hypothesis, n, A, ~ @; say, p€ Ny An: We claim 
that the Cauchy sequence (a,) converges to p. 


Let « >0. Since lim d(A) = 0, 


N=> oO 


JInEN such that a(A,,) <e 


and so n> DP Gy, pE A, > d(a,,p)<e 


In other words, (a,) converges to p. 


Let X be a metric space and let f: X>X be a contracting mapping on X, i.e. there 
exists a €R, 0=a<1, such that, for every p,qeX, d(f(p),f(q)) = ad(p,q). Show 
that f is continuous. 


Solution: 
We show that f is continuous at each point a €@X. Let «>0. Then 


A(x, %) <e DS aA(f(x), flao)) = ad(x, a) = ae < 
and so f is continuous. 


Prove Theorem 14.3: Let f be a contracting mapping on a complete metric space X, say 
d(f(a), f(b)) = ad(a, b), 0=a<1 
Then there exists one and only one point » € X such that f(p) = p. 


Solution: 
Let a be any point in X. Set 
@y = flay), = flay) = flag), ..., Gy = f(@y—1) = fr(ap), 
We claim that (a, a),...) is a Cauchy sequence. First notice that 
Ad(fs** (ao), f¥(ao)) = ad(fstt-1 (ag), ft-1 (ao) = +++ = at d(fs(ap), ag) 


= a [A(do, flap) + Alflao), P2(ao)) + +++ + AFO“* (a9), £9(a9))] 
But d(fit! (ao), fi(ag)) = a' d(f(ao), ao) and so 

Aft (ag), (aq) = at d(f ldo), ap) (1 + a + a2 +o + a8H1) 
at (f(a), a9) [1/(1 — @)] 
since (Ltata%+-++ +a8—1) = 1/(1— a). 


\ 


IK 
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Now let « > 0 and set 
e(1 — a) if d(f(ag), a9) = 0 
e(1 —a)/d(f(ao), a) if d(f(ao), ao) # 0 


Since a < 1, AEN suchthat a <§ 
Hence if r=s>m, 

d(a,,@,) = a§ {1/(1—a)] d(f(ay), ao) < 8[1/(1 — @)] d(f(ag), a9) = € 
and so (a,) is a Cauchy sequence. 


Now X is complete and so (a,) converges to, say, p€ X. We claim that f(p) =p; for f is con- 
tinuous and hence sequentially continuous, and so 


f(p) = r( lim an ) = lim f(a,) = lim a,4, = p 


n> ~ 


Lastly, we show that p is unique. Suppose f(p)=p and f(q)=4q; then 


d(p,q) = d(f(p), f{q)) = ad(p,q) 
But a<1; hence d(p,q) = 0, ie. p=. 


COMPLETIONS 


9. Show that (an) ~ (b,) if and only if they are both subsequences of some Cauchy 
sequence (Cn). 


Solution: 
Suppose (a,) ~ (6,), ie. lim d(a,,b,) = 0. Define (c,) by 
nro 
be, te Ayn if n is even 
. bint.) if n is odd 


Thus (¢,) = (by, 41, bg, dg, ...). We claim (c,) is a Cauchy sequence. For, let « > 0; now 
3n,€N _ suchthat m,n>ny > dan, 4,) < de 
An,EN  suchthat m,n> ny. > d(bm,b,) < $e 
3 ,;€N __ such that n>nz > day, b,) < ge 


Set mp = max (nj, 7,73). We claim that 
m,n>2ng > adem, €n) < 


Note that m>2n > Im> nz, Ng, H(m+1) > Ny, Ng 


Thus m,n even DP Cm =Aym Cp = Ayn DS ACmen) < de<e 
m,n odd > Cm = Bycm41)» Cn = bymtD > (Cm; Cn) < de <e 


m even, n odd D> Cm = ym Cn = Oyc~ntt, > 
dems Cy) = d(Aiyym) Bigm) an A Bypms Oygcn41)) < de =F te = € 
and so (c,) is a Cauchy sequence. 


Conversely, if there exists a Cauchy sequence (e,) for which (a@,) = (¢,) and (b,) = (Cx, then 


lim d(a,,b6,) = lim de; , Cx,,) = 0 
no 


no 


since (c,) is Cauchy and n>” implies j,,k, > ©. 


10. Prove Lemma 14.5: The function e is well-defined, i.e. (an) ~ (a*) and (bn) ~ (bn) 
implies lim d(an,bn) = lim d(a*, b*). 
Solution: a 
Set r = lim d(a,,6,) and r* = lim d(a;, b*), and let «>0. Note that 
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11. 


12. 


13. 


14. 


UAn, by) = Aan, an) + day, br) + d(bz, by) 


Now 3”n,EN such that n>, > d(ay, a*) < /8 
AnEN such that "> mq > d(by,b7) < /8 
An;EN  suchthat n>nz > |d(a*,b*)—7r*| < ¢/3 


Accordingly, if n > max (1, 2,73), then 


Aan, bn) < r* + and so lim d(a,,6,) =r = r* +e 


n> x 
But this inequality holds for every « > 0; hence r=r*. In the same manner we may show that 
r* =r; thus r=r*. 


Let (adn) be a Cauchy sequence in xX. Show that a = [(an)] € X* is the limit of the 
sequence (@1,d2,...) in X. (Here X = {p = [(p,p,p,...)]: p © X}.) 
Solution: 

Since (a,) is a Cauchy sequence in X, 


lim e(@m,a) = lim (tim Alan) = lim d(ay,a,) = 0 
m= 0 mM ox n> 00 mm 2 
Tr 


Accordingly, (Gy) > a. 


Prove Lemma 14.7: X is isometric to X, and X is dense in X*. 
Solution: 

For every p,q € X, sglnst 

e(p,q) = Jim d(p,q) = d(p,q) 

and so X is isometric to &. We show that © is dense in X* by showing that every point in X* is the 
limit of a sequence in X. Let a = [(a,,a@9,...)] be an arbitrary point in X*. Then (a,) is a Cauchy 
sequence in X and so, by the preceding problem, a is the limit of the sequence (Qi, @o, ..-) in R. 
Thus x is dense in X*, 


Prove Lemma 14.8: Every Cauchy sequence in (X*,e) converges, and so (X*,e) is a 
completion of X. 


Solution: 2 
Let (a1,a,...) be a Cauchy sequence in X*. Since X is dense in X*, for every n€N, 
A 
aa,€X suchthat e(@,,an) < 1/n 
Then (Problem 5) (ay, ap, ...) is also a Cauchy sequence and, by Problem 12, (Gj, de, ...) converges 


to B = [(@,,ay,...)] © X*. Hence (Problem 5) (a,) also converges to 8 and therefore (X*,e) is 
complete. 


Prove Lemma 14.9: If Y* is a completion of X, then Y* is isometric to X*. 


Solution: 

We can assume X is a subspace of Y*. Hence, for every pe Y*, there exists a sequence 
(@1,@,...) in X converging to p; and in particular, (a,) is a Cauchy sequence. Let f: Y*>X* be 
defined by 

f(p) = (Lay, a, ..-)] 
Now if (a*, ag, ...)€X also converges to p, then 
lim d(a,,a*) = 0 andso  [(a,)] = [(a)] 


n> oO 
In other words, f is well-defined. 


Furthermore, f is onto. For if [(by,b,...)] © X*, then (b,,b,...) is a Cauchy sequence in 
X c Y* and, since Y* is complete, (b,) converges to, say, q& Y*. Accordingly, f(g) = [(b,)]. 
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Now let p,q © Y* with, say, sequences (a,) and (b,) in X converging, respectively, to p and q. 
Then 


Ff) = ella} [1 = tim day, ) = a (tim ay, lim by) = de, @ 


nto 


Consequently, f is an isometry between Y* and X*. 


BAIRE’S CATEGORY THEOREM 
15. Let N be a nowhere dense subset of X. Show that N¢ is dense in X. 


Solution: a 
Suppose N¢ is not dense in X, ie. 3 p GX and an open set G such that 


pEG and GnN = 9 


Then p€GCWN and so p€int(N). But this is impossible since N is nowhere dense in X, i.e. 
int(N) = @. Therefore N¢ is dense in X. 


16. Let G be an open subset of the metric space X and let N be nowhere dense in X. Show 
that there exist p€ X and §&>0 such that S(p,8) CG and S(p,8s)NN = @. 
Solution: = 

Set H=GowN*. Then HcG and HnNN = @. Furthermore, H is non-empty since G is 


open and Ne is dense in X; say, p€H. But H is open since G and Ne are open; hence 38 >0 such 
that S(p,8) Cc H. Consequently, S(p,8)c G and S(p,s)NN = @. 


17. Prove Theorem 14.11: Every complete metric space X is of second category. 


Solution: 
Let McX and let M be of first category. We want to show that M#X, ie. 3pEX such 
that p€M. Since M is of first category, M = N; U Ny U-:+: where each N; is nowhere dense in X. 


Since N, is nowhere dense in X, 2a,€X and §&,>0 such that S(a,,8;)MN N,; = @. Set 
e, = 8,/2. Then 
S(ay, €1) ia) N, = 7) 


Now S(a,,¢€,) is open and Ny is nowhere dense in X, and so, by Problem 16, 
Ja,€X and 8,>0  suchthat  S(ay, 8s) C S(ay,¢,) C Slay,e1) and S(ag,53) No = @ 
Set e, = 8,/2 = e,/2 = 8/4. Then 
S(ag,e) C S(ayeq) and = S(@g,) NN = 
Continuing in this manner, we obtain a nested sequence of closed sets 


S(a@y, €,) >) S(ag, €9) 2) S(a3, €3) A ae ea 
such that, for every nEN, S(an,en) I Nn = @ and €, = 8,/2" 


Thus lim e, = lim 8,/2" = 0 and so, by Theorem 14.2, 


nx no 


apex such that p € Or=1 Slay, en) 


Furthermore, for every nEN, p€N, and so p€M. 


COMPLETENESS AND COMPACTNESS 
18. Show that every compact metric space X is complete. 


Solution: 

Let (a1, ,.-.) be a Cauchy sequence in X. Now X is compact and so sequentially compact; 
hence (a,) contains a subsequence (Qj ,> Gigs ++) which converges to, say, p€X. But (Problem 4) 
(a,) also converges to p. Hence X is complete. 
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19. 


20. 


21. 


Let FE be a totally bounded subset of a metric space X. Show that every sequence 
(an) in E contains a Cauchy subsequence. 
Solution: 

Since E' is totally bounded, we can decompose F into a finite number of subsets of diameter less 


than «,;=1. One of these sets, call it A,, must contain an infinite number of the terms of the 


sequence; hence 
a 7,EN such that a EA, 


Now A, is totally bounded and can be decomposed into a finite number of subsets of diameter 


less than ¢ = 4. Similarly, one of these sets, call it Ay, must contain an infinite number of the 


terms of the sequence; hence 


3i,EN such that i, > 7%, and a, € As 
Furthermore, A, C Ay. 


We continue in this manner and obtain a nested sequence of sets 
EDA,2DA_QD°:': with d(A,) <1/n 


and a subsequence (Qi,> Gigs ...) of (a,) with a € A,. We claim that (aj) is a Cauchy sequence. 


For, let « > 0; then 
J nm EN such that 1/my9 <e« and so d(A,,) <e 


Therefore inv tm > tng > a» 4, € An, > dla, d,) <e 


Prove Theorem 14.12: A metric space X is compact if and only if X is complete and 
totally bounded. 


Solution: 

Suppose X is compact. Then, by Problem 15, X is complete and, by Lemma 11.17, Page 158, 
X is totally bounded. 

On the other hand, suppose X is complete and totally bounded. Let (a,,a9,...) be a sequence 
in X. Then, by the preceding problem, (a,) contains a Cauchy subsequence (a;,) which converges 
since X is complete. Thus X is sequentially compact and therefore compact. 


Prove Theorem 14.13: Let A be a subset of a complete metric space X. Then the 
following are equivalent: (i) A is compact. (ii) A is closed and totally bounded. 
Solution: 

If A is compact, then by Theorem 11.5 and Lemma 11.17 it is closed and totally bounded. 


Conversely, suppose A is closed and totally bounded. Now a closed subset of a complete space is 
complete, and so A is complete and totally bounded. Hence, by the preceding problem, A is compact. 
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Supplementary Problems 


COMPLETE METRIC SPACES 


22. Let (X,d) be a metric space and let e be the metric on X defined by e(a,b) = min {1, d(a,b)}. Show — 
that (a,) is a Cauchy sequence in (X,d) if and only if (a,) is a Cauchy sequence in (X, e). 


23. Show that every finite metric space is complete. 
24. Prove: Every closed subspace of a complete metric space is complete. 
25. Prove that Hilbert Space (J,-space) is complete. 


26. Prove: Let B(X,R) be the collection of bounded real-valued functions defined on X with norm 


lfll| = sup {\f(a)| : « © X} 
Then B(X,R) is complete. 


27. Prove: A metric space X is complete if and only if every infinite totally bounded subset of X has an 
accumulation point. 


28. Show that a countable union of first category sets is of first category. 


29. Show that a metric space X is totally bounded if and only if every sequence in X contains a Cauchy 
subsequence. 


30. Show that if X is isometric to Y and X is complete, then Y is complete. 


MISCELLANEOUS PROBLEM 


31. Prove: Every normed vector space X can be densely embedded in a Banach space, i.e. a complete 
normed vector space. (Hint: See Remark on Page 199). 


Chapter 15 


Function Spaces 


FUNCTION SPACES 


Let X and Y be arbitrary sets, and let #(X,Y) denote the collection of all functions 
from X into Y. Any subcollection of #(X,Y) with some topology T is called a function 
space. 


We can identify #(X,Y) with a product set as follows: Let Y, denote a copy of Y 
indexed by x € X, and let F denote the product of the sets Yz, i.e., 


F = J]{¥Y.::2€X} 


Recall that F consists of all points p = (a,: 2 © X) which assign to each x € X the element 
dz € Y,=Y, ie. F consists of all functions from X into Y, and so F = F(X, Y). 


Now for each element x € X, the mapping e, from the function set #(X,Y) into Y 
defined by 
ex(f) = f(x) 


is called the evaluation mapping at x. (Here f is any function in #(X,Y), ie. f: X> Y.) 
Under our identification of #(X,Y) with F, the evaluation mapping e; is precisely the 
projection mapping ~, from F into the coordinate space Y, = Y. 


Example 1.1: Let #(I,R) be the collection of all real-valued 7 
functions defined on J = [0,1], and let 
f,g,h © FU,R) be the functions 


f(w) = #2, g(a) = 2a +1, A(x) = since 
Consider the evaluation function e;: F(U,R)?R 


at, say, j= 4. Then 


eff) = fj) = fd) = 
eg) = gf) = g(4) = 2 
e(h) = AZZ) = h($) = 1 


Graphically, e,(f), e;(g) and e,(h) are the points 
where the graphs of f, g and h intersect the 
vertical line A; through x = j. 


POINT OPEN TOPOLOGY 


Let X be an arbitrary set and let Y be a topological space. We first investigate 
the product topology T on 7 (X,Y) where we identify #(X,Y) with the product set 
F= IT {Y:: a2 EX} as above. Recall that the defining subbase -f of the product topology 
on F consists of all subsets of F of the form 


at [G| = {f : Txy(f) E G} 


79 
where «© X and G is an open subset of the coordinate space Y.,= Y. But ta(f) = 
€x,(f) = f(%0), where e., is the evaluation mapping at w» © X. Hence the defining subbase 
J of the product topology T on (X,Y) consists of all subsets of #(X,Y) of the form 
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{f: f(wo) € GJ, ie.-all functions which map an arbitrary point # © X into an arbitrary 
open set G of Y. We call this product topology on #(X, Y), appropriately, the point open 
topology. ; 


Alternatively, we can define the point open topology on 7(X,Y) to be the coarsest 
topology on #(X,Y) with respect to which the evaluation functions e,: #(X,Y)>Y are 
continuous. This definition corresponds directly to the definition of the product topology. 


Example 2.1: Let TY be the point open topology on 
F(I,R) where I = [0,1]. As above, mem- 
bers of the defining subbase of T are of - ~ G 


he f 
MEE: ep Bs eta 


where jp © J and G is an open subset of R. 
Graphically, the above subbase element 
consists of all functions passing through 0 7 1 


the open set G on the vertical real line R« Jo 
through the point jg on the horizontal axis. 
Reeall that this is identical to the subbase 
element of the product space ‘ 


X = [][{R,:iEeR 
illustrated in Chapter 12, Page 170. 


Example 2.2: If A is a subset of a product space 
I] {X;:7¢€, then A is a subset of the 
product of its projections, i.e. 


A CJ] fA]: i€ DB 


(as indicated in the diagram). 


LT fA] :€D. 


Thus A. c J[]{7,{A]:i€ I. where 
7;|A] is. the closure of 7,[A]. Accordingly, 
if cf = cA(X,Y) is a subcollection of 
F¥(X, Y), then 


A CI f{z,[e4|: 2 EX} = [T[he,[e4]: 4 € X} 


- and e,[e4) = {f(#): f € A}. By the Tychonoff Product Theorem, if {f(x):% € X} 
is compact for every «© X, then [] {z,[e4]: «© X} is a compact subset of the 
product space [[{Y,: ” € X}. 


Recall that a closed subset of a compact set is compact. Hence the result of Example 2.2 
implies ; ; : 
Theorem 15.1: “Let c4. be a subcollection of #(X,Y). Then c4 is compact with respect 
to the point open topology on 7#(X,Y) if (i) c4 is a closed subset of 
F (X,Y) and (ii) for every «EX, (f(x): f © c4} is compact. in Y.. 


In the case that Y is Hausdorff we have the following stronger result: : 
’Theorem 15.2: Let Y be a Hausdorff space and let e4 C F(X, Y). Then c4_is compact 
with respect to the point open topology if and only if c4 is closed and, 
for every «EX, (f(x): f € cA} is compact. 


POINTWISE) CONVERGENCE 


Let (f1,fs,...) be a sequence of functions from an arbitrary set X into a topological 
space Y. The sequence (f,) is said to converge pointwise to a function g:X7> Y if, for 
every % © X, 

(fi(ao), f2(#o), ...) converges to g(a), ie. lim fn(%o) = g(xo) 
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In particular, if Y is a metric space then (f,) converges pointwise to g iff for every «> 0 
and every 2% € X, 

JT ny = no(%o,6-) EN suchthat n> > d(fn(2X0), g(x0)) <e 
Note that the m depends upon the ¢ and also upon the point 2o. 


Example 3.1: Let (f,,fo,...) be the sequence of functions 
from I = [0,1] into R defined by 


f(a) = a, fo(w) = 2, fg(a) = a3, ... 


Then (f,) converges pointwise to the function 
g:I1->R defined by 


ie if O0O=a<1 


EMD. TS ae ieee 


Observe that the limit function g is not con- 
tinuons even though each of the functions f; 
is continuous. 


The notion of pointwise convergence is related to the point open topology as follows: - 
Theorem 15.3: A sequence of functions (fi, f2,...) in #(X,Y) converges to g € F(X, Y) 
with respect to the point open topology on #(X,Y) if and only if (f,) 

converges pointwise to g. 


In view of the above theorem, the point open topology on #(X, Y) is also called the 
topology of pointwise convergence. 


Remark: Recall that metrizability is not invariant under uncountable products; there- 
fore, the topology of pointwise convergence of real-valued functions defined 
on [0,1] is not a metric topology. The theory of topological spaces, as a 
generalization of metric spaces, was first motivated by the study of pointwise 
convergence of functions. 


UNIFORM CONVERGENCE 


Let (f1, fo,...) be a sequence of functions from an arbitrary set X into a metric space 
(Y,d). Then (f,) is said to converge uniformly to a function g: X > Y if, for every «> 0, 


Am =N(e)EN suchthat n>m > ad(frlx),g(t))<«6 WxeEXx 


In particular, (fn) converges pointwise to g; that is, uniform convergence implies pointwise 
convergence. Observe that the no depends only on the «, whereas, in pointwise convergence, 
the mo depends on both the « and the point x. 


In the case where X is a topological space, we have the following classical result: 


Proposition 15.4: Let (fi, fe, ...) be a sequence of continuous functions from a topological 
space X into a metric space Y. If (f,) converges uniformly to g: X > Y, 
then g is continuous. 


Example 4.1: Let f,,f2,... be the following continuous functions from I = [0, 1] into R: 
fy (x) =, fo (a) = x, F(a) = x, cee 


Now, by Example 3.1, (f,) converges pointwise to g:I1—-R defined by 


a 0 if 042<1 
xe prey 
g 1 if e=1 


Since g is not continuous, (f,) does not converge uniformly to g. 
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Example 4.2: Let (f1, fo, ...) be the following sequence of functions in 7(R, R): 


fa Lp it fal<n 


Lee Jo "Gf [ae] =n 
Now (f,) converges pointwise to the con- 1 - 
stant function g(x) = 1. But ¢f,) does not * le 
converge uniformly to g. For, let « = 1. 7 
Note that, for every n€N, there exist 
points a) €@R with f,(a) =0 and so lt ne 


lfn (29) — g(Xp)} =1>e, 
Let B(X, Y) denote the collection of all bounded functions from an arbitrary set X 
into a metric space (Y,d), and let e be the metric on B(X, Y) defined by 
e(f,g) = sup {d(f(z), 9(x)): « € X} 


This metric has the following property: 


Theorem 15.5: Let (f1,f2,...) be a sequence of functions in B(X, Y). Then (fn) converges 
to g € B(X, Y) with respect to the metric e if and only if (fn) converges 
uniformly to g. 


In view of the above theorem, the topology on B(X, Y) induced by the above metric is 
called the topology of uniform convergence. 


Remark: The concept of uniform convergence defined in the case of a metric space Y 
cannot be defined for a general topological space. However, the notion of 
uniform convergence can be generalized to a collection of spaces, called uniform 
spaces, which lie between topological spaces and metric spaces. 


THE FUNCTION SPACE ((0,1] 


The vector space (‘[0,1] of all continuous functions from J = [0,1] into R with norm 


defined b 
— fi] = sup (if@|:2Ee 


is one of the most important function spaces in analysis. Note that the above norm 
induces the topology of uniform convergence. 
Since J = [0,1] is compact, each f EC [0,1] is uniformly continuous; that is, 
Proposition 15.6: Let f:[0,1]>R be continuous. Then for every «> 0, 
35=8(c)>0 suchthat ‘wo-~-ail<8 > |f(xo)—f(#1)| <e 


Uniform continuity (like uniform convergence) is stronger than continuity in that the 
8 depends only on « and not on any particular point. ; 


One consequence of Proposition 15.4 follows: 


Theorem 15.7: ([0,1] is a complete normed vector space. 


We shall use the Baire Category Theorem for complete metric spaces to prove the 
following interesting result: 


Proposition 15.8: There exists a continuous function f:[0,1]>R which is nowhere 
differentiable. 


Remark: All the results proven here for ([0,1] are also true for the space ([a, b] of all 
continuous functions on the closed interval [a, b]. 
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UNIFORM BOUNDEDNESS 

In establishing necessary and sufficient conditions for subsets of function spaces to be 
compact, we are led to the concepts of uniform boundedness and equicontinuity which are 
interesting in their own right. 

A collection of real valued functions c4 = {f;:X > R} defined on an arbitrary set X 
is said to be uniformly bounded if 

3MeER_suchthat ([f(x7))=M,VPEA, V4 EX 

That is, each function f €c4 is bounded and there is one bound which holds for all of 
the functions. 

In particular if cf C¢-[0,1], then uniform boundedness is equivalent to 

4MeER_ suchthat ([f/|/=M, Vf Ed 

or, c4 is a bounded subset of ((0, 1]. 


Example 5.1: Let c4 be the following subset of 7(R, R): 
A = {f,(x) = sina, fo(x) = sin 2a, ...} 
Then c4 is uniformly bounded. For, let M = 1; then, for every f € c4 and every © 
«ER, |f(x)| = M. See Fig. (a) below. 


fs f, 


fs che fi 


—T 


ri 7 
Fig. (a) Fig. (0) 
Example 5.2: Let c4 Cc ((0,1] be defined as follows (see Fig. (6) above): 
A = ty(x) = aw, fala) = 2x, fz(x) = Ba, ...} 


Although each function in C[0,1], and in particular in ¢4, is bounded, e4 is not 
uniformly bounded. For if M is any real number, however large, 17) €@N with 
Ny > M and hence Fag) =n >M. 


EQUICONTINUITY. ASCOLI’S THEOREM 
A collection of real-valued functions c4 = {f;: X > R} defined on an arbitrary metric 
space X is said to be equicontinuous if for every «> 0, 
35=8(c)>0 suchthat d(a%,%1)<8 > |f(xo)—f(a1)|\<6, WEA 
Note that § depends only on ¢ and not on any particular point or function. It is clear that 
each f € e4 is uniformly continuous. 


Theorem (Ascoli) 15.9: Let c4 be a closed subset of the function space ([0,1]. Then c4 
is compact if and only if c4 is uniformly bounded and equi- 
continuous. 


COMPACT OPEN TOPOLOGY 


Let X and Y be arbitrary sets and let AC X and BC Y. We shall write F(A, B) for 
the class of functions from X into Y which carry A into B: 


F(A,B) = {fe F(X, Y): f[A] cB} 


212 FUNCTION SPACES {CHAP. 15 


Example 6.1: Let of be the defining subbase for the point open topology on #(X,Y). Recall that 
the members of J are of the form 


{f € F(X, Y): f(x) € G}, where x« € X, G an open subset of Y 
Following the above notation, we denote this set by F(x,G) and we can then define 


JS b 
ee oS = {F(x,G): «EX, GCY open} 


Now let X and Y be topological spaces and let c4 be the class of compact subsets of 
X and G be the class of open subsets of Y. The topology J on 7'(X, Y) generated by 


J = {F(A,G): AEA, GEG} 
is called the compact open topology on 7'(X,Y), and J is a defining subbase for T. 


Since singleton subsets of X are compact, ~i contains the members of the defining 
subbase for the point open topology on F(X, Y). Thus: 


Theorem 15.10: The point open topology on #(X,Y) is coarser than the compact open 
topology on 7'(X, Y). ; 
Recall that the point open topology is the coarsest topology with respect to which the 
evaluation mappings are continuous. Hence, 


Corollary 15.11: The evaluation functions e:: #(X,Y)>Y are continuous relative to 
the compact open topology on 7 (X,Y). 


TOPOLOGY OF COMPACT CONVERGENCE 


Let (f1,fe,...) be a sequence of functions from a topological space X into a metric 
space (Y,d). The sequence (fn) is said to converge uniformly on compacta to g:X>Y if 
for every compact subset EC X and every «> 0, 


3m =n(E,<-) EN suchthat n>m > d(fn(x),g(x))<«e WeEE 


In other words, (f») converges uniformly on compacta to g iff, for every compact subset 
E CX, the restriction of (f,) to E converges uniformly to the restriction of g to HE, ie., 


(filE, fel, ...) converges uniformly to g|E 


Now uniform convergence implies uniform convergence on compacta and, since singleton 
sets are compact, uniform convergence on compacta implies pointwise convergence. 


Example 7.1: Let (f,,f,...) be the sequence in #(R,R) defined by 
1 
1—=|x| if jal<n 
= n 
Fr() i if jal =n 


Now (f,) converges pointwise to the constant function g(x) =1 but (f,) does not 
converge uniformly to g (see Example 4.2). However, since every compact subset 
E of & is bounded, (f,,) does converge uniformly on compacta to g. 


CHAP. 15] FUNCTION SPACES 213 


Theorem 15.12: Let ((X,Y) be the collection of continuous functions from a topological 
space X into a metric space (Y,d). Then a sequence of functions (fn) in 
C(X, Y) converges to g €C(X,Y) with respect to the compact open 
topology if and only if (fn) converges uniformly on compacta to g. 


In view of the preceding theorem, the compact open topology is also called the topology 
of compact convergence. 


FUNCTIONALS ON NORMED SPACES 


Let X be a normed vector space (over R). A real-valued function f with domain X, ie. 
f:X->R, is called a functional. 


A functional f on X is linear if 


(i) f(@t+y)=f(x)+fy), Wx,yEX, and (ii) f(kx) =kif(x)], Wa eX, KER 


A linear functional f on X is bounded if 
3M>0 _ suchthat |f(x)|=M|le|, Va EX 
Here M is called a bownd for f. 


Example 8.1: Let X be the space of all continuous real-valued functions on [a,b] with norm 
I[f|| = sup {|f(x)|: « € [a, bl}, ie. X = Cla,b]. Let I: X >R be defined by 


b 
Wf) = f f(t) dt 


Then I is a linear functional; for 


b b 1b 
Wo = f Grama = f hod + fo sod = WAH +10) 


b ab b 
Wi) = f Gnd = f mawjat = kf fod = kM 
Furthermore, M = b—a is a bound for I since 


b 
up) = f Mode = MsuptlfO} = MII 


Proposition 15.13: Let f and g be bounded linear functionals on X and let k ER. Then 
f+g and k-f are also bounded linear functionals on X. 


Thus (by Proposition 8.14, Page 119) the collection X* of all bounded linear functionals 
on X is a linear vector space. 


Proposition 15.14: The following function on X* is a norm: 
l|f|| = sup {|f(x)|/||a||: & ~ 0} 


Observe that if M is a bound for f, i.e. |f(x)|= M||z||, Wa EX, then in particular, 
for «#0, [f(x)|/||z]| = M and so ||f||/=M. In fact, ||f|| could have been defined equiva- 


lently b 
aa |Ifl| = inf {M: M isa bound for f} 


Remark: The normed space of all bounded linear functionals on X is called the dual 
space of X. 
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Solved Problems 


POINTWISE CONVERGENCE, POINT OPEN TOPOLOGY 


1. Let (fi, fo,...) be the sequence of functions in F(/,R), 
where I = [0,1], defined by 


An?x if 0O=4=1/2n 
fr(t) = 4-4n?a4+4n if 1/2n<a<1/n 
0 if l/n=ae2=1 


Show that (fn) converges pointwise to the constant func- 
tion g(x) = 0. 


Solution: 


Now /f,(0) = 0 for every n€N, andso lim f,(0) = g(0) = 0. On the other hand, if x > 0, 
then 4n)€N such that 1/ny <2; hence "~” 


n> > frl%)=90 > im fn(%o) = g(t) = 0 


Thus (f,) converges pointwise to the zero function. 


“1 1 
Observe that J f,(w) dx = 1, forevery nEN, and f g(x) dx = 0 
0 0 
Thus, in this case, the limit of the integrals does not equal the integral of the limit, i.e., 


1 
lim : Fr(w) da # lim f,(«) dx 


n> x 0 0 nmr oO 


2. Let C(/,R) denote the class of continuous real valued functions on J = [0,1] with norm 


Wl = J eae 


Give an example of a sequence (f1,fo,...) in C(J,R) such that f.z>g in the above 
norm but (f,) does not converge to g pointwise. 
Solution: 

Let (f,) be defined by f,(”) = «". Then 


nar 0 


1 
lim [fell = lim f de Sin Vet) =O 
nr © nr nw 0 


Hence (f,) converges to the zero function g(x) =0 in the above norm. On the other hand, (f,) 
converges pointwise (see Example 3.1) to the function f defined by f(x)=0 if O0O=a”<1 and 
f(v) =1 if «=1. Note fxg. 


3. Show that if Y is 71,72, regular, or connected, then 7#(X,Y) with the point open 
topology also has that property. 
Solution: 


Since the point open topology on F(X, Y) is the product topology, #(X,Y) inherits any product 
invariant property of Y. By previous results, the above properties are product invariant. 
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4. Prove Theorem 15.2: Let Y be Hausdorff and let c4 be a subset of 7 (X,Y) with the 
point open topology. Then the following are equivalent: (i) c4 is compact. (ii) ef is 
closed and {f(z):f €c4} is compact in Y, for every xe X. 


Solution: 

By Theorem 15.1, (ii) > (i) and so we need only show that (i) > (ii). Since Y is Hausdorff 
and T, is product invariant, #(X,Y) is also Hausdorff. Now by Theorem 11.5 a compact subset of a 
Hausdorff space is closed; hence ¢4 is closed. Furthermore, each evaluation map e,: F(X,Y)>Y is 
continuous with respect to the point open topology; hence, for each x € X, 


erfeA| = (f(a): f € oA} 


is compact in Y and, since Y is Hausdorff, closed. In other words, {/(x):fEGc4} = (f(a): f € cA} 
is compact. 


5. Prove Theorem 15.3: Let T be the point open topology on #(X,Y) and let (fi, fo, ...) 
be a sequence in #(X,Y). Then the following are equivalent: (i) (fn) converges to 
g € F(X, Y) with respect to T. (ii) (fn) converges pointwise to g. 
Solution: 
Method 1. 


We identify #(X, Y) with the product set F = []{Y,:2€X} and T with the product topology. 
Then by Theorem 12.7 the sequence (f,) in F converges to g € F if and only if, for every projection 7,, 


(relfn)) = (€x(fn)) = Fn(@)) converges to 7,(g) = ez(g) = g(a) 
In other words, fn2g with respect to T iff lim f, (a) = g(w), WwEXx 
ie. iff (f,) converges pointwise to g. 


Method 2. 
(i) > Gi: Let a be an arbitrary point in X and let G be an open subset of Y containing 9(%Xo), 


ie. g(a) EG. Then 
G9EF(%,G) = {(fE F(X,Y): fla) € G} 


and so F(a,G) is a T-open subset of #(X,Y) containing g. By (i), (f,) converges to g with respect 


to T; hence 
JI nEN such that n> => fy € F(x, G) 


Accordingly, a> > fnlt) EG DY lim fal%o) = g(x) 
ns oO 


But «9 was arbitrary; hence (f,) converges pointwise to g. 


Gi) > @: Let F(x9,G@) = {f: f(%o) € G} be any member of the defining subbase for T which 
contains g. Then g(% )€G. By (ii), (fy) converges pointwise to g; hence 


In EN such that n> > fyalto) EG 


and so n> > frEF(%y,G) D> (fn) T-converges to g 


UNIFORM CONVERGENCE 


6. Prove Proposition 15.4: Let (fi,fs,...) be a sequence of continuous functions from 
a topological space X into a metric space Y, and let (fn) converge uniformly to g: x- Y. 
Then g is continuous. 

Solution: 


Let 2)€X and let «>0. Then g is continuous at x if ¥ an open set GC X containing x 


such that 
cEG > d(g(x), 9(%)) <e 
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Now (f,) converges uniformly to g, and so 
IméEN such that Ufm(e), g(@)) << te, Wa EX 
Hence, by the Triangle Inequality, 
A(g(x),9(%)) = (g(x), fm(x)) + A Fm(&), fm (a0) + Fm (%o), 9(%0)) < Afm(%), fm(o)) + Re 
Since f,, is continuous, 7 an open set GC X containing x» such that 
EG > Afn(*)sfm(%o)) < fe andso «EG > d(g(x), 9(x)) <e 


Thus g is continuous. 


7. Let (fi,fe,...) be a sequence of real, continuous functions defined on [a,b] and con- 
verging uniformly to g: [a,b] > R. Show that 


b b 
lim fr(w) dx = f g(x) dx 


Observe (Problem 1) that this statement is not true in the case of pointwise convergence. 
Solution: 
Let « > 0. We need to show that 


In EN such that n> > <e 


f fn(u) dw — f g(x) da 


Now (f,) converges uniformly to g, and so 4%) EN _ such that 


n>m > |frlt)—9(a)|<(b-a), Vee [a,d] 


b b 
Hence, if > ty, | f fla) de — i Wohde 
a a 


b 
f (Fn (at) — g()) de 


IN 


bv 
J fale) o(2)| de 


f (b—a) de = 


A 


8. Prove Theorem 15.5: Let (f1,f2,...) be a sequence in B(X, Y) with metric 
e(f,g) = sup {d(f(x),9(x)): « EX} 
Then the following are equivalent: (i) (fn) converges to g € F(X, Y) with respect to e. 
(ii) (fn) converges uniformly to g. 


Solution: 
(i) > Gi): Let « > 0. Since (f,) converges to g with respect to e, 


InENn such that n>n > efag)<e 
Therefore, 


n> => a(f,(x),g(«)) = sup {d(f,(*), g(a): 2 EX} = efyg)< WeEx 


that is, (f,) converges uniformly to g. 


(ii) > Gi): Let « > 0. Since (f,) converges uniformly to g, 
JI nEN such that n> > dfn(x), g(x) <2, WxeaEXx 


Therefore, n> => sup {d(f,(x), g(x): 2 EX} = /2 < e 


that is, 2 > ) implies e(f,,g) <, and so (f,) converges to g with respect to e. 
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THE FUNCTION SPACE ((0, 1] 


9. 


10. 


11. 


12. 


Prove Proposition 15.6: Let f:1>R be continuous on J = [0,1]. Then for every < > 0, 
2S=8(c)>0 such that |a—y|/<8 > jf(x)—-f(y)| <« 


i.e. f is uniformly continuous. 


Solution: 
Let « > 0. Since f is continuous, for every pCl, 
a 5,>0 such that j#—pl <6, > (f(x) —f(p)| < de (1) 
For each p € J, set Sp = In (p 48,, pt $5,). Then {S,:p€JI} is an open cover of J and, since 
ZI is compact, a finite number of the Sp also cover I; say, I = Sp, Ueeeu Sp Set 
5 = $min (3,,..-,8p,) 

Suppose |x—y|< 6 Then x& Sp, for some k, and so [x — p,| < 25, < 3p, and 

ly- Pel = ly—a| + ja— pl < 8+ $5p, = $5p, | $5p, 8p, 


Hence by (1), \f(%) — Fp,)| << de and —[f(y) — F(p,)| < Je 
Thus by the Triangle Inequality, 
f(a) — f(y)| = |f(a) — f(pp)| + [Flpx) -— fy)| < fet de = 


Let (fi, fo,...) be a Cauchy sequence in C{[0, 1]. Show that, for each x2 €I= (0, 1], 
(f1(%o), f2(#o), ...) is a Cauchy sequence in R. 


Solution: & 
Let %) €J and let e>0. Since (f,) is Cauchy, 3) EN such that 


mn>nr > IWfn—fmill = sup {lfp(z)—fn(m|:2ED < 
> \fn (#0) — fim (0) <e 


Hence (f,,(%9)) is a Cauchy sequence. 


Prove Theorem 15.7: C[0,1] is a complete normed vector space. 


Solution: 
Let (f1,f9,...) be a Cauchy sequence in C(0,1]. Then, for every ap EI, (f,(%)) is a Cauchy 
sequence in R and, since R is complete, converges. Define g:J1>R by g(x) = lim fn(w). Then 
rs oO 


(see Problem 32) (f,) converges uniformly to g. But, by Proposition 15.4, g is continuous, i.e. 
g = C[0,1]; hence ([0,1] is complete. 


Let f © C[0,1] and let « > 0. Show that 32 EN 


and points 
Po = (0, eko/5), wey 


) Oo (2/0, ek;/5), eee 

Pry = (1, ekn,/5) 
where ko,...,/n, are integers such that, if g 
is the polygonal are connecting the pi, then 
|f—g||<e (see adjacent diagram). In other 
words, the piecewise linear (or polygonal) func- 
tions are dense in ([0, 1]. 
Solution: 

Now f is uniformly continuous on [0,1] and so 
FIuEN  suchthat |a—bl =1/m > _ [f(a)—f(b)| < /5 (1) 
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14, 
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Consider the following subset of I XR: 
A = {(u,y): «=i/ng, y = ke/5 where i= 0,...,%9; k © Z} 
Choose p; = (%;,y;) € A such that Yi = fla) < yy t /5 
Then [f(x;) — g(a)| = Ifla) — yl < 6/5 and by (2), [f(a — F(j4a)| < €/5 


as indicated in the diagram above. 
Observe that 
lo(@) ~ 9(%j40)| = lola) — fla)| + [fed —Fleia | + Fin) — o(%i4)| < 6/5 + e/5 + 6/5 = 8e/5 
Since g is linear between x; and 2;+, 
HZ ei, > lg(x,) — g(z)| = |g(%) — g(@i41)| < 80/5 
Now for any point 2 Et, da, satisfying «, = 2 x4, Hence , 
if(z) — g(z)| = bfl2) — Flay)| + |Foex) — o(ay)| + lol) — g(@)| < €/5 + e/5 + 8c/5 = 


But z was an arbitrary point in J; hence ||f—g]|| <e. 


Let m be an arbitrary positive integer and let Am C(C[0,1| consist of those functions f 
with the property that 
E 9, 1 -=| such that Pao +h) — f(%0) 
mM h 

Show that Am is a closed subset of C[0,1]. (Notice that every function f in ([0, 1] which 
is differentiable at a point belongs to some Am for m sufficiently large.) 
Solution: 

Let g€A,,. We want to show that g€@Am, ie. Am = Am. Since gGA,, there exists a 
sequence (f1,f2,...) in A» converging to g. Now for each f; there exists a point «, such that 


ne[o1-2] aa: « |e vie (0,1) (1) 


=m, Whe (0, =) 


h m 


ath 
But (x,).is a sequence in a compact set fo, 1—- | and so has a subsequence (2;,.) which converges 
1 ) 
€ ——= |. 
to, say, 2% lo, 1 | 
Now fn,?>g implies fin >g, and so (Problem a passing to the limit in (2), gives 


Heo FM) ~ O)| em, wre(o,2 


Hence g © A,,, and A,» is closed. 


Let AmC(C[0,1] be defined as in Problem 13. Show that Am is nowhere dense in 
C[0, 1]. 
Solution: 
A is nowhere dense in ([0,1] iff int (A») = int(A,,) = D. 
Let S = S(f,8) be any open sphere in ([0,1]. We claim that 
S contains a. point not belonging to A,,, and so int(A,,) = @. 
By Problem 12, there exists a polygonal arc p € ([0,1] 
such that ||f—pl|| < $6. Let g be a saw-tooth function with 
magnitude less than 46 and slope sufficiently large (Problem 33). 
Then the function -h = p+g_ belongs to C[0,1] but does not 
belong to A,,. Furthermore, 


If—Al| = |lf~pll + llgll < $8498 = 8 


so h©S and the proof is complete. 
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15. 


16. 


17. 


Let An C(C/0,1] be defined as in Problem 13. Show that ([0,1] * Use, Am 


Solution: 


Since A,, is nowhere dense in C(0,1], B= Una4 A,, is of the first category. But, by Baire’s 


Category Theorem, ([0,1], a complete space, is of the second category. Hence ([0,1] ¥ B. 


Prove Proposition 15.8: There exists a continuous function f:[0,1]>R which is 
nowhere differentiable. 
Solution: 

Let f € ([0,1] have a derivative at, say, x9 and suppose [f(%o)| = t. Then 


+h) — 
3«>0 — such that el ae ee =t+l, Whe (ee) 


Now choose my €N so that ¢+1< my and 1/m)<e. Then fe Am): Thus U”_, Am contains 
all functions which are differentiable at some point of J. 


But by the preceding problem, ([0,1] ~ U“_,A,, and so there exists a function in C[0,1] which 
is nowhere differentiable. 


Prove Theorem (Ascoli) 15.9: Let c4 be a closed subset of C[0,1]. Then the following 
are equivalent: (i) c4 is compact. (ii) e4 is uniformly bounded and equicontinuous. 
Solution: 


(i) > (ii): Since cf is compact it is a bounded subset of C[{0,1] and is thus uniformly bounded as 
a set of functions. Now we need only show that ¢4 is equicontinuous. 


Let « > 0. Since of is compact, it has a finite «/3-net, say, B = {f,,..., f,}. Hence, for any f € of, 
af,€B  suchthat ||f—fi.|| = sup {[f(w)—f,,(a)|: ® ED) = ¢/3 
Therefore, for any x,y € I = [0,1], 
f(x) — fly)| | f(x) — fi(@) + fi) — fig u) + fig y) — Fly) | 


Ih 


Ifa) — Fig (@)| + |fig(@) —Fig(w)| + fig wv) — FW) 


IK 


/3 + |fig(®)—figW)l + 3 = |figl@)—Fi(w)l + 2/8 
Now each f;€©@ igs uniformly continuous and so 
75,>0 suchthat |x—yl <8 > (f(x) —f,(y)| < €/8 

Set 6 = min {8,,...,6,}. Then, for any f € of, 

le~ yl <3 D> [fle)— FU) = Mig) +f) + 2/8 < 6/8 + 2/3 = ec 
Thus c4 is equicontinuous. 

(ii) > (i): Since ef is a closed subset of the complete space ((0,1], we need only show that c4 

is totally bounded. Let «> 0. Since cf is equicontinuous, 

In EN such that ja—bl <1/m) > (f(a) —f(b)| < €/5, WEE 


Now for each f € c4, we can construct, by Problem 12, a polygonal arc ps such that ||f—p,;|| <e and 
Pp; connects points belonging to 
A = {(a,y): # = 0, 1/1, 2/ng,..., 1; y = ne/5, n EZ} 


We claim that B = {ps: f € cA} ig finite and hence a finite e-net for 4. 


Now e/ is uniformly bounded, and so B is uniformly bounded. Therefore only a finite number of 
the points in A will appear in the polygonal arcs in B. Hence there can only be a finite number of 
arcs in B. Thus @ is a finite e-net for c4, and so of is totally bounded. 
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COMPACT CONVERGENCE 


18. 


19. 


20. 


Let (f1, fo,...) in F(R, R) be defined by - 
1 ; 
fr(x) = Les ora : jz] <n th 
0 if jzj=n 
Show that (fn) converges uniformly on compacta = - 


to the constant function g(x) = 1. 


Solution: 
Let E be a compact subset of R and let 0<e<1. Since EF is compact, it is bounded; say, 
Ec(-M,M) for M>0. Now 


a ny EN such that ny > M/e, or, M/ny < € 


Therefore, n>n > (fale) —g(x)| = J he <Ming<c, WeEk 


Hence (f,) converges uniformly to g on E. 


Show: If ¥ is Hausdorff, then the compact open topology on #(X, Y) is also Hausdorff. 
Solution: 


Method 1. Let f,g € F(X,Y) with f#g. Then 3p€X such that f(p)~g(p). Now Y is 
Hausdorff, hence 3 open subsets G and H of Y such that f(p) EG, o(p)€ H and GNH=@. Hence 


fEF(p,G), gE F(p,H) and F(p,G)o F(p,H)=@ 


But the singleton set {p} is compact, and so F(p,G) and F(p,H) belong to the compact open topology 
on #(X,Y). Accordingly, #(X, Y) is Hausdorff. 


Method 2. The compact open topology is finer than the point open topology, which is Hausdorff 
since T, is a product invariant property. Hence the compact open topology is also Hausdorff. 


Prove Theorem 15.12: Let (/1,fs,...) be a sequence in ((X, Y), the collection of all 
continuous functions from a topological space X into a metric space (Y,d). Then the 
following are equivalent: 
(i) (fn) converges uniformly on compacta to g © C(X, Y). 
(ii) (fn) converges to g with respect to the compact open topology T on ((X, Y). 
Solution: 
@) > did: 

Let F(E,G) be an open subbase element of T containing g; hence g[HZ| C G where E is compact 
and G is open. Since g is continuous, g[E| is compact. Furthermore, g[E]™G° = and so (see 


Page 164) the distance between the compact set g[H] and the closed set G¢ is greater than zero; say, 
d(g|E|,G°) =.«>0. Since (f,) converges uniformly on compacta to g, , 


In EN such that n>m > adfyz(x),g(x))<e WaEkH 


Therefore, d(f,("), g[E]) = d(fn(x), g(a) < « Week 
and so, for every «EE, f,(~) € Ge. In other words, 
n> > frl{E| CG > f, © F(E,G) 
Accordingly, (f,) converges to g with respect to the compact open topology T. 
Gi) > @: 
Let E be a compact subset of X and let « > 0. We want to show that (f,) converges uniformly 


on £ to g, i.e., 
I nENn such that n> => adf,(v),g(a))<« Week 
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Since E is compact and g is continuous, g[E] is compact. Let B = {p,,...,p,} be a finite ¢/3-net 
for g[E'|. Consider the open spheres 


S, = S(py, ¢/3), ..., S, = S(py,e/8) and = G, = S(py, 2/8), ..., G_ = S(p,, 2/8) 
Hence 5,cG,, ...,S,CG,. Furthermore, since B is an ¢/3-net for gE], 


gE} cCS,Uu+s+uUS, andso Ecg[S,ju--- Ug-{S, 


Now set E,;= Eng {Sj and so E=E,u::-UE, and g[E] c 8, Cc G; 


We claim that the E, are compact. For g is continuous and so g~![S,], the inverse of a closed set, is 
closed; hence BE; = EX g~1[S;], the intersection of a compact and a closed set, is compact. 


Now g|Eij CG; and so the F(E,,G,) are T-open subsets of ¥(X,Y) containing g; hence 
nee F(E;,G,) is also a T-open set containing g. But (f,) converges to g with respect to T; hence 


Ju EN  suchthat n>m D> fa € 02, F(E,G) D> fr[HilCGy,...,falH CG: 
Now let ex € EH. Then « & Ey and so, for n > %, 


fn(a) © fulEig] © Gi, > Ufa 2), Pig) < 20/8 


and g(x) E g[Ei| CS, > d(g(x), p;,) = €/8 


ig 
Therefore, by the Triangle Inequality, 


n>m > Af, (x), 9(#)) = Afy(@), Diy) + UPig G(@)) < 2/3 + e/8 = e, WHEE 


FUNCTIONALS ON NORMED SPACES 
21. Show that if f is a linear functional on X, then /(0) = 0. 


Solution: 
Since f is linear and 0 = 0+ 0, 


f(0) = FO +0) = f(0) + FO) 


Adding — (0) to both sides gives f(0) = 0. 


22. Show that a bounded linear functional f on X is uniformly continuous. 


Solution: 
Let M be a bound for f and let «> 0. Set 8’ =¢«/M. Then 


a-yll <8 > |f(e)-fwW| = \Ke-—y)) = M\le-yll < « 


23. Prove Proposition 15.13: Let f and g be bounded linear functionals on X and let ¢ ER. 
Then f+g and c:f are also bounded linear functionals on X. 


Solution: 
Let M and M* be bounds for f and g respectively. Then 


(tgokety = flety)t+ gety) = Fx) + fly) + oe) + oy) = F+ oe) + +9) 
(f+g)(kx) = flka) + g(kx) = kf(w) t+ kg(x) = k[f(x) + g(x)] = ki + 9)a) 
(f+ g)(x)} = |f(x)+ o(x)| = |f(x)| + |g(w)| = M|lal| + M* \[a|| = (M+ M*) ||\o|| 


Thus f+g is a bounded linear functional. 
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Furthermore, 
(e-f\(aty) = ef(a@t+y) = elf(x)+fy] = ef) + efy) = (er f(x) + (er fy 
(e*f)(kx) = ef(ka) = ckf(x) = ke f(a) = k (es f\(x) 
[(e+ A\()| = le f(a)| = fel (F(a) = [el (fall) = (le| M) {fell 


and so c°f is a bounded linear functional. 


24. Prove Proposition 15.14: The following function on X* is a norm: 
|f\| = sup {[f(a)|/\|a|| : 2 ~ 0} 
Solution: 
If f= 0, then f(z) =0, Wx EX, and so |lf|| = sup{0} = 0. If f #0, then 3a9#0 such 


that f(z 9) ~ 0, and so 
\|f\| = sup {[f(a)|/\la||} = (f(eo)\/\|aol| > 0 
Thus the axiom [N,] (see Page 118) is satisfied. 


Now lke fl] = sup {lke f)(x)|/\la||} = sup {\k[f(a)]\/\lo\]} 
= sup {/A| |f(«)I/l|a||} = |k| sup {(f(x)i/i}el}} = || IIAII 
Hence axiom [Ng] is satisfied. 
Furthermore, 
f+ g9\| = sup {\f(o) + g(x)|/\|a\[} = sup {(\F(x)| + lg(~)))/\l2|]} 
= sup {/f(x)|/||a||} + sup {lg()\/\el} = Al + [lgll 


and so axiom [Ns] is satisfied. 


Supplementary Problems 


CONVERGENCE OF SEQUENCES OF FUNCTIONS 


25. Let (f1,fo,...) be the sequence of real-valued functions with domain I = [0,1] defined by 
fn (u) = at/n. 


(i) Show that (f,) converges pointwise to the constant function g(x) =0, ie. for every x € I, 
lim f,(x) = 0. 
no 


(ii) Show that tim © f(a) # % tim f,(@) 
non ax dx n+ 
26. Let (f1,fo,...) be a sequence of real-valued differentiable functions with domain [a,b] which con- 


verge uniformly to g. Prove: d 
dz Jim Fn (x) = A dx f(x) 


(Observe, by the preceding problem, that this result does not hold in the case of pointwise convergence.) 


27. Let f,: R>R be defined by 


1Ve—-2 if |x| <n 
frie) = 


n 


0 if |x| =n 


(i) Show that (f,) does not converge uniformly to the 
constant function g(x) = 1. 


(ii) Prove that (f,) converges uniformly on compacta 
to the constant function g(x) = 1. -14 
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28. 


29. 


30. 


Let (f1,fo,...) be the sequence of functions with domain 
I= [0,1] defined by f,(x) = na(1— =x)". 


(i) Show that (/,,) converges pointwise to the constant func- 
tion g(x) = 0. 


(ii) Show that (f,) does not converge uniformly to g(x) = 0. 


(iii) Show that, in this case, 


a 1 = 
lim fr(w) de = f [ lim f,(”) | da 


n> 20 


x. 


Let (f1,fo,...) be the sequence in #(R, RB) defined by f,(a) = 1s) 


(i) Show that (f,) converges uniformly on compacta to the function g(") = @. 


(ii) Show that (f,) does not converge uniformly to g(x) = 2. 


Let (f,,fo,...) be a sequence of (Riemann) integrable functions on JI = [0,1]. The sequence (fn) is 
said to converge in the mean to the function g if 
vt 
lim lfn(w) — g(a)? da = 0 
Ts 0 


(i) Show that if (/,) converges uniformly to g, then (fn) converges in the mean to g. 


(ii) Show, by a counterexample, that convergence in the mean does not necessarily imply pointwise 
convergence. 


THE FUNCTION SPACE ((0, 1] 


31, 


32. 


33. 


34. 


Show that ([a, 6] is isometric and hence homeomorphic to ([0, 1}. 
Prove: Let (f,) converge to g in C[0,1] and let x, >a. Then lim Fn(@n) = g(Wo). 
n> oo 


Let p be a polygonal arc in ([0,1] and let 8 > 0. Show that 

there exists a sawtooth function g with magnitude less than 

$5, ie. ||g|| < $8, such that p+g does not belong to Aim P 
(see Problem 14). 


Let (/,) be a Cauchy sequence in C[0,1] and let (f,,) converge 
pointwise to g. Then (f,) converges uniformly to g. 


UNIFORM CONTINUITY 


35. 


36. 


37. 


Show that f(x) =1/x is not uniformly continuous on the open interval (0,1). 
Define uniform continuity for a function f:X—-Y where X and Y are arbitrary metric spaces. 


Prove: Let f be a continuous function from a compact metric space X into.a metric space Y. Then 
f is uniformly continuous. 


FUNCTIONALS ON NORMED SPACES 


38. 


39. 


40. 


Let f be a bounded linear functional on a normed space X. Show that 


sup {|f(x)|/|la||: 240} = inf {M: M is a bound for f} 
Show that if f is a continuous linear functional on X then f is bounded. 


Prove: The dual space X* of any normed space X is complete. 


APPENDIX 


Properties of the Real Numbers 


FIELD AXIOMS 


The set of real numbers, denoted by R, plays a dominant role in mathematics and, in 
particular, in analysis. In fact, many concepts in topology are abstractions of properties 
of sets of real numbers. The set R can be characterized by the statement that R is a 
complete, Archimedian ordered field. In this appendix we investigate the order relation 
in R which is used in defining the usual topology on R (see Chapter 4). We now state the 
field axioms of R which, with their consequences, are assumed throughout the text. 


A set F of two or more elements, together with two operations called addi- 


tion (+) and multiplication (-), is a field if it satisfies the following axioms: 
[Ai] Closure: a,bE€F > a+beEeF 
[Az] Associative Law: a,b,c F > (a+b) +e=at+(b+e) 
[As] (Additive) Identity. 30¢€F such that 0+a=a+0=a, VWaEF 
[A:] (Additive) Inverse: @€F > 3~-a€F such that a+(—a) = (-a)+a=0 
[As] Commutative Law: a,bEF > at+tb=bdia 
[Mi] Closure: a,bE€F > abEeF 
[M2] Associative Law: a,b,c € F > (a+b):¢ = as(b<e) 
[Mz] (Multiplicative) Identity. J1EF,1+0 suchthat l-a = a-l=a, WaEFr 
[Ms] (Multiplicative) Inverse: a€&F,a#0 > 9a 'EF guchthat aca! =a-a=1 
[M;] Commutative Law: a,bEF > arb=b-a 
[Di] Left Distributive Law: a,b,c EF > a-(b+c) = acbt+are 
[Dz] Right Distributive Law: a,b,c EC F > (b+e)'a = beate-a 


Here J reads “there exists’, V reads “for every’, and > reads “implies”. 


The following algebraic properties of the real numbers follow directly from the field 
axioms. 


Proposition A.1: Let F' be a field. Then: 


(i) The identity elements 0 and 1 are unique. 
(ii) The following cancellation laws hold: 
(1) a+b=a+e > b=c, (2) acb=a-c,a#0 > b=e 
(ili) The inverse elements —a and a™'! are unique. 
(iv) For every a,b € F, 
(1) a-0=0, (2) a+(—b) = (—a):b = —(a-b), (38) (—a):(-b) = a+b 
Subtraction and division (by a non-zero element) are defined in a field as follows: 


b-a b+(-a) and e = bra} 


a 
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Remark: A non-empty set together with two operations which satisfy all the axioms of 
a field except possibly [Ms], [M:] and [Ms] is called a ring. The set Z of 
integers under addition and multiplication, for example, is a ring but not 
a field. 


REAL LINE 


We assume the reader is familiar with the geometric representation of R by means of 
points on a straight line as in the figure below. Notice that a point, called the origin, is 
chosen to represent 0 and another point, usually to the right of 0, is chosen to represent 1. 
Then there is a natural way to pair off the points on the line and the real numbers, i.e. 
each point will represent a unique real number and each real number will be represented 
by a unique point. For this reason we refer to R as the real line and use the words point 
and number interchangeably. 


-v3 v2 


—2 -1 0 1 2 


The real line R 


SUBSETS OF R 
The symbols Z and N are used to denote the following subsets of R: 
Z = {...,—-8, —2, -1,0,1,2,8,...}, N = {1,2,3,4,...} 
The elements in Z are called rational integers or, simply, integers; and the elements in N 
are called positive integers or natural numbers. 


The symbol Q is used to denote the set of rational numbers. The rational numbers 
are those real numbers which can be expressed as the ratio of two integers provided the 
second is non-zero: 

Q = {xER: x=p/q; p,g EZ, g X40} 
Now each integer is also a rational number since, e.g., —5 =5/—1; hence Z is a subset 
of Q. In fact we have the following hierarchy of sets: 


NCZCQCR 
The irrational numbers are those real numbers which are not rational; thus Q‘, the 


complement (relative to R) of the set Q of rational numbers, denotes the set of irrational 
numbers. 


POSITIVE NUMBERS 


Those numbers to the right of 0 on the real line R, i.e. on the same side as 1, are the 
positive numbers; those numbers to the left of 0 are the negative numbers. The following 
axioms completely characterize the set of positive numbers: 


[Pi] If ae€R, then exactly one of the following is true: a is positive; a=0; —a is 
positive. 


[P2] If a,b ER are positive, then their sum a+b and their product a+b are also 
positive. 


It follows that a is positive if and only if —a is negative. 


APPENDIX] 


Example 1.1: 


Example 1.2: 


Example 1.3: 


ORDER 
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We show, using only [P,] and [P,], that the real number 1 is positive. By [P,], 
either 1 or —1 is positive. Assume that —1 is positive and so, by [P.], the product 
(—1)(-1) = 1 is also positive. But this contradicts [P,] which states that 1 and —1 
cannot both be positive. Hence the assumption that —1 is positive is false, and 
1 is positive. 


The real number —2 is negative. For, by Example 1.1, 1 is positive and so, by 
[P.], the sum 1+1 = 2 is positive. Therefore, by [P,], —2 is not positive, i.e. 
—2 is negative. 


We show that the product a*b of a positive number a and a negative number b 
is negative. For if b is negative then, by [P,], —b is positive and so, by [P,], the 
product a*(—b) is also positive. But a*(—b) = —(a*b). Thus —(a*b) is positive 
and so, by [P,]}, a*} is negative. 


We define an order relation in R, using the concept of positiveness. 


Definition:| The real number a is less than the real number b, written a<b, if the 
difference b-—a is positive. 


Geometrically speaking, if a <b then the point a on the real line lies to the left of 


the point 0. 


The following notation is also used: 


b> a, 
a=b, 


=> a, 
Example 2.1; 
Example 2.2: 


Example 2.3: 


read 0b is greater than a, means a<b 
read a is less than or equal to D, means a<b or a=b 
read b is greater than or equal toa, means a=) 


2<5; -6=—-3, 4=4, 5 >-8 


A real number « is positive iff « > 0, and x is negative iff x < 0. 


The notation 2< «<7 means 2< x and also x <7; hence «x will lie between 


2 and 7 on the real line. 


The axioms [P:] and |P2] which define the positive real numbers are used to prove 
the following theorem. 


Theorem A.2: Let a,b and c be real numbers. Then: 


(i) 
ii 


( 
( 
( 
( 


i) 
iii) 
iv) 


v) 


either a<b, a=) or b<a; 

if a<b and b<e, then a<c,; 

if a<b, then a+e<bd+e; 

if a<b and ¢ is positive, then ac < be; and 
if a<b and c is negative, then ac > be. 


Corollary A.3: The set R of real numbers is totally ordered by the relation a= Db. 


ABSOLUTE VALUE 
The absolute value of a real number 2, denoted by |2|, is defined by 


j if r=0 


BUSY oe: Ge peG 


Observe that the absolute value of any number is always non-negative, i.e. |a|=0 for 


every x« CR. 
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Geometrically speaking, the absolute value of x is the distance between the point z 
on the real line and the origin, ie. the point 0. Furthermore, the distance between any 
two points a,bER is 'a—bl = 'b—al. 


Example 3.1: 9 |-2) = 2, [71 = 7, |-rl =a, |-V2| = V2 
Example 3.2: |8—8] = |-5| = 5 and |8—3] = |5| = 5 
Example 3.3: The statement 'x| <5 can be interpreted to mean that the distance between x 


and the origin is less than 5; hence x must lie between —5 and 5 on the real line. 


In other words, 
ja] <5 and -—5<a<5 


have identical meaning and, similarly, 
jal = 5 and —-5§=ax=5 
have identical meaning. 


The graph of the function f(a”) =|, ie. the absolute value function, lies entirely in 
the upper half plane since f(z) =0 for every «€R (see diagram below). 


Graph of f(x) = |s| 


The central facts about the absolute value function are the following: 
Proposition A.4: Let a,b and c be real numbers. Then: 
(i) |a|=0, and jal=0 iff a= 0; 
(ii) jab] = |al|d), 
(iii) la+b| = jal + |b|; 
( 
( 


iv) |a—b| = ||a|/— |b] |; and 


IN 


v) |a~e la—b! + |b—e), 


LEAST UPPER BOUND AXIOM 
Chapter 14 discusses the concept of completeness for general metric spaces. For the 
rea] line R, we may use the definition: R is complete means that R satisfies the following 
axiom: , 
[LUB] (Least Upper Bound Axiom): If A is a set of real numbers bounded from above, 
then A has a least upper bound, i.e. sup (A) exists. 


Example 4.1: The set Q of rational numbers does not satisfy the Least Upper Bound Axiom. 
For let 
A = {q€Q: q>0, gq < 2} 
ie, A consists of those rational numbers which are greater than 0 and less than 
V2. Now A is bounded from above, e.g. 5 is an upper bound for A. But A does 
not have a least upper bound, i.e. there exists no rational number ™ such that 
m =sup(A). Observe that m cannot be V2 since V2 does not belong to Q. 
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We use the Least Upper Bound Axiom to prove that R is Archimedean ordered: 


Theorem (Archimedean Order Axiom) A.5: The set N = {1,2,3,...} of positive integers 
is not bounded from above. 


In other words, there exists no real number which is greater than every positive 
integer. One consequence of this theorem is: 


Corollary A.6: There is a rational number between any two distinct real numbers. 


NESTED INTERVAL PROPERTY 


The nested interval property of R, contained in the next theorem, is an important 
consequence of the Least Upper Bound Axiom, i.e. the completeness of R. 


Theorem (Nested Interval Property) A.7: Let J; = [ai,bij, In = [@2, be], ... be a se 
quence of nested closed (bounded) intervals, 
ie. [1 D125 .... Then there exists at least 
one point common to every interval, i.e. : 


Nh s*D 
It is necessary that the intervals in the theorem be closed and bounded, or else the 
theorem is not true as seen by the following two examples. 
Example 5.1: Let A,,As,... be the following sequence of open-closed intervals: 
A, = (0,1), Ay = (0,1/2], ..., Ay = (0, 1/k], ... 


Now the sequence of intervals is nested, i.e. each interval contains the succeeding 
interval: A; D Ay D+::. But the intersection of the intervals is empty, i.e., 


AyN Agnes MARN <*> = @ 


Thus there exists no point common to every interval. 


Example 5.2: Let A;,A»,... be the following sequence of closed infinite intervals: 
A, =[1,%), Ay = [2,”), ..., Ay =[k,~), ... 
Now A; >A, 5---, ie. the sequence of intervals is nested. But there exists no 
point common to every interval, i.e., 
AyNAQgN t+ NARNess = @ 


Solved Problems 


FIELD AXIOMS 
1. Prove Proposition A.l(iv): For every a,b EF, 
(1) a0=0, (2) a(—b) = (—a)b = —ab, (3) (—a)(—b) = ab 


Solution: 
(1) a0 = a(0+0) = a0+-a0. Adding —a0 to both sides gives 0 = a0. 


(2) 0 = a0 = a(b+(—b)) = ab + a(—b). Hence a(—b) is the negative of ab, that is, a(—b) = — ab. 
Similarly, (-a)b = —ab. 
(3) 0 = (—a)0 = (—a)(b+(—b)) = (—a)b + (—a)(—b) = —ab+ (—a)(—b). Adding ab to both sides 


gives ab = (—a)(—b). 
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2. Show that multiplication distributes over subtraction in a field F, ie. a(b—c) = ab—ae. 
Solution: a(b—c) = a(b+(—c)) = ab+a(—ce) = ab + (—ac) = ab—ae 


3. Show that a field F has no zero divisors, i.e. ah=0 > a=-0 or D=0. 


Solution: 
Suppose ab = 0 and a#0. Then a—! exists and so b= 1b = (a-1a)b = a~!(ab) = a—10 = 0. 


INEQUALITIES AND POSITIVE NUMBERS 


4. Rewrite so that x is alone between the inequality signs: 
(i) 3< 2e-5 <7, (ii) -7 < —2%+3 <5. 


Solution: 
We use Theorem A.2: 


(i) By (iii), we can add 5 to each side of 3 < 2a~-5 <7 to get 8 < 2% < 12. By (iv), we can 
multiply each side by } to obtain 4 < a < 6. 


(ii) Add —8 to each side to get —10 < —2x% < 2. By (v), we can multiply each side by ~4 and 
reverse the inequalities to obtain —1<a< 5. 


5. Prove that $ is a positive number. 


Solution: 

By [P,], either —}4 is positive or } is positive. Suppose —} is positive and so, by [P.], 
(— 4) + (— 4) = —1 is also positive. But by Example 1.1, 1 is positive and not —1. Thus we have a 
contradiction, and so 3 is positive. 


6. Prove Theorem A.2(ii): If a<b and b<c, then a<e. 


Solution: 
By definition, a <b means b—a is positive; and b<c means e—b is positive. Now, by 
[P.], the sum (b—a) + (e—b) = ¢—a is positive and so, by definition, a<e. 


7. Prove Theorem A.2(v): If a<b and ¢ is negative, then ac > be. 


Solution: 

By definition, a <b means b—a is positive. By [P,], if ¢ is negative then —c is positive, and 
so, by [Ps], the product (b—a)(—c) = ac—be is also positive. Hence, by definition, be < ae or, 
equivalently, ac > be. 


8. Determine all real numbers x such that (x—1)(#+2) < 0. 


Solution: 

We must find all values of x such that y = (w —1)(x + 2) 
is negative. Since the product of two numbers is negative 
iff one is positive and the other is negative, y is negative if 
(i) 2-1 < 0 and «+2 > 0, or (ii) «—-1 > 0 and 
at2<0. If «-1>0 and «+2<0, then x >1 and 
a <—2, which is impossible. Thus y is negative iff 
a—-1<0 and «+2 > 0, or «<1 and x > —2, that is, 
if -2<a<1. 


Observe that the graph of y = («—1)(x+2) crosses 
the z-axis at x =1 and x = —2 (as shown on the right). 
Furthermore, the graph lies below the x-axis iff y is nega- 
tive, that is, iff —2<a#<1. 
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ABSOLUTE VALUES 


9. 


10. 


11. 


12. 


13. 


Evaluate: (i) |1—3| + |-7, (ii) |-1—4] — 8 — |8—5|, (iii) ||-2) — |-6]). 
Solution: 

(i) |1—3)+ |-7| = |-2|4+ |-7| = 24+7 = 9 

(ii) j-1~4|-—3— |3—5| = |-5] -8-|-2} = 5-3-2 = 0 

(iii) | /-2} — |-6|| = |2—-6| = |-4| = 4 


Rewrite without the absolute value sign: (i) |e—2| <5, (ii) |2x +3] < 7. 
Solution: 
(i) -B<a@-2<5 or -8<a<7 


(ii) -7<2e+3<7 or -10< 2x <4 or -5 <x <2 


Rewrite using the absolute value sign: (i) -2<a<6, (ii)4<a2< 10. 


Solution: 
First rewrite each inequality so that a number and its negative appear at the ends of the 
inequality: 


(i) Add —2 to each side of —2 < « < 6 to obtain —4 < 4-2 < 4 which is equivalent to 


ja—2| < 4. 
(ii) Add —7 to each side of 4 < x < 10 to obtain -—3 < 2-7 < 3 which is equivalent to 
le—7| < 8. 


Prove Proposition A.4(iii): |a+b| = ja] + |b|. 


Solution: 
Method 1. 
Since ja] = +a, —la| =a = |al; also —|b| = b = |b|. Then, adding, 
~(lal + [b)/) = a+b = fa + [| 
Therefore, ja+b| = | lal + |b] | = ja] + |b] 


since |aj + |b] = 0. 


Method 2. 
Now ab = |ab| = |a/|b| implies 2ab = 2|a)|bi, and so 


(a+b)? = a2 + 2ab + 6? = a? + 2a) |b] + b2 = lal? + 2 ja} |b] + |b|2 = (ja| + }b|)2 
But v(a+ 6)? = |a+ 6| and so, by the square root of the above, |ja+ | = |a| + |b|. 


Prove Proposition A.4(v): |a—c| = |a—b] + |b—cl. 
Solution: ja—e| = |(a—b) + (b—c)| = |a—bl| + [bel 


LEAST UPPER BOUND AXIOM 


14, 


Prove Theorem (Archimedean Order Axiom) A.5: The subset N = {1,2,3,.. -} of R 
is not bounded from above. 


Solution: 
Suppose N is bounded from above. By the Least Upper Bound Axiom, sup(N) exists, say 
b = sup(N). Then b—1 is not an upper bound for N and so 


J nEN such that b-1l<m or b< +1 


But nm) €&N implies mg +16€N, and so b is not an upper bound for N, a contradiction. Hence N is 
not bounded from above. 
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15. Prove: Let a and b be positive real numbers. Then there exists a positive integer 
no © N such that b <xoa. In other words, some multiple of a is greater than b. 
Solution: 

Suppose ny does not exist, that is, na <6 for every n@N. Then, since a is positive,  < b/a 
for every »€N, and so b/a is an upper bound for N. This contradicts Theorem A.5 (Problem 14), 
and so ny does exist. 


16. Prove: If a is a positive real number, i.e. 0 <a, then there exists a positive integer 
no EN such that 0 < 1/no <a. 
Solution: 
Suppose n, does not exist, ie. a =1/n for every nEN. Then, multiplying both sides by the 
positive number n/a, we have n = 1/a for every nEN. Hence N is bounded by 1/a, an impossibility. 
Consequently, vp does exist. 


17. Prove Corollary A.6: There is a rational number q between any two distinct real 
numbers a and b. 
Solution: 

One of the real numbers, say a, is less than the other, ie. a<b. If a is negative and b is 
positive, then the rational number 0 lies between them, ie. a <0 < b. We now prove the corollary 
for the case where a and b are both positive; the case where a and b are negative is proven similarly, 
and the case where a or 6 is zero follows from Problem 16. 


Now a<b means b—a is positive and so, by the preceding problem, 


InENn such that 0<1/ng<b-—a or at(1/no) <b 


We claim that there is an integral multiple of mp which lies between a and 6. Notice that 1/9 < b 
since 1/ny < a+(1/m) < b. By Problem 15, some multiple of 1/n, is greater than b. Let my be the 
least positive integer such that mo/ny = b; hence (m9 — 1)/ng < 6. We claim that 


Mm —1 
a< <b 
No 
My —1 My —1 m 
Otherwise : =a and so + Ds iat ete at i <b 
No No Ng No Ng 


which contradicts the definition of mp). Thus (my— 1)/n is a rational number between a and b. 


NESTED INTERVAL PROPERTY 


18. Prove Theorem A.7 (Nested Interval Property): Let I; = [a, bi], 2 = [a2,b2], ... be 
a sequence of nested closed (bounded) intervals, ie. [12125 .---. Then there exists 
at least one point common to every interval. 

Solution: 
Now I, D1, D-:+: implies that a, =ag=---: and «+: = by = 6; We claim that 


Gn <b, forevery mnEN 
for, m>n implies a, <b, = 6, and m=n implies dy, = a, < b,. Thus each b, is an upper 
bound for the set A = {a4,d,...} of left end points. By the Least Upper Bound Axiom of R, 
sup (A) exists; say, p = sup(A). Now p= 6,, for every nEN, since each b, is an upper bound 
for A and p is the least upper bound. Furthermore, a, = p for every n& N, since p is an upper 
bound for A = {a,,@,...}. But 
a,=p=b, > PET, = [dn byl 


Hence p is common to every interval. 


19. Suppose, in the preceding problem, that the lengths of the intervals tend to zero, 
i.e. lim (b,»—an) = 0. Show that there would then exist exactly one point common 


neo 


to every interval. Recall that lim (b,—an) = 0 means that, for every «> 0, 


nxn 


JnmEN suchthat n>m > (brn—Gn) <e 
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Solution: 

Suppose p; and py belong to every interval. If Pi * Po, then |p;—p | = 8 > 0. Since 
lim (6, —a,) = 0, there exists an interval Ing a [@n» bngl such that the length of Ing is less than 
n= co 


the distance |p,—p.| = 8 between p, and po. Accordingly, p, and py cannot both belong to Ing? a 


contradiction. Thus p, = po, ie. only one point can belong to every interval. 


Supplementary Problems 


FIELD AXIOMS 


20. Show that the Right Distributive Law [D,] is a consequence of the Left Distributive Law [D,] and 
the Commutative Law [Ms]. : 


21. Show that the set Q of rational numbers under addition and multiplication is a field. 


22. Show that the following set A of real numbers under addition and multiplication is a field: 


A = {at+by2: a,b rational} 


23. Show that the set A = {...,—4,—2,0,2,4,...} of even integers under addition and multiplication 
satisfies all the axioms of a field except [Mg], [M4] and [M;], that is, is a ring. 


INEQUALITIES AND POSITIVE NUMBERS 
24, Rewrite so that x is alone between the inequality signs: 
(i) 4<-2e < 10, (ii) -1< 2e-3 <5, (iii) -3 < 5-22 <7, 


25. Prove: The product of any two negative numbers is positive. 

26. Prove Theorem A.2(iii): If a<b, then ate < db+e. 

27. Prove Theorem A.2(iv): If a< 6 and ¢ is positive, then ac < be. 

28. Prove Corollary A.3: The set R of real numbers is totally ordered by the relation a = b, 


a 
c 


29. Prove: If a< 6 and c is positive, then: (i) —<—, (ii) os 
30. Prove: vVab = (a+ b)/2. More generally, prove Vv QyMg* Gy = (ay t+ dgt +++ +a,)/n. 


31. Prove: Let a and b be real numbers such that a < b+e for every «>0. Then a= b. 


IK 
> 


32. Determine all real values of x such that: (i) w+2%2—6e > 0, (ii) (#—1)(a + 3)2 


ABSOLUTE VALUES 
33. Evaluate: (i) |—2|+ |1—4|, (ii) [3-8] -—|1—9], (ii) | |—4] — |2—7] |. 


34. Rewrite, using the absolute value sign: (i) —3 <2 <9, (ii) 2=a2=8, (iil) -T<a2<—1. 


35. Prove: (i) |—a| = lal, (ii) a? = jal?, (iii) jal = Va2, (iv) jel) <a iff -a<a<a. 
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36. Prove Proposition A.4(ii): |ab| = Ja! |b}. 


37. Prove Proposition A.4(iv): | ja! — |b|| = ja— Ol. 


LEAST UPPER BOUND AXIOM 


38. Prove: Let A be a set of real numbers bounded from below. Then A has a greatest lower bound, 
ie. inf (A) exists. 


39. Prove: (i) Let «@R such that 22 <2; then 3nEN such that (a +1/n)2 < 2. 
(ii) Let x €R such that «2 > 2; then 4n€N such that (a —1/n)2 > 2. 


40. Prove: There exists a real number a © R such that a? = 2. 
41. Prove: Between any two positive real numbers lies a number of the form v2, where r is rational. 


42. Prove: Between any two real numbers there is an irrational number. 


Answers to Supplementary Problems 
24. (i) -5<a<—2 (ii) l<a<4 (iii) -l<a<4 
32. (i) -3<a<0 or >2, ie.  €(-3,0)U(2,%) = (ii) @=1 
33. (i) 5 (ii) —3 (iii) 1 


34. (i) |vx-3|<6 (ii) [e-5/=3 (iii) [ew + 4) <3 
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Absolute property, 152 Collection, 2 
Absolute value, 227 Compact, 
Accumulation point, 48, 53, 68 countably, 155 
Adherent point, 69 locally, 155 
Aleph-null, 32 sequentially, 154 
Alexandrov compactification, 156 sets, 151 
Algebra, spaces, 152 

of real-valued functions, 21 Compact open topology, 211 

of sets, 4 Compactification, 156 
Algebraic numbers, 38 Compactness, 151 
Almost all, 50 Complement, 3 
Anti-symmetric relation, 35 Completely regular space, 142 
Arbitrary closeness, 98 Completeness, 51, 196, 228 
Archimedean order axiom, 229, 231 Completion, 197 
Arewise connected, 184 Components, 183 
Ascoli’s theorem, 211, 219 Composition, 
Axiom of choice, 37 of functions, 18 

of relations, 7 

Baire’s category theorem, 198, 204 Connected, 
Ball, 113 arcwise, 184 
Banach space, 199 locally, 183 
Base, sets, 101, 180 

for a topology, 87 simply, 186 

local, 89 spaces, 181 
Bicompact, 154 Constant function, 17 
Bicontinuous function, 100 Continuous, 
Binary relation, 5 at a point, 52, 99, 118 
Bolzano-Weierstrass theorem, 48, 56, 155 function, 52, 54, 97 
Boundary, 70 uniformly, 165 
Bounded, Continuum, 33 

function, 22 Contracting mapping, 196 

set, 36, 112 Convergence, 

totally, 157 compact, 214 

uniformly, 211 pointwise, 208 

uniform, 209 

Cantor, Convergent sequence, 50, 54, 71, 118 

set, 171 Coordinate set, 19 

theorem, 34, 42 Countability, 131 
Cardinal number, 34, 45 Countable set, 32 
Cardinality, 33 Countably compact, 155 
Cartesian, Cover, 49, 151 

plane, 4 

product, 19 
Category, 198 Defining, 
Cauchy sequence, 51, 195 base, 168 
Cauchy-Schwarz inequality, 125 subbase, 101, 168 
Characteristic function, 30 De Morgan’s laws, 4, 20 
Class, 2 Dense, 69 
Closed, Denumerable, 32 

function, 99 Derived, 

interval, 1 point, 67 

path, 186 set, 67 

sets, 48, 53, 67 Diameter, 112 
Closure, 68 Difference of sets, 3 
Cluster point, 67 Disconnected, 101, 180, 192 
Coarser topology, 71 Disconnection, 180 
Co-domain, 17 Discrete (topological) space, 66 
Cofinite topology, 66 Disjoint sets, 3 
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Distance, 111, 112 Identity, 
Domain, function, 18 

of a function, 17 relation, 6 

of a relation, 5 Image, 17, 20 
Dominates, 35 Inclusion function, 29 
Dual space, 213 Indexed sets, 19 

Indiscrete (topological) space, 66 

Element, 1 Induced, 
Embedded, 156 metric, 118 
Empty set, 2 topology, 114 
Equality, Infimum (inf), 36 

of functions, 17 Infinite sets, 1, 32 

of sets, 1 Initial point, 184 
Equicontinuity, 211 Integers, 226 
Equivalence, Interior, 

class, 6 function, 99 

relation, 6 of a set, 70 
Equivalent, point, 47, 53, 69 

metrics, 115 Intersection, 38, 19 

sets, 32 Intervals, 1, 182 

topologically, 100 Inverse, 
Euclidean, function, 18 

metric, 117 image, 20 

norm, 118 relation, 5 

space, 22, 117 Irrational numbers, 226 
Evaluation mapping (function), 207 Isometric, 116 
Extended real line, 156 
Extension of a function, 18 Kuratowski’s closure axioms, 72 


Exterior, 70 
ly-metric, 117 
ly-norm, 119 


Family, 2 ; aa 
Field axioms, 225 Resaeg 
Filter, 140 niece a 
Finer topology, 71 element, 
Finite topology, 71 
intersecti Lattice, 83 
intersection property, 153 7 
sets, 1, 32 Least upper bound, 36 
First, axiom, 228 
axiom of countability, 131 Lebesgue number, 158 
category, 198 Lexicographically ordered, 35 
countable space, 131 Limit, 
element, 36 of a sequence, 50, 71 
Follows, 35 point, 48, 53, 67 
Function, 17 Lindeléf, 
projection, 19 space, 132, 138 
set, 20 theorems, 182, 185 
wees 207 Linear (vector) space, 22 


Linearly ordered, 35 
Local base, 89 
Locally, 
compact, 155 
connected, 183 


Functionals, 213 


Graph, 17 
Greatest lower bound, 36 


Lower, 

Hausdorff space, 131 bound, 36 
Heine-Borel theorem, 49, 58, 151 limit topology, 88 
Hereditary property, 133 
Hilbert, Mapping, 17 

cube, 129 Maximal element, 36 

space, 117 Meager, 198 
Homeomorphic spaces, 100 Member, 1 
Homeomorphism, 100 Metric, 111 
Homotopic, 185 product space, 171 


Homotopy, 185 space, 114 


Metric (cont.) 

subspace, 114 

topology, 114 
Metrizable, 115 
Metrization problem, 116 
Minimal element, 36 
Minkowski’s inequality, 126 


N, positive integers, 2, 226 
Natural, 
numbers, 226 
order, 35 
Negative numbers, 226 
Neighborhood, 70 
Nested, 
interval property, 229, 232 
local base, 131 
Net, 140, 157 
Non-denumerable, 33 
Norm, 118 
Normal space, 141 
Normed space, 118 
Nowhere dense, 70 
Null set, 2 


One-one function, 18 
One-point compactification, 156 
One-to-one, 
correspondence, 82 
function, 18 
Onto function, 18 
Open, 
cover, 151 
disc, 53 
function, 99 
interval, 1 
neighborhood, 67 
set, 47, 58, 66 
sphere, 113 
Order, 
inverse, 35 
natural, 35 
on the real line, 227 
partial, 34 
topology, 89 
Ordered, 
linearly, 35 
pair, 5 
subsets, 35 
totally, 35 


Partial order, 34 
Partition, 7 
Path, 184 
Plane, 4 
Point open topology, 207 
Pointwise convergence, 208 
Positive, 
integers, 226 
numbers, 226 
Power, 
of the continuum, 33 
set, 3 
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Product, 
Cartesian, 19 
invariant, 170 
metric space, 171 
of functions, 18 
set, 4 
space, 167 
topology, 167 

Projection function, 19 

Proper subset, 2 

Pseudometrie, 112 


Q, rational numbers, 2, 226 
Quotient set, 6 


R, real numbers, 2, 225 
R”, Euclidean m-space, 117 
R”, J.-space, 117 
Range, 

of a function, 17 

of a relation, 5 
Rational numbers, 226 
Real, 

line, 47, 226 

numbers, 198 
Real-valued functions, 17, 21 
Reflexive relation, 6 
Region, 185 
Regular space, 140 
Relation, 5 
Relative topology, 72 
Restriction of a function, 18 
Ring, 226 


Schroeder-Bernstein theorem, 33 
Second, 
axiom of countability, 131 
category, 198 
countable space, 131 
Separable, 132 
Separated sets, 180 
Separation axioms, 115, 139 
Sequence, 32, 49 
Cauchy, 51, 195 
convergent, 50, 54, 71 
of sets, 19 
Sequentially, 
compact, 154 
continuous, 99 
Set, 1, 4 
Set functions, 20 
Simply connected, 186 


Smaller, 
element, 35 
topology, 71 

Space, 


completely regular, 142 
Hausdorff, 131 
Lindeléf, 132, 138 
linear, 22 

metric, 114 

normal, 141 

normed, 118 
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Space (cont.) 
regular, 140 
topological, 66 
Tychonoff, 142 
vector, 22 

Sphere, 113 

Subbase, 88 

Subsequence, 51 

Subset, 2 

Subspace (topological), 72 

Supremum (sup), 36 

Symmetric relation, 6 


T-space, 149 
T,-space, 139 
T»-space, 139 
T3-space, 141 
T3,,-space, 142 
T4-space, 141 
Terminal point, 184 
Ternary set, 171 
Thick, 198 
Thin, 198 
Topological, 
function, 100 
property, 100 
space, 66 
subspace, 72 
Topologically equivalent, 100 
Topology, 66 
of compact convergence, 213 
of pointwise convergence, 209 
of uniform convergence, 210 
Totally, 
bounded, 157 
disconnected, 192 
ordered sets, 35 
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Transcendental numbers, 45 
Transitive relation, 6 
Triangle inequality, 111 
Trivial metric, 111 
Tychonoff, 
product theorem, 170, 175 
product topology, 167 
space, 142 


Unbounded set, 112 
Uniform, 
boundedness, 211 
continuity, 165 
convergence, 209 
convergence on compacta, 210 
Union, 3, 19 
Universal set, 2 
Upper, 
bound, 36 
limit topology, 88 
Urysohn, 
lemma, 142, 146 
metrization theorem, 142, 147 
Usual, 
metric for real numbers, 111 
topology for real numbers, 66 


Vector space, 22 
Venn diagram, 3 


Weaker topology, 71 


Weierstrass intermediate value theorem, 53, 64 


Z, the integers, 2, 226 
Zorn’s lemma, 37 
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or Wier Ai 
or []iA; 
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topological space, 66 
metric space, 114 
norm, 118 

coarser, 71 

implies, 7 

there exists, 7 

for all, 7 

(ag. A\ B), difference, 3 
derived set of A, 67 
closure of A, 68 
interior of A, 70 
complement of A, 3 


Cartesian product, 19 


ith projection function, 19 
ordered pair, 5 

empty set, 2 

boundary of A, 70 


continuous functions on 
[0,1], 111, 210 


diameter of A, 112 
distance from a to b, 111 


discrete topology, 66 
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exterior of A, 70 P 


evaluation mapping, 207 


class of functions from X - 
into Y, 207 


class of functions from A 
into B, 211 


if and only if 
infimum of A, 36 
interior of A, 70 


the set of positive integers, 2, 
226 


neighborhood system of p, 70 
power set of A, 3 


the set of rational numbers, 
2, 226 


the set of real numbers, 2, 
225 


Euclidean m-space, 117 
lg-space, 117 

open sphere, 113 

such that, 7 

supremum of A, 36 
topology, 66 

relative topology on A, 72 
usual topology, 66 


the set of integers, 2, 226 
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